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PREFACE

The 1l2th annual conference of the PME is the first meeting
in the history of the International Group for the Psychel-
o8y of Mathematical Education held in an Fast-European so-
cialist country, The conference takes place in the old

episcopal city Veszprém, from July 20th to July 75th, 1988,

There are a number of difrerent ways in which participants
at the conference may make a contribution: research reports,
poster displays, working groups /initiated in 1984/ and
disoussion groups /initiated in 1986/. One session is de-
voted to the preparation for the ICME-6 presentations of
the PME, An innovation at this conference 1is that following
each group of papers of similar topics a summary session
will be held to discuss and evaluate the achievements in
the given territory, The discussion sessions will be held
in the following topilcs: :

l. Algebra

2. Rational numbers

3. Early numbers

4, Metacognition

5. Teachers’ beliefs

6. Problem solving

7. Computer environments
8., Social factors

We would like to thank Thomas A, Romberg, Claude Comiti,
Kathleen Hart, Richard Lesh, Tommy Dreyfus and Coletto
Laborde for volunteering to chair and introduce these eval-
uation sessions,

87 resoarch papers have been submitted to the conference,
All of them have been evaluated by at least two reviewers
and the final decision on the acceptance of the papers has
been done at a session of the International Program
Committee in Budapest, based on the reports of the re-
viewers, The members of the International Committee of the
PMii and the International Program Coumittee have served as
reviewers for the submitted papers,

The order in which the research papers appear in these

two volumes is alphabetic /according to the first author
of the paper/ except for the invited plenary papers that
are taken first. Therefore the order of the papers in the
volumes does not necessarily reflect the. order of presen- .
tation within the meeting itself, Any particular paper can
be located by consulting either the table of contents at
the beginning or the alphabetical list of contributors at
the end. Woe would like to thank the International Program
Committee, the Local Organizing Committee and the reviewers
fo theilr assistance in the preparation of this conference,

EIKTC " _111 -
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International Program Committee:

Chairman: Jénos Suréanyi /Hungary/
Secretary: LAsz1é Mérd /Hungary/
Members: . Andréds Ambrus /Hungary/ -

Katalin Bognér /Hungary/

Joop van Dormolen /The Netherlands/
Willibald Dérfler /Austria/

Tomny Dreyfus /Israel/.

Local Organiziig Committee:

President: Ferenc Genzwein - general director

of 00K /Hungary/
Secretaries: Andrea Borbéds and Maria Dax
/Hungary/

HISTORY AND AIMS OF THE PME GROUP

At oh Soecond International Congress on Mathematical Edu-
cation /ICME 2, Exeter, 1972/ Professor E, Fischbein of
Tel Aviv University, Israel, instituted a working group
bringing together people working in the area of the
Psychology of mathematics education, At ICME 3 /Karlsruhe,
1975/ this group became one of the two groups affiliated
to the Iuternational Commission for Mathematical
Instruction /ICMI/.

ficcording. to its Constitution the major goals of the group
are: .

l./ to.promote international contacts and the exchange of
scleutific information in the psychology of mathemat-
ical education,

2./ to promote and stimulate interdisciplinary research
in the aforosaid arca with the cooperation of psychol-
v93ists, mathematicians and mathematics teachers,

3./ to furthor a decper and more correct understanding
of the psycholosical aspects of teaching and learning
mathematics and the implications thereof.,

MEMBIERSHIP

1./ Membership is open to persons involved in active
research in furtherance of the Group’ s. aims, of pro-
feossionally interested in the results of such
research, .

2./ Membership is on an .annual basis and depends on
payment of the subscription for the current year
/January to December/

- iv -
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3 ./ The subscription can be paid together with the

conference fee.‘

The present’ offioerg'of the group are as follows:

President:
Vice-President:
Secretary:
Treasurer:
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STREET MATHEMATICS AND SCHOOL MATHEMATICS
: Terezinha Nunes Carraher :
Mestrado "em Psicologia
Universidade Federal de Pernambuco
Recife, Brasil T

There -are different ways of  summarizing one’s own
research. One 1is to retrace one’s steps, to present a lived-
through experience, ‘with its excitement, its disappointments,
its Dbeliefs, its 1ideology, and 1its motives. It is a personal
account about one’s research. .Another way is to choose a
theoretical fr;mework which not have anything to do with how
you got to where you are in your worK but whlc.h déepens the
underst_anding of the questions you tried +to address. My
attempt here will be to do both——to set the stage for( the
analysis of street and school mathematics by following the
first studies and their devélopments and then try to organize
the findings by wusing a. theoretical framework té sort out the
similarities and . differences between street and school
"mathematics. However, ‘before I start, I must acknowledge that
the research 1 willl- be reporting on resulted from a Elose
collaboration with Analdcla lSch_liemann and David Carraher over
seven years. I am certain that neither the excitement in dJdoing
this workK nor the theoretical analysis which I am the presenter
éf- here today could have come about without them.

I. THE STORY OF THE STUDIES

- Brazil has a_ capitalist’ economy and a class str‘uc‘tur‘ed

society. Closely associated with this class structure 1is the
phenomenon of school failure.’ Children from the dominant
classes by and large -are successful in sch_ool.‘ ‘ In contr‘ast.‘

.Childr‘en from the wor‘Kihg ‘class fail in mathematics in school
in high proportions. In Brazil as everywhére else, explanations
for this class-related failure in schools evolved from blaming
the victim--that is, assér‘ting_ that the éhildr‘exi were lacking
in the reguired skKills or in cognitive maturity and, for this
f‘eason. d.id' not 1ezir‘n mathematics~--to blaming the social
system--that 1is, asserting that in a class—s’tructu;‘ed society
. schools are set up exactly to maintain the social structure,
]: \l‘lcoducing class differences in Knowledge and culture.

Aruitoxt provided by Eic:



These two very different approaches have one thing in
common: they assume that children from the working class are
less Knowledgeable, less competent, for example, in
mathematics, and that is why they fail. In either line of
explanation, evaluations of children’s mathematical competence
are carried out from the school’s viewpoint. Mathematical
skills, it is believed, are neutral: two pPlus two is four both
for the dominant and for the working class culture.

At first, we also thought so. We tried to find out why
working class children were failing so often in mathematics by
examining their basic competencies and the development of their
learning of school mathematics (Carraher & Schliemann, 1983;
1985). We <chose Piagetian concepts (such as conservation,
class inclusion, and seriation) as ways of getting at what we
thought were "basic", "universal” and ‘"culture-free"
competencies and chose some aspects of the local mathematics
curricujum (ability to solve addition and subtraction problems)
as ways of evaluating learning which had taken place in school.
We wanted to evaluate their learning of addition and
subtraction algorithms and see whether this learning correlated
with cognitive development measures. However, when we set out
to observe the children, they seemed to have their own v\.rays of
calculating (Carraher . & Schliemann, 1985) and did not prefer
the use of the algorithms we wanted to observe. wWhen given
freedom, they would rather use their own routes for solving
problems; when using school-prescribed computation routines,
they were likely to fail. Moreover, when children were allowed
to solve problems .in their own ways and when the type of
curriculum offered bybschool was controlled for, differences
between working class children and children from the dominant
strata tended to disappear. Yet, in school more workKing class
children failed, as wusual}--in our sample, 327 of the working
class children failed arithmetic at the end of the year while
only 2% of the middle class children failed.

These observations led us to question the school system’s
capacity to truly evaluate working class children’s abilities
9~ 18
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in Mathematics alt_hough we still did not Know why the system.
failed in this evaluation. Could it be that the development of
mathenmatical skills. is not a value-free question? Is
Mathematics not an exact science, imune to the qgquibbles ang
quarrels of cultural relativism? Would not the evaluation of
mathematical abilities be above the cultural question? ’

We wondered whether we could find ways to observe more
"clearly worKing class - children’s abilities in elementary
mathematics. We thought of the fact that their families’
income is often much too low for the family size and thatv
children are then engaged in the informal economy to help their
parents. They may, for example, sell fruits, vegetables,
popcorn, candy, or refre;hments. That means that they often
have to calculate. If they truly lacked the element'ary-schoo,l
mathematical abilities, how could they handle their everyday
life demands? From this informal observation of working class
children’s competence, we designed a ,study through which we
compared five children’s competence in .everyday life with their
competence in a school-like gituation (Carraher, Carraher &
Schliemann, 1982; 1985). Starting out as customers, we
proposed purchases to the children ‘and asked them about total
costs of purchases and change if we gave them different notes
as payment. Below is a sequence taKen from this study which
exemplifies the procedure:

Customer/examiner: How much is one coconut?
Child/vendor: Thirty-~five.

Customer/examiner: I‘d like three. How much is that?
Child/vendor: One hundred and five.

Customer/examiner: I think I’d 1like ten. How much 1is
that? . :
Child/vendor: (Pause) Three will be -10%; with three

more, that will be 210. (Pause) I need four more.

That is.. (pause) 315..I1 think it is _3%0.

Customer/examiner: I‘m going to give you a five hundred

note. How much do I get back?
Child/vendor: One hundred and fifty.

When engaged in this type of interaction, children were
Quite accurate in their calculations: out of 63 problems
presented in the streets, 987 were correctly solved. We then
]: QC‘E children we worKed with mathematics teachers and
,.K
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wanted to see how they soived problems. Could we come back and
ask them some questioi\s? They agreed without 'hesitation. we
saw the same children at most one weeK later and presented them
with problems using the same numbers and operations but in a
school-liKe manner. Two types of school-like exercises were
presented; word problems_ and computation exercises.- Children
were correct 73/ of the time in the word problems and 37/ of
the time in the computation exercises. The difference between
everyday performance and performance on compﬁtation exercises
was significant. These results convinced us of two things.
First, étreet mathematics and school mathematics are not one
and the same mathematics. Seéond, Brazilian schools do not
acKnowiedge the existenc'e of street mathematics, even if we all"’
Know of its existenée through our everyday experiences. This-
appears to ﬁe an instance of what can be called the ideology of
school mathematics: to ignore (or to treat as lesser
mathematics) solutions ‘which' do not follow the school-
prescribed ways. )

A The - next study was pr&voked by other researchers’
reactions to the findings. "This is not real mathematics, tHis -
is Dbricolage” was a comment we met up with guite often. A
second commer‘xt was "the children thinkK in concrete terms and
thus do better in situations in which there are . concrete
materials". Our disbelie¥™ in these reactions was strong--but
it was only a personal reaction. How coul;a we find out .whether
streei mathematics was the same as school mathematics in
cognitive terms? ) '

’ In our next study (Carraher, Carraher & Schliemann, 1987)
16 3rd-grade children were interviéwed by a researcher in their-
own school. The researcher was introduced as a teacher
intebested in how éhildren solve problems. ' Children were asKed
to solve problems in three different situations: a simulated
store, word problems and computation exercises. By worKing in
the school, we set up a. situétion in which the examiner-child
relationship would be pretty much the same throughout testing.

X : IWe arranged the groups of numbers and operation 'in a Latin
©
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Square .so that they were the same across situations for
diffex"eht'chndren By having a simulated store condition, we
hoped that children would resort to the.\r street strategies in
solving problems. It seems that 'we were successful in
reproducing the diffe-rence'betwee_n street mathematics and
school mathematics; ﬁrobl,ems in the simulated store and word
problem conditions were correctly solved significantly more
qften tha'n .‘}n the'comp{xtatioh exercises cendition, replicating
the results o'f tr{e Previous stud,y.'- . B

Children’s way’s_of solving problems were influenced by the
experimental conditions:'.the simulated store yielded Setween 80
and 89Z of oral ca'leﬁlations (with percentages calculated by
operation); the word problems yielded between 50_and__7{z; and‘
the computation exercises between 10 and 294 There was also a
strong difference in accuracy when _Problems were solved 'orally
versus in writing. Table 1 shows the’ percentages of eorrect'
responses per operat.\on solved correctly when children worked
through oral or written calculation.

Table
Percentage of correct responses. by operation and .
type of procedure used by the -children (from Carraher, Carraher‘
. & Schliemahnn, '1987)

. . Oral Written
Addition 75 68
Subtraction 62 17
Multiplication ' 80 .43
Division M 50 - 4

wWhen we controlled statistically for the type of strategy
used Dby the children--that is, oral versus written--the
differences between the situations tended to disappear.

This study convinced us that the effect of the situation
upon children’s performance was mediated by their choice of
strategy. Social situations seem to. determine how people solve
Problems and differences in strategies result in differences in
Performance. In schobl—uke‘ situations, particularly in
computation‘exercises. children appear .to ‘believe that written
mathemancs is called for and try to use it even though they
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are less able with written than with oral mathematics. This
interpretation 1is consistent with educational goals and
educational practice in Brazil. In the simulated store,
children usedq oral mathematics, which is a wusual form of
computation in. street markKets and serves both the purpose of
personal representation +and interpersonal communication.
Vendors in street markets usually calculate for the customers
the total price of their purchases and count the change up from
the total to enéure that the customers recognize that they are
receiving the correct amount of change.

The explanation for working class children’s failure in
mathematics in terms of lack of cognitive maturity no longer
seemed plausible after these initial studies. The children
were quite capable when calculating orally In contrast, the
observation of their errors when they attempted éomputation in
the written mode could be interpreted as resulting from "lack
of comprehension". The protocol below is a clear example of
comprehension in the oral mode although performance in the
written mode seems sugges'tive of lack of ability:

R, 8 years old, is solving 200 - 35 in the simulated

store condition; he writes down 200 - 35 properly

alligned in the vertical form and proceeds as follows:

Child: Five to get to zero, nothing (writes down zero);
three to get to 2zero, nothing; (writes down zero);
two take away nothing, two (writes down two).

Examiner: Is it right?

Chilq: Not So you buy something from me, and it costs
35. You pay with a 200 cruzeiros note and I give it
back to you? .

Examiner: Do it again, then..

Child (after writing down 200 - 35 in the same form as
above): Five, take away nothing, five (writes down .

five). Three, take away zero, three (writes down
three). Two, take away nothing, two (writes down
two). Wrong again!

Examiner: Why is it wrong again?

Child: Now you buy something, and it costs 35. You give
me 200 and I give you 200 and 35 on top?

Examiner: Do you Know how much it is?

Child: If it were 30, then I'q give you 1{70.

Examiner: But it is 35. Are you giving me a discount?

Child: One hundred and sixty five. (From Carraher,
Carraher & Schliemann, 1987).

O
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This - study convinced us that lack of ability was not the
correct explanation for the children’s failure in school maths.
Children’s computation stratégles in the oral mode contradicted
their apparent. lack of ability V{hen they worked in the written
’mode. At fi.rst glance, however, oral procedures seemed
idiosyncratic and disorganized--a feeling which has ledq authors
in the past to disregarg thesé methods. It looked as if each
child designed e.ach solution on the spot without any previous
direction. However, when we looked at the strategies used, and
not the specific steps carried out, there were two main ways of
solving computations orally. Addition and subtraction were
solved through decomposition; multiplication and division were
solved through repeated groupings. These procedures are not
exactly like school a‘igorlthms since the specific steps are not
foreseen 1in the ‘procedures. They are rather 1like the
generative structures of language, which can generate an
infinite number of sentences that are totally different in
meaning but. ‘rest upon ;he same deep Structures. In ordeéer to
characterize this flexlblnty, we called ora}l procedures
heuristics instead of algorithms. Table 2 presents an example
of each of these heuristics.

Table 2 ° .
Examples of decomposition and repeated groupings
(From Carraher, Carraher & Schliemann, 1987)

Example of a solution through decomposition.
The child was solving the computation exercise "252 - 87"
Child: "Take away fifty-two, that’s two hundred, and five to .’
take away, that’s one hundred and ninety-five". . T '—"1 :
Example of a solution through repeated groupings.
The child was solving a word problem which asked about the
division of 75 marbles among five boys.
Child: "If you give ten marbles to each one, that’s fifty.
There are twenty-five left over. To distribute to five Dboys,
twenty-five, that’s harqd. (Experimenter: That’s a hard .one.)
That’s five more each. That’s fifteen".

Howe'ver. we wondered, were we looking at atyplcél cases?’
Or is street mathematics a pervasive phenomenon? More and more
T @ e to Dbelieve that the children we observed were not
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atypical. Pluncket (1979) had already mentioned the. existence
of decomposition. Reed & Lave (4984) also found similar
mathematical procedures among the taylors in Liberia. Saxe &
Posner (1983) dlocumented procedures developed outside school in
Papua New Guinea. Scribner and her co-workers (1984)  found
several instances of mathematical problem soliring at work which
did not follow the school-ways. Ginsburg (1982) found oral
caljculation in the. Ivory Coast and in the United States.
Further studies in Brazil added still more evidence: oral /
calculation through the same strategies was observed by
Schliemann (19684) among carpenters, by Acioly and Schliemann
(1986) among booKies takKing bets, and by Carraher (1986) among
foremen in construction sites.

A third study followed in pursuit of the origin of the
Khowledge _of the numeration system so clearly displayed in
decomposition and repeated groupings. We wondered whether
dealing with money was a significant out-of-schoool experience
whichh provided people with Knowlédge of the properties of the
numeration sSystem in the absence of school experience.
Carraher (1985) worked with 72 pre-school childrep who. had not
yet received any instruction on writing numbers and 6 adults
who had never attended school either in childhood or adult
literacy programs. Their understanding of numeration systems
was testetzl through questi.ons'about money either in verbal form
only, in the case of the adults, or with the help of a play-
money sSystem, in the d¢ase of children. Three aspects of the
‘understanding of number systems werce tested: (1)' t.he ability to
'qifferentiate between . relative .and’ absolute values (for
example, comparing the tot;l buying power of four coins worth
one and four coins worth ten each); (2) the ability to
decompose values within the decimal system _(for example, paying
65 when you have nine coins worth ten and nine coins worth one,
in the case of child:ren, or figuring out what is the smallest
number of notes needed to pay 365 using only bills of {00, 10
and {, in the case of adults); and (3) the. ability to write

numbers using the place value system. The first two abilities,
O



which relate to what we call number meanings, clearly preceeded
ihe third, which refers to number writing. - None of the
children Knew number notation ajthough 447 of them were able to
lind,erstahd,' the distinction between absolute and relative value
and 402 w.ere ablé to combine different relative values to
compose different sums -of money. . Athong the adults, all were’
able to> understand the distinction between . absolute and
relative value; four (out of six) were able to decomposé
numbers ip hund.reds, tens, and miits; and only.two ~appeared
abie to write numbers using place .value. Th}‘ough this study we
were able to determine the existence of an oral _comprehension
of the basic meanings of numeration systems in the absence of
Knowledge of rules for writing numbers.
Now, what' type of mathematics is oral ’mathematics? If
people learn mathematical__ concepts in Ieveryday lif'e, are the
resulting concepts different depending on ‘whether they are
learned outside of school- without the assistance of an
instruétor or in schoo)l through explicit teaching? 4
"' 7o dea] with these questions, we will need ‘to refer to a
theoretical] framework which will pe used in the comparison of
concepts. ' :
II. A COMPARISON OF STREET ARD SCHOOL COHNCEPTS:
THE CASE OF ADDITION ARD SUBTRACTIOHN
Vergnaud (1985) has proposed a framework which we £ind
very usefultfor- the'cohipa‘rison of concepts' learned in and out
of school. A6cor_ding to Vergnaud,  a concept necessarily entails
a set of invariants, which constit.ute the properties defining a
concept, a set of symbols, which are a particular way of
representing the concept, and a set o.f situations, which give
‘meaning to the concept” '
) Invariants in street and school mathematics
TaKing addition and subtraction. as an example, we can see
that the invariants u‘nderh'ring, street and school mathématics
are .the same;” decomposition and written algorithms are Dbased
upon the property of associativity (see Resnick, 1986, and
. Calrraher & Schliemann, 1988). In fact, if oral mathematics were
\‘ .
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to violate the . properties of operations, results could not Dbe

correct. One example of decomposition will be reviewed below
(Table 3) in order to illustrate that, despite great
dissimilarities in the specific steps used in ora} calculation,

both oral and written addition/subtraction rest upon

associativity.
Table 3
A comparison between decomposition
and the subtraction algorithm

Computation: 252 - 57

Example of an oral procedure observed: "Just take the two

hundred. Minus fifty, one hundred ang f{fifty. - Minus seven,
hundred and fourty three. Plus the fifty you left aside,

fifty two, one hundred ninety three, one hundred ninety five”.

Steps used:
a: 252 -~ 57 =

b: (200 + 52) - (50 + T) =
c: (200 - 50) + (52) -~ (7) =
d: (150 - 7)) + (52) =

e {43 + (50.+ 2) =

£ 193 + 2 =

g: 1965.

wWritten procedure prescribed in school: Two minus seven,

You

can’t; borrow a ten. Five tens minus one ten, four. Two plus
one ten is twelve; twelve minus seven, five. Four (tens) minus
" five (tens), you can’t; borrow from the hundreds. Two hundreds
minus one hundred, one hundred. Add,.one hundred to the four
tens, fourteen tens. Fourteen (tens) minus £five (tens), nine

(tens). One (hundred) minus zero, one (hundered).
Steps useq:

a: 252 - 57 =

b: (240 + 12) - (50 + T) =

c: (240) - (50) + (12 - T) =

.d: (240 - 50) + 5 =

e: (100 + 140 - 50) + 5 =

£: 100 + 90 + 5 =

g: 195,

It can be easily recognized that both procedures work b’y‘a,
series of decompositions of the minuend and subtrahend ang
sequential] operations according to the decomposition. The
particular decompositions chosen in written and oral procedures

are not the same; yet, the properties used, namely

associativity of addition angd of subtraction, are the same in

both procedures.
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Symbolic representation and its impact upon
street and schoo]l] mathematics

Although street mathematics and school mathematics are
based upon .ihe same invariants, there are dlfferences in the
way subljects represent numbers across situations and solve
problems--that is, there are differences in the symbols used in
and out of school (see Carraher, .Carraher & Schliemann 1987,
Carraher & Schliemann, {988, and Carraher & Carraher 1988). In
oral mathematics, the relative meaning of the symbols is
.preserved while in written algorithms this relative meaning is
set . aside ang operatlons_ are carried out upon the absolute
value. In oral] mathematics, calculation tends to run £from
hundreds to tens to units while 1ntwr1tten mathematics
calculation tends to go from units to tens to hundreds, - with
the exception of the division algorlthm.'

Thése‘differences can be wunderstood (by analogy to
language) as reflectlhg different processes for generating
‘solu_tlons to problems; while oral mathematics generates
computation strategies on the Dbasis of semantic relatldns,
written mathematics generates 'solutions on -the basis 6f rules
for exchanvging values from one column to another, as pointed
out by Resnick (4982). ‘These rules are in a sense .similar to
syntactic rules (like word order) but they are in some sense
also different {from syntax because they work in ways which are
detrimental to meaning. The Jloss of meaning in written
mathematics was clearly documented by Grando (1988) who. asked
14 farmers who had little or no school instruction, 20 fifth
graders and 40 seventh graders from the same region to solve
some word problems and compared their problem solving
strategies andg intervals of responses, finding great-
differences between the groups. For example, they were asked
how many pieces of wire with {5 meters of. length could be
obtélned by cutting up a réll _whlch had- 7 m of wire in it. The
farmers responses, obtained .through oral calculation, fell
between 4 and 7 pieces with 93/ giving the correct answer. The
students responses fell between 4 and 413 pieces. These
ext:leine answers were given by students who carrle.d out the
,.K
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algorithm for division (correctly or incorrectly) and did not
Know where to place the decimal point. 'I“he loss of meahing
during caléulation is 1liKely to Dbe respon;a_ble for the
acceptance of answers which indiéated‘ that one could get more
than se'ven pieces of wire out of the roll. These are absurd
answers because anyone controlling for meaning would realize
that 7 m divided into piece; of § m (ignoring the decimal
point) yields T pieces; since 15 is Dbigger than 1, any
response éreater than 7 is not ';ensible. A‘mong Sth gradef_s
40/ of the answers were greater.than_"l; 157 of the 7th graders
produéed such answers. In a-second problem, subjects were told
' that one‘farmer had harvested 20/ more soy this year than the
year’ before and that his harvest in the previous year
corresponded to 150 bags; they were asked }o calculate how many
extra bags the farme.r harvested this .ye_ar. Fifth-grade
students had learned formulas for calculating percentages; 7th
grade students had learned both formulas for calculating
percentages and the proportions algoi‘ithm (a/b= X/cC). Among
- farmers, 93/ ahswered correctly 'usin'g oral calculation -and one
gave an answer which we consider absurd since 30/ cannot De
‘more than 1004 and his answer was 450, Fifth and seventh
graders gave 30/ and. 35/ correct responses, respectively.
Their interval of responses varied betweeﬂ 3 and 3,Q00 baés;
the extreme responses ‘were again obtained thi‘ough the use of
algorith}ns coupled‘with failure to.evaluate the meaning of the -
answer when one doésn’t Know where"to locate the: d,ecifnal point.
Grando’s study also provides an analysis -of how meaning is

lost in more complex problems in the mathematization of the
situation itself. She analyzed the implicit model; used.in
mathematizing situations by looking at the sequences of
operations performed and éeai-chihg for .their meaning in terms’
of the problem—situauo_n. For ex_ample, subjects were asked to
find -otit .how many tea bushes were needed to fully plant a
rectangular area 60 m X 40 _"m Knowing that the space between the
tea bushes has té be 4 m by 3 m. The problem was explained
Gcar_efuuy.to subjects with the help of a drawing in §ca1e and -’
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the meaning of spacing the bushes in 4 by 3 explainedq to
students in detail. She found that three models described the
farmers’ solutions and 13 were needed to describe the students’
solutions. The models used by farmers were all meaningful,
although two were incomplete in their analysis of the problem
and, therefore, yielded wrong answers. One mode] consisted of
finding out and then multiplying the number of rows Dby the
number of columns of tea bushes; 58/ of the farmers, 5/ of 5th_
graders and 30 7/ of seventh graders used this model. A second
involved obtaiﬁing the area of the rectangle and dividing it by
the number of rows--an incomplete model, since a subsequent
division by number of columns or a division by area needed by
each tea bush would have been appropriate; 257 of the farmers
used th;s model but no students did so. However, 5/ of the T7th
-graders used the full model], dividing the total area by the
area per tea bush. A third model, used by 8% of the farmers
but not used by students, was tfle calculus of" the number of
rows or columns without completion of the solution. The
remaining 957 of Sth graders and 65% of 7th graq_ers attempted
{1 different combinations of the f{four arithmetic operations,
only one of which is amenable to interpretation (addition--
instead of multiplication--of the number of rows and’ number of
columns, a 'procedure consistent with these students’ frequent
conception of area as an additive relation of length and
width). )

These examples show that learning mathematics outside
school does not always lead to correct ‘_responses even when the
content of the problem is familiar. More ‘importantly, they
st\rong}-y indj.cate that even wrong responses tend to be obtained
in sensibie ways. ~In contrast, mathematics learned in school
results ir; a high percentage of wha't we can call "bélsket"
models in- problem solving; many students just seem to throw the
numbers and operations together in a DbaskKet insteaq of

analyzing the meaning of the problem situations. :
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The situations in which concepts are used
in street and school mathematics

The differences in symbolic representation discussed above
may result in yet other differences bhetween street and school
mathematics. Any representation stresses some aspects of what
is being represented and leaves other aspects- out of fdcus. If
we consider representation as mediators of thinkKing, diverse
forms of represeniation will result in .diverging recognition of
similarities and differences between problem 'situations. In
oral méthematics. representation seems to be closer to the
meaning of the problem situation; when workKing with written
algorith‘ms, we seem to move away from meaning in general and
work more with relations between numbérs.” As a consequence,
oral and written mathematics may apply their concepts to
different sets of situations, thereby defining concepts of
different extensions.

This possibility waS e}iplored with respect to the concepté
of addition and subtraction by Carraner (1988) in a study with
90 adults . attending night school, all normal and comopetent
people in their own Jlives but who had no opportunity to attend
school as a consequence of theif socio-economic position. It
was reasoned that their concepis of addition and subtraction
would reflect .their everyday experiences- and 'not school
learning if they were tested in their first year of sch‘ool,“
when the curriculum emphasizes primarily reading instruction.
As level of schooling increased, their concepts would probably
approach the schoo]l concepts of addition and subtraction.

Previous studies (Carraher & Bryant, 1987; Carpenter &
Moser, 1982) had ‘suggested that children’s strategies in
solving addition and subtraction word problems change with
grade level from attempting to represent the situations to
representation of the arithmetic operations (that 1is, the
numerical calculus). Everyday meanings for addition are the
ﬁnion of two sets (for example, "I have two Yyellow flowers ang
three req flowers") or an increase in amount (for example, "I
had two flowers and got three from a friend"); the basic
Q ‘~yday meaning of subiraction seems to be a decrease in
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amount (for example, "I had three coins and lost one").
Problem solving strategies which represent the situations and
those which represent the numerical calculus reqguired for
solution may result in the same or different conceptions of
problem situations. For example, the problem "Mary had some
stamps in her stamp collection. She got 27 stamps from her
friend and now she has 32 How many did she have to begin
with?" is conceived as a subtraction problem if we thinkK ‘of the
calculation we would have to write down in order to carry out a
computation algorithm 1eadiﬁg to the answer; the computation
would be 32 - 27, However, in ora} mathematics one can simply
count up from 27--28, 29, 30, 31, 32--Keeping tracK of the
number of fingers used while we counted up; ‘we would find the
solution through a process which represents what happened 1in
the problem situation, an addition to the stamp collection.
The schoo} concept of subtraction used in this case is not that
of a subtractive. situation but one of subtraction as the
inverse of addition. For this reason, I will refer to problems
such as this as "inverse problems". In contrast, in "direct
problems” the numerical calculus required for sdlving the
problem and the representation of the situation call into play
the same operation. R )

Comparison problems, which are also related to addition
and subtraction, seem to be solved Dby children before they have
had much schooling through matching strategies (see 'carpentér &
Moser, 1983). As long as this type of strategy is the only one
available tov the children, it appears to remain separated from
the concepts of addition and subtraction; subjects can solve
the problems but do not Know which operation to use'since their
solution 1is obtained neither by addition nor by subiraction.
Would unschooled adults recognize the operations called for in
solving comparison problems or would their strategies ref1e~ct
more a 'x‘epresentation of the situation than a representation of
the operation?

The adults interviewed in this study were in three grade
levels, having hag one, three or five years of school

Q
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instruction. They were asked to solve three direct
addition/subtraction’ problems, three inverse pfoblems and two
comparison problems. They were given a calculator in order to
avoid calculation errors, were taught how to carry out the four
arithmetic operations w:‘Lth the calculator and were enqouraged”
to use it during {he experiment. Numbers in the problems ‘wer‘e
two-digit numbers to avoid memor‘i;ed solutions and makKe choice
of operation instrumental to pr‘t;blem solving. Two dependent
variables were examined as a function of problem-type: accuracy
of solution and choice of operation. Tab_les 4 and 5 summarize
the results of ,th.is study. The'results. for comparison problems
which pose' the '.ques'tion "how many fewer?” and for those with
the gquestion "how many more?" were . separated because "fewer"
and .-"minus" are expressed by a single w\or‘d in Portuéuese
(menos) and "more" and "plus" are also exprtess,é_d by_ a - single

"word (mais). . .

Percentage of correct responses
by problem- type and grade level

Problem type " @rade level :
: ’ " . First " Third Fifth
Pirect ' .78 . 92 . ..92
" Inverse : " 40 58 .. 87
. Comparison (how many fewer?) 56 . 87 . 77
Comparison (how many more?) 40 ’ . BT - 67

We can see that each group of subje.cts did consisténtly’
hettéer when-.the gver‘yday cohcept -coincided with the numerical
calcul_us tha.n when it dig not——an'opsgrvatioh which indicates’
that the school concept of éddition/ subtraction is not.fully
'éccom.p_lished by .all, adults even at the fifth grade. level.

Table 5 indicatgs the percentages of chbices 6f ia) thé
correct operation according to the school model of the pr‘ob'lem,
(b} the inverse operation, and (c) the use of .another‘ s‘tr‘ategy
(e.g., counting) as a function of pr‘oblen},ty.’p.e. It is easy to
recognize that thé same tr‘encis observed with respect to correct
responﬁes are obtained when choice of -oOperation is taKer{ as the

o '
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dependent variable: third- and fifth grade adults choose’ the
operation consistent with the school model more often than

first- grade adults.
Table. 5
Percentage of choice of operatlon
by problem type and grade level

Problem type - - Grade level
. . First Third Fifth
Direct " Correct 89 Correct 93 Correct 94
Inverse 8 Inverse 3 Inverse 2
Other 3 Other 4 Other 4
Inverse . Correct 47 Correct 57 Correct 57
Inverse 50 Inverse 35 Inverse 35
Other 3 Other 8 Other 8
Comparison Correct 74 Correct 86 Correct 86
(how many fewer?) Inverse 22 Inverse {1 . Inverse 7
Other 4 Other 3 Other T
Comparison Correct 38 Correct 57 Correct 60
(how many more?) Inverse 52 Inverse 33 Inverse 33
Other 10 Other 10 Other 7

Despite ‘the fact that adults with very little schooling
can correctly _solve additions and subtractions, -displaying an
understanding of the same invariants thet define school
concepts, they use concepts of different extenéions, because
their concepts are applied to a set of situations which differs
from the concepts we teach in school. Adgition and subtraction
concepts as we use them presentlly in sc:hool are a specific,
culturally developed way of concei_vin'_g problems which has to be
learned bY"’people even if they already understand the . basic
invariants of addition and subtraction. . ’

+III. CONCLUSIONS - )

Summing up this discuséion of research about street and’
séhool mathematics, some similarities and differences 'wiu be
pointed out. .

Many invariants of mathematical concepts 'tau'ght in school
appear to. be quite basic and necessary for solving problems in
everyday life, These invariants can be understood eutside
scn?oxp without the Dbenefit of teaching, through the
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understanding of problem-situations. These basic invariants
are perhaps analogous to core semantic structures of Jlanguage;
their understanding can generate solutions to problems as
semantic structures can generate linguistic exi:ression.
However, linguistic expression: is not only a matter of meaning
but is a matter or grammar also--particular grammars of
Particular languages. In mathematics, liKe_in language, we
must deal with particular ang arbitrary ways of representing
mathematical meanings. When linguistic expression violates the
specific grammatical rules of our language, as it happens when
a foreigner speaks to .us, we have difficulty 'in finding the
meaning. Similarly, v}hen mathematical solutions to Problems
deviate from the conventional ways, they are hardly ever
recognized as appropriate by teachers.

Granting the similarities in invariants of concepts
learned in and out of school, let us sum up the differences.

(1) Brazilian street mathematics is oral both in the sense
that it is spoken and in the sense that it is wused for
communication. School mathematics is written; it is not chosen
for communication but for the +transmission of culturally
developed ways bf think_ihg and representing concepts and,
Perhaps more importantly for the- functioning of schools, for
the evaluation of individual children’s work. Correct
responses given in tests without the ‘“proper" written
calculétion receive -at best partial recognition in Brazil.

(28) Mathematics learned ouiside school is  a tool for
solving problems in meaningfu] situations. In school we teach
mathematics as an object; applications, when wused in the
classroom, tend to come after the teaching of the mode].

(3) Mathematics learnegd outside school is conducive to the
development of Problem solving strategies which reveal a
representation of the problem situation. The choice- of models
used in problem solving and the interval of responses are
usually -sensible even though not always correct. Students
using their school mathematics often do not seem to Keep in
mind the meaning of the problem, displaying problem solving
Q '
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strategies which have 1little connection with the Problem
situation and coming up with and accepting results which would
be rejected as absurd by anyone concentrating on meaning.

The meanings of problem situations are not always absent
in representations in schoo}l mathématics. The difference
between fractions' and percentages, for example, is mostly a
difference between general part-whole relationships, which are
treated as fractions, and a specific situation, in which the
whole 1is egual to 100. However, the similarity of the
1xivax;1ants underlying the two concepts is not usually pointed
out to pilpils. in Brazil. '~ School mathematics separates
fractions and percentages as different topics with differ-ent
written procedures for finding equivalences; although meaning
is in some sense a part of the separation of fractions ang
Ppercentages as different topics in mathematics, the emphasis
during teaching is still placed upon rules. )

(5) Representation of 'meaning of problem situations may
result in differént extensions for concepts developed in and
out of school. when cultural artifacts--such as calculators--
embody the school concept, they may be of little use to those
who have learned mathematics only outside school.

The qifferences pointed out abové have some implications
for mathematics education. Building bridges between street ang
school mathematics appears to be a route worth investigating in
_education. These bridges may sometimes be built through
finding out what pupils already Know £from their out-of-school
mathematics curricujum and let them wuse and expand this
Knowledge in school. Sometimes they may be built by using in
school problem situations which can be analized and understood
by pupils without focusing so much on rules. These are routes
which have not been explored enough so far.

However, there is one issue in mathematics education which
can be sorted out on the basis of these studies. I think that
- it is now clear that mathematics can no longer be treated as
the gate-Keeper which sorts out the academically able <from -
those who are not gifted enough. Any normal child must be

Q
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treated as capable of learning elemen.tary school mathematics--
especially 1f we are able to discover situations in which the
mathematical” properties we. ‘want children to understand are
genuine parts of situations that we present to children and
allow them to master over. time while we maKe available to them
representations Eu,rrent “in  our culture of mathematics
classrooms. If we succeed in doing {hls. our pupils may become
sKilled in analyzing problem situations, in generating meaniﬁg—
sensitive 'plans to solve problems, in appropriating for their
own’ use our mathematical representations and ideas, and. may
actually come to enjoy matheniatic‘s and see it as valuable from
their own perspective.

O
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A LOCK AT THE AFFECTIVE SIDE
OF MATHEMATICS LEARNING
IN HUMGARIAM SECONDARY SCHOOLS

Sandor KLEIN1/

and

Gustav M.HABERMANNZ/

The aim of this presentation is to provide an empirical survey
of some facts of Hungarian mathematics education and its
psychological conditions.

'MATHEMATICS EDUCATION IN HUNGARY

Hungary has for centuries had a good reputation of being a land
which breeds great innovators of mathematical thought. It may be
well known also that several outstanding personalities of
mathematicai learning and problem solving, as well as mathematics
teaching, started their career as Hungarians - from Gydrgy Pdlya
to Zoltan P.Dienes, to mention just a few.

The everyday setting and process of mathematical education at
primary and secondary levels, however, does not always confirm

) . . .
l: i(:ectations based on that fame. There is great diversity
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allowing for good achievement and severely disadvantaged groups

and practices.

The historical determinants of the present-day situation can be
traced hack to 1962 when an international conference in
mathematics dearnine took place in Budapest. Among other
contributors, Z.P.Dieénes explained to participants the
mathematical, psychélogical, and educational principles of a
renewed mathematics teaching. Encouraged by the scientific
activity of Dienes and others, Tamas Varga undertook the
formidable work of introducing one of the best balanced hethods
inside the "New Mathematics" movement experimentally. Later, it
was subjected to psychologlcal measurement. The method came to
be known as the ’‘composite method’ or the’ O P.I. 3/ Mathematics'’
project. It is well documented in educational literature (VARGA,
1962; "1964; 1965; 1967; 1972). ' ‘

small scale experiments being carried out from the early 1960s
to 1974 led to a nationwide implementatioﬁ, in eight-grade '
Hungarian elementary school, of the Varga curriculum and metnod.
It replaced the conventional curriculum in a gradual fashion,
reaching the final grade of elementary school in 1980 (VARGA,1987) .

The ‘0.P.I.' method’ succeeded in combining radiéal, even
avantgardistic, components with’ ones satisfying traditional
requirements and needs of teaching ariﬂmetic (cf .KLEIN,1987).
Although 1t is a rare phenonenon that such an innovative system
of ideas breaks through and becomes implemented nationally, that
meant a transformation of the project as well. Practicing
teachers and especially teacher training institutions were
unable to fully substantiate new ideas in their practical
programmes, thereby causing an at least initial ioss of several
important ingredients. Some authors even describe a deterior-
ation of original advantages after the method was embodied in a
‘central curriculum. The original aims of the ‘composite’ method
stressed -- apart from content-related objectives --

psychological priorities like enhancement of creativity,

1n"rf291ng student motivation, building favourable attltudes
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toward mathematics, reducing school anxiety, developing
linguistic--communicative skills, and the like. Including novel
subject matter (probability, statistics, mathematical logic,
vector spaces, topology etc.) in curricula was seen by
innovators as a basis of presenting students thought-provoking,
challenging tasks. The objectives of the 'O.P.I. method’ were
not, however, meant to be solely realised by content change;
rather, by enriching classroom methods of teaching (e.q.
discovery method, cooperation in small student groups,
experiential learning of concepts from concrete embodiment,
etc.)

During nationwide implementation, content areas typical to "New
Mathematics" were being reduced. Deterioration of the whole
process was mainly characterized, however, by "inadequate
application of classroom teaching methods. We were aware that
changing of methods necessitated deep changes in teacher
personality, a rearrangement of several value and attitude
structures, and dissolution of habituated behaviours. The
teacher the new process envisaged was, after all, a professional
in a different sense: facilitator and animator of student
learning, instead of a transmitter of mathematical knowledge

and ready-made solutions.

Our primary interests as psychologists in a number of

consecutive projects (1969--1987) were

(i) to describe psychological effects of Varga’s method and of

the nationally implemented version (involving effects on
abilities, skills, attitudes, orientations, motivational
factors, and holistic patterns of personality);

(ii) to verify the psychological hypotheses derived from the
innovative programme concerning distinctive effects on
children exposed versus not exposed to the o.P.I..method
(or its later implementation).

Extensively reported findings on elementary school mathematics
learning could be summarized by saying that only classrooms
where pedagogical principles of the 'composite’ method were
[: i%:;ely followed could give predicted outgomes in personality
Alz\y ~
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and performance. Statistically significant psychological changes
could be expected to occur where educationally significant’

changes in teaching and learning were observed.

SOME EMPIRICAL FINDINGS

In the following the scope will be limited to some empirical

data concerning final grades of secondary schools. They
constifute only a selection of simple descriptive results. As
opposed to primary education, secondary schooling is not
compulscry in Hungary, which may imply a practical possibility
of higher niveau and greater divergence (among schools,
programmes, cléssrooms, or among individuals). Secondary
mathematics education was able to follow the wake of modernizing
in primary mathematics with a substantial delay. In recent
years, freedom of secondary institutions to decide on curricular
options, enrichment, special programmes etc. was increased
markedly. That may be conducive to faster changes in methods and

results of secondary mathamatics education as well.

The two main types of secondary school in this country are
grammar schools and ‘specialized vocational secondary schools’
(hereinafter 'SVSS’). Other types rarely offer four-year courses
and almost never a certification of maturity entitling the
student to apply to enter a university or higher college.
o

Data in the following sections are taken from the system RMPP,
extension of the Hungarian (Population ‘B’) data set of the
Second International Mathematics Study of IEAé/. All results are
based on nationally representative samples.

A portrait of teaching: Time budget of activity forms

A relatively detailed and reliable picture of classroom
activities can be drawn from time budget analyses. Table 1 shows
Q -ions oﬁ time (measured ip minutes per week) for specific
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.pedagogical activities; These data stem from teachéf estimates.
The teacher sample is not only representative but quite
heterogeneous along several dimensions. Here follow some
descriptive figures also to characterize the population of
secondary mathematics teachers in Hungary. The age of teachers
in the sample varies from 26 to 64 years (average 40.2 years).
Their practice in school ranges from 1 to 43 years (average
1622), while practice in fourth grade, the measurea student
cohort, from 1 to 35 years (average 10.6). They had received
8 to 27 terms (semesters) of higher mathematical and pedagogical

education; the average is 9.2 semesters.

Hungarian secqndary school mathematics teachers are overstressed.
They have £6 teach an average of 25.4 périods per week (45 minu-
tes each), of which 18.5 are periods of mathematics. The other
subjects are usually physics or other natural science subjects.
A teacher is normally requested to lecture in two fourth classes.
The common practice, however, is that most teachers teach lower ‘
secondary school classes as well, the average number of which is
3.1. Consequently, an average mathematics teacher has to be in
contact with 5 different classes; as the usual number of students
is over 30, this means a total of 150 children. Such an amount of
work is done in an environment where heavy duties (mainly
clerical) outside classroom jobs are byrdened on teachers, and
salaries are significantly lower than that of skilled factory
workers.

_ .
Table 1 gives the original amounts of time estimateua oy teachers
for ten predefined categories of activity (’Preparation for
classroom work outside class’, ’‘Grading student papers and tests’,
etc) . Each estimate was obtained once for the last full week
before data collection and once for a "typical", average week.
The estimates may be biased by the teacher’s general tendency of

over- or underestimation.

In Table 2, proportions (%) of the same durations are given as
compared to sum totals of three larger blocks of responses
(feparated by horizontal lines). Each estimate was obtained once

\‘ N
[E l(:‘the last full week before data collection and once for a
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TABLE_1

Number of minutes allocated by teachers to speéific catagories
of activity

Hungarian secondary school teachers, N = 94

X
Week before "Typical",
data average
collection week
Preparation and planning
. outside classroom 134.8 144.9
Grading student papers, .
quizzes, tests outside class 142.3 98,2
P 277.1 243.1
Explaining mathematics content
new to the class 18.0 74.5
Reviewing mathematics content
not new to the class . 127.3 77.0
Rogtine administration 14.7 16.0
Establishing class order,
disciplining students 3.7 4,9
2 . 163.7 171.4
Giving tests and quizzes to
whole class 34.2 29.6
Individual student work )
- (seat or blackboard work) in class 70,3 67.2
Frontal lecturing and .
explanation 44,1 64.1
Small group work in class 12.6 15.6

z 167.2 176.5

O
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TABLE 2

Proportion of time allocated by teachers to specific categories

of activity

Hungarian secondary school teachers, N =94

x(of § Proportion)

Week before "Typical"
data average
collection week
Preparation and planning
outside classroom 48.6 59.6
Grading student papers,
quizzes, tests outside class 51.4 40.4
b 100.0 100.0
Explaining mathematics content
new to the class 11.0 43,5
Reviewing mathematics content
not new to the class 77.8 44.9
Routine administration 9.0 9.3
Establishing class order,
disciplining students 2.3 2.9
b 100.¢  100.0
Giving tests and quizzes to
whole class 20.5 26 -8
Individual student work
(seat or blackboard work) in class 42.0 38.1
Frontal lecturing and
explanation 26.4 36.3
Small group work in class 7.5 8.8
2 100.0  100.0
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"typical", "average" week. The estimates may be thought to be
biased by teachers’ general tendency to over- or underestimate.

Therefore, percentages are more reliable than absolute values.

Time assigments concerning last week are more or less correct
v reports of what happened the week before. "Typical week" ratings
may reflect normative elements more than factual memofy. As shown
by data from "last week" aésignments, e.g., teachers spent more
time with grading student work than with préparing for classroom
periods. In "typical" weks, however, they repdrted to spend much

more time in prepdration than in reviewing student work.

During preceding week, teachers spent about seven times more
minutes with reviewing material already taught; in the pattern
of "typical” week, newly explained and reviewed material would

consume approximately the same amount amount of time (Table 2).

Outside-class activities increase the already mentioned large
number of periods ( «’25 hours per week) by at least 4 additional
hours. Half of the latter are spent by preparation, another half
by grading papers and tests. It is quite clear that it would be

advisable to allocate more time for preparation than for grading.

Frontal explanations are certainly not the best way of teaching
mathematics. urther, if we accept data on "previous week" as
reliable it is striking that the proportion of reviewing to

exposing new material is so high.

Although teachers estimated administration and disciplining at
low levels in their time budgets, clas.room and school
observations as well as case studies seem to indicate that the
last two forms of activity occur more frequently than preferable.
These are forms of activity constantly discussed: they have been,
on one side,vmanagerially required, on the othef, stigmatized, -
in the last decade. Teachers may have been .over-anxious in giving
their proportions. The low figure (e 8%) obtained for small group
work appears, however, like an overestimation when relying on

5/

classroom observation data.~
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Mathematical skills and abilities in students

As the main focus of the empirical part of this paper will be on
attitudes toward mathematics in students, and their relation to
teacher attitudes, only a brief point is made concerning student
skills. If standardized, rotated mathematics tests of IEA
(carefully adépted to Hungarian terminology, curricular content,
and teaching traditions) are accepted to measure ’‘mathematical
skills’ or 'ability’, results show that the student population
is divided bétween extremes. Table 3 shows averages of:TTGTD, an
overall score, for various.grQups of institution and cﬁrriculum
types. TTGTD is an average of two full-test indices computed
over weighted item scores. The average skill level of the
enriched Mathematics 11 grammar school curriculum group is épout
five times higher. than the Kindergarten nursing SVSS (D)

mathematics curriculum group.

K

Interestingly, these enormous differences do ﬁot stem from total
uhfamiliarity of sections of mathematical content. Items of ;
* rotated tests were evaluated from the viewpoint of whether the
student was exposed to the specific content of the item or not,
and if yes, in the academic year of measurement or before. Itehs
judgea ’certéinly taught’ were more numerous in SVSS curricular
groups ‘C’ and ‘D’ than in any other curricular group for the
year of measurement (RADNAI-SZENDREI and HABERMANN, 1984). As
for the previous years, ’ceféainly taught’ items were only
slightly more numerous in Mathematics ‘I’ and.’II’ of grammar

school than in other curricular categories,

Attitudes of students toward mathematics

A point to be made ih somewhat more detail in this paper is the
role of affective (student and teacher) characteristics in

Hungarian mathematics education, a problem in the centre of
) Q@ rical investigations within ’‘Second International Mathematics

A e provided by enic:



TABLE 3

Difference of curricular sets of cases on an overall performance
measure of rotated standardized mathematics tests

Hungarién secondary school students, N ~ 2450

Grammar schools . .
Curriculum "Mathematics II" (special) 13,41

Grammar schools
Curriculum "Mathematics I" (special) 8.68

Specialized vocational secondary schools
- (sVss),

Curriculum F

(Direction Computing services) 6.03

Grammar schools
Basic curriculum 5.41

SvVss,

Curricular group A/B/E

(Direction Industrial and agricultural

professions) . 4.87

~ svss, )
Curriculum C N
{(Direction Health and medical professions 3.39

svss,
,Curriculum D . .
(Direction Kindergarten nursing) 2.66

By two-tailed t-test, any pair of the above
curricular groups shows a difference along
achievement scores at p< 0.001 except

- Grammiar schools/Basic versus SVSS/Curriculum F
where the difference is significant at

the 0.05 > p > 0.01 level. ’

v,
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Study’ and ’'RMPP’ data systems. Mathematics has for a 1ohg time
been a terrain to discover patterns of affective relations toward
a school subject and its related activities (DUTTON, 1954, DUTTON
and BLOM, 1968; MAERTENS, 1968, etc.). Separated from variables
characterizing overall motivational states and processes of

students, school subject specific affective variables were

investigated in terms of "interests’, 'beliefs’, ‘views’,
‘opinions’, ’‘preferences’ and:'attitudes'.g/ As BLOOM (1976) has
noted there is no clear conceptual demarcation among any pair of
these constructs. All of them presuppose, however, 'a continuum
ranging from positive views, likes, or positive affect toward a
subject to negative views,dislikes, or negative affect toward the
subject’ (BLOOM, op.cit., p.77). One can devise more or less
parsimonious sets of concepts and operationalizations for such

a continuum. In his ‘Model of School- Learning’ (CARROLL, 1963)
and even its extensions (e.g., 1984) John B.Carroll uynited
affective characteristics under the nane of ’perseverance’,
operationalized by duration of time the 1eafner is willing to
spend in learningz/; Following empirical investigations, BLOOM
(1976) could build a conceptually richer model in which affective
entry charactefistics are subdivided into constructs termed
"subject-related affect’, ’school—rela;ed affect’ and ’academic
self—concept’g/. When uging "attitude’ (toward mathematics) below,
we would not like to suggest anything specific in social-psycho-
logical definitions of that term. Rather, we shall abply the
neutral term ‘opinions about mathematics’ for item variables
(attitude scaleé) and the term 'attitude’ simply for empirically
verified higher-order structures from these measured items. In
'this we follow the general terﬁinology of IEA stu@ies-(KIFBR,1979).

In the following section, univariate descriptive data of two
different sets of attitudinal (opinion)g/ variables concerning
mathematics will be presented. First, affective components '
related to forms of mathematical activity in school will be
treated. Second, components pertaining to mathematics as a
subject and as a science at a more general level will be
_discussed.

Q
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The affective instrument of IEA Second International Mathematics
Study identified 15 forms of mathematical activity most commonly
encountered in school life. These were: ‘Checking an answer to a
problem by going back over it’; ‘Memorizing rules and formulae’;
’Solving-word problems’; ‘Getting information from statistical
tables’; ‘Solving equations’; 'Proving theorems’; ’'Using vectors’;
'Working with complex numbers’; 'Investigating sequences and
series’; 'Differentiating functions’; ’Drawing graphs of
functions’; 'Finding a limit of a function’; 'Integrating
functions’; ’'Determining the probability of an outcome’; 'Using
a hand-held calculator’. Opinions concerning each of the above-
activity forms were judged by students along three dimensions:
Importance (important-unimportant), Difficulty (easy--difficult),
and Preference or Likedness (liked--not liked).

Table 4 selects among the Importance ratingé only those categories
of activity which were assigned "extreme" values. Hungarian
secondary school students judge the memorization of rules,
getting information from statistical tables, and checking answers
as most important mathematical doings within school. Only'one'
item exceeded the conceptually negative limit 3.5 (near to the
scale pole ‘not important at all’), i.e. the-use of hand-held
calculators. At the time of measurement, portable calculators
were already relatively available and inexpensive in Hungary, but
in-schobl calculator use was at many places discouraged or
forbidden.

If the Difficulty ratings are ordered (Table 5) calculator use
occupies the first place among easiest activities. The next two
forms, 'Checking answers’ and ‘Drawing function graphs’ are,
however, among the ones rated very important earlier. Two items
similarly high-placed in the importance group, ’Proviné theorems’
and ’Solving word problems’ are listed as judged most difficult.
There is no stereotyped inference, therefore, in student thinking
that it is the set of subjectively difficult activities which are
really important. Whereas 9 out of 15 activities were evaluated
rather important, only 3 of the same exceeded the limit among
difficulty ratings (easiest items). The ‘great majority of
-*‘:y:ﬁy forms, at least when analysed over the entire sample,
ERIC -
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TABLE 4

Attitudinal statements : Ratings of importance
Hungarian secondary school students, N~~ 2450 ¢
1_,most important, ..._5 ,least important
15 activity forms rated

FORMS OF MATHEMATICAL ACTIVITY
Rated most -important (x < 2.5) . . =

X
Memorizing rules and formulae 1.69
Getting information from statistical tables 1.84
Checking an ansﬁer to a probiem ] 1.89
Proving theorems ’ . . 2.20
Drawing graphs of fuﬂctipns ’ 2.26
Solving word problems 2,26
Integrating functions . 2.38
Differentiating functions . 2.39
Pinding a limit of a function . 2.48
Rated least important x >3.5)
Using a hand-held calculator . 3.55

TABLE 5

Attitudinal statements : Ratings of difficulty
Hungarian secondary schbol students, N v2450
1, easiest,.... . 5 most-difficult

A —

15' activity forms rated

FORMS OF MATHEMATICAL ACTIVITY

Rated easiest (x << 2.5) _
. X
Using a hand-held calculator 1.68
Checking an answer to a problem : 2.29
Drawing graphs of functions ) : 2.45
Rated most difficult (x > 3.5)
Proving theorems . 3.83
ing word problems 3.55
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are perceived neither peculiarly difficult nor easy by students.

Still less of the activity forms reachéd pronounced likednesé

or dispreference (Table 6). Calculator use (an item already
identified as least important and easiest among all) is thé most
preferred. Solving equations is another form markedly preferred.
Proving theorems and memorizing rules/formulae are the items
looked upon with aversion (cf. next section on more general
opinions) .

-

Apart from mathematical activity forms, statements describing
personalized positions concerning mathematics at a moré generallQ/
" level were also judged by students, in thebformat of modified
Likert scales. Statements unequivocally agreed and disagreed with
are li;£ed'1n Table 7. The fivevstatements which showed widest
consensus can be divided among three attitude.areas.~Two of the
statements relaté to mathematical self-concept (cf. BROOKOVER;
SHAILER and PATTlERSON,' 1964; FARQUHAR and CHRISTENSEN, 1967;
HELMKE, 1987, 1988) expressing aspiration to good achievement
©and placing self-directed learning at a high value. One dimension
relates to gender probleins, while the remaining two, to beliefs
concerning,mathematical knowledge. Students hold that mathematics
‘helps to think logically’ and that there is '‘more than one
solution’ to most problems. They disagreg with several statements
in direct connection with the ones agreéd upon. Two statements
négated in rating are opposités of the gender statement in the
agreed gfoup. The assertion that one would not voluntarily 'learn
mathematics is expressing an idea opposed to the agreed-upon
“statement 'I really want to do well in mathema£ics’. At a basic -
' level, these pairs'of judgemengs corroborate each other and point
at the reliability of not only the instrument as such but of
interpreting item-level data as.well. Students mostly are not
) af;aid of mathematics. They have resérvations; however, ag to the
everyday utility of mathematics and prac£ice dispensing with the
use of rules (trial and error). ‘They construe mathematics as more
than something ‘to be memorized’. The last two items are not
necessariiy in contradiction. As the prévious gfoup of itehs
revealéd, Hungarian sécondarf school students judge ’'memorizing
O
ERIC
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TABLE 6
Attitudinal statements: Ratings of preference
Hungarian secondary school students, N 2450
1, most liked,...._5,least liked
15 activity forms rated

FORMS OF MATHEMATICAL ACTIVITY

Rated most liked (x < 2.5) =
Using a hand-held calculator 2.30
Solving equations 2.31
Rated least liked (x > 3.5)

Proving theorems 3.65
Memorizing rules and formulae 3.55

TABLE 7 -

Attitudinal statements about mathematics
(as a subject and as a science)
Hungarian secondary school students, N/ 2450

_1, strongly disagreed with, ....
. 5 strongly agreed with
45 statements rated

STATEMENTS

Agreement strongest (x > 3.75)

I feel good when I solve a mathematics X
problem by myself 4.43
A woman nees a career just as ‘a‘man does 4.43
Mathematics helps one to think logically 4.33
There are many different ways to solve most

mathematics problems 3.89
I really want to do well in mathematics 3.81

Disagreement strongest (§<: 2.25)

Learning mathematics involves mostly memorizing 2,04
It scares me to have to take mathematics 2,09
Boys need to know more mathematics than girls ™ 2.10
Mathematics is needed in everyday living 2,11

If I had my choice I would not learn i
any more mathematics 2.19

s~ make better scientists and engineers

Y. women 2.19
ERIC
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memorizing and hold that learning mathematics should extend that,
probably in a direction of more creative thinking.
Disagreement with the statement expressing unnecessity of rule
application in problem solving is consistent with the (at least
abstract) Importance students assign to memorizing (and thereby

to using) rules.

Differences between types of institution along opinion scales

Recallipg that mathematical achiévement on standardized tests
differentiated grammar school and SVSS pupils, and confirmed
extreme ability gaps, these two large subpopulations were
compared along affective components as well. As predicted, .there

were significant differences between the two subsamples along
almost every dimension. Out of 46 primary variables of the
"general" domain of attitude toward mathematics, for instance,
only 10 opinions did not distinguish significantly between the
two sets of cases when examined by a two-tailed t test. Among
these, 27 variables showed.a difference significant at p <0.001
level. Vocational school pupils invariably have poorer (less
acceptable) views on mathematics. They agreed less, or ‘disagreed
more, than grammar school students with statements like 'There
are many differént ways to solve most mathematics problems’,
‘Mathematics helps one to think logically’, ’‘Mathematics is
useful in solving everyday problems’, and especially with
stétements of the mathematical self-concept. ’'I really want to
do well in mathematics’, ‘I feel good when I solve a mathematics
problem by myself’, ‘I usually understand what we are talking
about in mathematics’, ‘I like to help others with mathematics
problems’, ‘I feel challenged when I am given a difficult
mathematics problem’, ‘Working with numbers makes me happy’,

I usually feel calm when doing mathematics problems’, and several
others are statements to which -- whatever the mean value of

agreement is -- SVSS students can consent significantly less

(p <0.001) than grammar school students.

The relation of attitudes toward mathematics to mathematical
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Another way of characterizing processes in Hungarian mathematics
education is to analyse the extent to which the attitudinal
components just discussed may contribute to levels of mathe-
matical ’'skills’ and 'abilities’. In this paper, only some
elementary data concerning this relétion will be presented.
Mathematical skills and abilities will be operationalized, like
before, by the overall score TTGTD of two rotated standardized
IEA mathematics tests.

The relations of attitude components, pertinent to activity forms,
to skill levels are demonstrated in Table 8. It is no surprise .
that closer correlations are all negative as attitude scales are
conceptually inverted (small values represent important, easy
and preferred activity items). At the very high number of cases
in the study all Pearson correlation coefficients overl&10lare
significant at the p< 0.001 level. The selective table lists
only those under -0.25. Even then, correlation coefficients
allow to state that only a relatively small proportion of
ability (skill) variance can be explained by the attitude items.
Nevertheléss associations make educational sense. Solving word
problems and proving theorems are two of the ubiquitous activities
of school mathematics. Students who prefer these forms of
activity (£2g attitude value) tend to have higher ability, and
the reverse, students with better abilities can find it natural
to prefer fhese mathematical tasks. The latter applies to the
Difficulty correlation as well (higher ability studénts find’
word probléms easier)..

The more general domain of attitudes (Table 9) produced higher
ability correlations. Persons with favourable mathematical self-
~-concept and aspirations tend to have higher levels of ability
(skill) and vice versa. Five of the highest correlated.affective
dimensions are self-related. There is also a tendency for

students who hold that ’there is élways a rule to follow’ and

there is 'little place for originality’ in mathematics to perfomm

well on tests. Although internationally standardized tests
offered wide opportunities for advanced students to solve
problems creatively, this may not have been reflected to a

[]zj}:;uired extent in multiple-choice response coding. The latter
rare rviddor sc| 55{;



TABLE 8

Interrelations of single attitudinal statements to
overall performance on mathematical tests

Hungarian secondary school students, N ~ 2450

Part 1,

Attitudinal statements about forms of mathematical

activity

15 activity forms, 45 item statements

FORMS OF MATHEMATICAL ACTIVITY

Scale

Highest positive correlations (r»0.25)

NONE

Highest negative correlations (r<-0.25)

Solving word problems
Solving. word problems
Proving theorems

Differentiating functions

—~g 0PV VA%LABLE
Bl ch”@m A.

Aruitoxt provided by Eic:

Preference
Difficulty
Preference

Importance

o7

Pearson’s

r

(Correlation
coefficient)

0.31
- 0.31
- 0.28
0.26



TABLE 9

Interrelations of single attitudinal statements to
overall performance on mathematical tests

Hungarian secondary school students, N ~ 2450
Part 2,
Attitudinal statements about mathematics

(as a subject and as a science)

46 attitudinal statements

STATEMENTS

' Pearson’s r
(Correlation
‘coefficient)

Highest positive correlations (r>»0.25}

I would like to work at a job that lets

me use mathematics .0.-40

- I ysually understand what we are talking .

about in mathematics 0.36

I feel challenged when I am given a difficult

mathematics problem 0.36

I usually feel calm when doing mathematics

problems : 0.31

I think mathematics is fun 0.30

There is always a rule to follow in solving

a mathematics problem - 0.28

There is little place for originality in

solving mathematics ’ 0.26

Highest negative correlations (r« -0.25)

I am not so good at mathematics - 0,35

I could never be a good mathematician - 0.31

Mathematics is harder for me than for

most persons R : - 0.30

If I had my choice I would not learn any more

mathematics . - 0.29

Mathematics is a set of rules- ~ 0.28

Now matter how hard I try I still do not
do well in mathematics - - 0.27
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two results are in good agreement with several observations
concerning Hungarian mathematics teaching, pointing at the
possibility that instruction does not really require the average
student to be original and creative, and -- with exceptions --

encourages .rule-following and conventionalism.

The negétively correlated statements are again mostly éelf—
-concept descriptors (statements lst to 4th and 6th--7th in
order of mention). It is puzzling at first sight that persons
negating ‘mathematics is a set of rules’ likewise tend to reach
higher ability levels. The possible explanation is twofold.
First, one may be aware that mathematics involves much more than
rule application without denying the importance of rule
application in everyday school mathematics. Second, it is not
" inconceivable that the cited correlations stem from two
partially different sets of cases. One may contain conventionalists
who fare quite well in a traditional school context of mathematical
problem solving, while the other, students who reach favourable
levels of skill just because relying on problem-specific novel

solufions, originality,.or heuristics.

The first International Mathematics Study (HUSEN, 1967) found
little variance (among countries measured) in strength of

corelations between affective variables and mathematical

'achievement’. Pearson r’'s varied from 0.26 (Belgium/Flemish) to
0.42 (Japan) with a mean of 0.32, with data based on nationally

representative samples in all participating countries. Another
representative study in the United States with large samples
(CROSSWHITE, 1972) demonstrated a similarly stroné correlation
(0.28) which did not change much between age cohorts of 6th/8th
grades and 9th/12th grades. These results and analyses on smaller
Hungarian. samples (KLEIN, 1971, 1973, 1975, 1977, 1980, 1987)
confirmed that affective input characteristics significantly
contribute to levels of mathematical achievement. What is more
interesting at present is the finer structure of these affective
variables (opinions) and their relation to more narrowly
specified mathematical activities in school. Neveitheless,
corrﬁlations reported in Tables 8 and 9 are of the same magnitude

¢ N - .
.[E l(:‘between overall attitude score and achievement in
o tional studies. ”‘- 5 9
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Attitudes. of teachers toward mathematics

While students’ attitudes toward, and opinions on, mathematics
influence mathematical thinking and abilities, teachers’
attitudes toward the same may play a decisive role in determining
teacher behaviour and efficiency. The Second International
Mathematics Stﬁdy provides unique possibilities to compare
teacher attitudes with student attitudes. The two domains of
affectively coloured opinions listed above were re-measured with
teachers of mathematics, albeit in a somewhat reduced fashion.
The number of activity forms specified as attitude targets was
smaller (ana not fully overlapping) with student attitude

measurement. The number of statements in the "general" part was

The importance ratings of four common activity forms of school
mathematics are shown in Table 10. The limit of interpretation
being the same as for data in Table 4, all four specified
activities seem to be judged ’‘very important’ by teachers.
Checking answers, solving word problémé and memorizing rules are
items we located among important forms of activity in students’
perceptions as well. These four areas of mathematical practice

reveal a congruence between student and..teacher opinions.

_ Table 11 includes selécted data for Difficulty ratings. Of four

E

activity forms, only one exceeded the limit: ’‘Word problems’,
which are evaluated 'very difficult’ by teachers. This opinion is
again identical with that of the majority of students (Table 5).
Teachers express rather pronounced preference for three of the
four activity areas (Table 12). ‘

"Although the self-related scales were not tested with teachers,

results from the domain of affective dimensions at the "more ge-
neral level" (Mathematics as a subject and as a science) have
again some coinciding judgemeﬁts between teachers and students.
Using the same limit of interpretation as in Table 7, dimensions

creating strongest agreement and disagreement among teachers are

O
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TABLE 10

Attitudinal statements: Ratings of importance
Hungarian secondary school teachers, N n~n 94

_1, most important,...5,least important
4 activity forms rated, 12 items

FORMS OF MATHEMATICAL ACTIVITY -

X
Rated most important (x<2.5)
Checking an answer to a problem ' 1.44
Solving word problems 1.47
Memorizing rules and formulae 1.71
Estimating a result of a problem : 1,82

TABLE 11

Attitudinal statements: Ratings of difficulty
Hungarian secondary school teachers, N~y 94
_1l, easiest,...._5, most difficult
4 activity forms rated, 12 items

FORMS OF MATHEMATICAL ACTIVITY

Rated easiest (x < 2.5)

NONE -
Rated most difficult (x> 3.5) x
Solving word problems 3.81
TABLE 12

Attitudinal statements: Ratings of preference
Hungarian secondary school teachers, N ~ 94

_1, most liked,...._5, least liked
4 activity forms rated, 12 items

FORMS OF MATHEMATICAL ACTIVITY ’ =

x
Rated most liked (x << 2.5)
Solving word problems 1.89
Estimating a result of a problem 2.14
Checking an answer to a problem - 2.18

Rated least liked (X > 3.5)

IS PRt
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listed in’Table 13. Teachers widely hold that mathematics helps
to ‘think logically’ and (with a similar semantic in the mindé

of most mathematics teachers) to’think according to strict rules’.
Creative aspects of mathematics are accepted (at least at a
theoretical level) by many teachers. They hold that mathematics -
is a scene for creative persons and that there are many ways to
solve problems. Assistance in acquiring logical thinking and
alternétive.solutions to problems are opinions with which students

and teachers strongly agree.

Teacuers aisagree with the assertion that ’‘mathematics is no more
than a set of rules’ and that it ’'requires memorizing’ mostly.
Not surprisingly, they also judged the statement of ’little place
for originality’ in solving mathematical problems as not
acceptable. These views harmonize with what was demonstrated
(Table 7) among students concerning statement ’‘Mathematics
involves mostly memorizing’. The ambiguity raised by students’
accepting that problems ’‘cannot be solved’ without using rules
is, however, absent from teacher judgements. Mathematics
teachers, unlike students, strongly deny that there have been no

discoveries in modern mathematics.

CONCLUDING REMARKS

As achievement data prove there is no real ground to formulate

general statements about secondary mathematics education in

Hungary. There are strata of secondary schooling with excellent
mathematics teaching and creativity-enhancing, innovative methods.
On the other hand, more than half of the student population
(almost all pupils in SVSS) suffer from grave problems in both

achievement in, and attitudes toward, mathematics.

As a result of education, a majority of persons leaving secondary
institutions hold that. mathematics is important; that it is
indispensable in an age of rapid technological progresé. Another
Q aral belief is that a man-in-the-street is becoming less and
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TABLE 13
Attitudinal statements about mathematics
* (as a subject and as a science)

Hungarian secondary school teachers, N ~ 94

_1, strongly disagreed with ....
_5, strongly agreed with

STATEMENTS -

Agreement strongest h(;> 3,75) x

Mathematics helps one to think logically ' 4.68

Mathematics is a good field for creatlve

people 4.26

Estimating is an important mathematlcs

skill 4.04

Mathematics helps one to think according .

to strict rules . ©3.98

There are many dlfferent ways to solve )

‘most mathematics problems 3.80

Disagreement strongest (% < 2,25)

Mathematics is a set of rules . - 1.69

Learning mathematics inVolveé mostly memorizing‘ 1.77

There have not been any new dlscoverles in )

mathematics for a long 'time o ’ 1.86
" - There is'little place for originality o

in solving mathematics problems : ) i 1..96

IEST COPY AVAILABLE
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less competent in the field. Students do not blame specific
methods and processes of mathematics encountered in school for
their felt incompetence. They do not even question the declared
necessity of learning mathematics in higher grades of secondary
schooling in case of persons who do not want to be employed in
jobs with mathematical requirements. This abstract assignment
of importance is compatible with the .view that it is another
person, not the self, for whom mathematics is useful. It is

also compatible with a dispreference -- especially in pupils of
no personal interest in mathematics —-- toward related activities

in school. Persons not interested in mathematics typically
profit very little from taking secondary mathematics. The time
is certainly drawing near when larger strata of pupils will
express doubts about compulsory mathematics imposed upon them.
As it is today, importance attributed to mathematics inside
and outside the school system is overestimated. Educators and
the society at large still bresuppose that personal mathematical
achievement at secondary level testifies highly developed
thinking skill or even creativity. That is not borne out by
nationally representative studies.-A decline in perceived
importance will 'surely follow if we make no steps to modernize

content and process of secondary mathematical education.

" The key of transformation is, obviously, the teacher. Hungarian

secondary mathematics teachers being overstressea, mostly
inadequately trained and underpaid, there are obstacles in the
way of modernization. The professional setting and job context
of teachers should be modified appreciably if we want teachers
to volunteer self-training, improve their classroom methods,

and implant a liking of mathematics into their students. .
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NOTES

1/  _Professor of Psychology R
Presently at: Department of Psychology, "Gyula Juhasz"
Teacher Training College, Szeged, Hungary.

2/ Department of School Research, The National Institute
of Education, Budapest, Hungary. ’

3/ The acronym ‘0.P.I.’ stands for ’‘Orszagos Pedagogiai Intézet’,
Hungarian name of the National Institute of Education
where Professor Varga worked out his method.

4/ The authors are greatly indebted to the International
Association for the Evaluation of Educational Achievement
for the opportunity of using measuring instruments and
connected research materials. We are especially grateful
for the help of Professors T.N. Postlethwaite, R.W. Phillips
R.A. Garden, and of Mrs. Julianna Radnai-Szendrei (M.R.C.).

_The second author acted as co-ordinator of the Population
B (cross-sectional) measurement in Hungary for the SIMS.
The results used as illustrations in this paper are taken
from simplest descriptive and correlational studies
performed on the RMPP data system. For a fuller report of
results from this system see HABERMANN . (1983, 1985, 1986,
1987; RADNAI-SZENDREI and HABERMANN, 1984).

5/ It should be underlined that although numerical results
here are fairly objective the interpretations are those of
the authors only. Several alternative interpretations were
voiced in other Hungarian publications on the subject.

6/ The issue of semantics of generic terms in psychology
cannot be discussed in this practical paper. As:pointed
out elsewhere there is more agreement in interpreting
differential targets of affective constructs than inherent
conceptual characteristics of these constructs. For instance,
it is easier to distinguish preferences toward mathematics
from preferences toward physics than preferences toward
mathematics from interests in mathematics,

7/ In his later work, J.B. Carroll accepted the view that
perseverance as a_single construct is not sufficient
to describe the full range of school subject specific

affective / motivational components (cf. CARROLL, 1984/1985
edn., p.93)

8/ These variables were measured by such instruments as
Dutton’s 'Attitude toward Mathematics Scale’ (RYAN, 1969),
'Elementary Attitude Scale toward Mathematics’ (ANTTONEN,
1969), ’'Secondary Mathematics Attitude Scale’ (ANTTOMEN,
1969) and the ’'Pro-Math Composite’ instrument (CROSSWHITE,
1972).

9/ 4s done for teachers, it may be useful to demonstrate by a
.set of distribution characteristics the span of the student
sample. The age of pupils varied from 17:3 to 20:7, with

@ he average 18:1. 62 % were girls and 38 % boys. Among
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fathers, less than 1 % were unemployed. 14 % were unskilled
workers, 45 % skilled workers, small craftsmen, low-level
white collar and clerical employees, 15 % foremen and low-
-level managers, 9 % middle-level managers and directors,
11 % higher level managers and directors. The monthly full
income of families (reported) at the time of measurement
was HUF 3000,--or lower in 4 %, 3001--4000,-- in 7 %,
4001--5000 in 11 %, 5001--6000 in 19 %, more than 6000,--
in 58 % of the sample. 23 % of the fathers had secondary
and 23 % of them, university or higher college certificates.
The same proportions for mothers were 28 % and 11 $. 7 % of
fathers and 9 ¢ of mothers did not even complete 8-grade
compulsory Hungarian elementary school.

10/ This description is only meant to ‘distinguish a second set
of affective rating items from the ‘activity specific’
first set.
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" BEYOND CONSTRUCTIVISM

(Learning Mathematics at School)

Pearla Nesher

The University of Haifa

Last year we heard plenary presentations that made all of us think
more seriodsly about how we view math education in a wider context of
epistemological and Iearning-theories. The main focus, last year was
on constructivism. I thoughﬁ that research on the psychological
aspects of math education studiéd in the-last decadg had their own
Eontribution going beyond constructivism. This will-be my main topic
today. I would like to.elaborate on three main iss;es. 1 will stéht.
with the role and Eharacteristics of Iea}ning at schooi; I‘will thenr
sketch some outlines of the epistemolégy fpr the:mathematics Ieérned
at school and, finally, with.én iilustratioﬁ taken from a specific
_plece of research I will speak on the role that. mlsconceptlons and
planned environments can play in schools
o
The role of schoollng
: My first assumption is ‘that schools exist malnly and prlmarlly 1o
promote knowledge. Most of us accept the constructivist approach ;o
the acquisition of knowledge, and I will quote Sinclair from last
year, who said that "the essential way of knowing the real world is
not directly ‘through our senses,-but first and foremost through our
actions. ...new knowledge is constructed from the chanées or
t;ansformations the subject introduces in the knowér-known

o relationship.. (and) the quélity of the knowledge gathered in this
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way is partly determined by the ways in which reality reacts to our
“interventions and by its correspondence to the knowledge other people -

-have constructed" (Sinclair, 1987).

i-would like to regard school as a significant canponent in the
child's reality and would like to analyzé some of school
characteristics as an environment within which the child can exercise
his theories in action. School itself can be looked at from various
aspects: each one of them might contribute different sets of
experiencés. I will concentrate on school as an environment for
learning maihemapics, and will take into account.the specifics of
mathematics as well as the modes of learning and const}uction of

knowledge.

In'speaking of iearning at school, I do not iﬁtend to underestimate
the extent of learning which takes place outside school, rather to
emphasize the role of schools in designing a learning environment. We
all know th;t a lot of learning is going on outside schools. We are
fold that much of the mathematics that children and adults know and
use is learned on the streets and in factories, and it is based not on
one's early schooling but on one's experiences, actions and
reflections at various sites (Reed & Lave, 1981). This is the story
about the vendlers in Brazil that Carraher and Schliemann describe
(Carraher, carraher and Schliemann, 1587); the fishermen in_north
Brazil (Schliemann, 1988); or the dairy workers-that Scribner
(Scribner, 1984) tells about them. Certainly, we admit the role of
learning via free play outside séhool.
Ic o
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If this is the case, if might be helpful to understand the difference
between learnfng in school and that outside school. Since Lauren
Resnick (1987) recently made such an analysis I will use this.as my
point bf departure. Resnick has "identified four general classes of
discontinuity between learning in scﬁool and the nature of cognitive
activity outside school. Briefly, (she said) schooling focuses on the
individual's performance, whereas out-of -school méntal work is often
'socially shared. School aims to foster unaided thought, whereas mental
work outsige school usually involves cognifive tools. School
cultivates symbolic thinking, whereas mental activity outside school
engages directly with objects and situations. Finally, schooling aims
to teach general skills and knowledge, whereas situation-specific

competence dominates outside" (Resnick, 1987, p.16).

I am not sure these characteristics tell us the entire story. I think
that there is another aspect‘that she neglected to mention; this has.
to do with the fact that school is an environment purposely and
intentionally created to promote knowledge (and in promoti&g knowledge
I include norms and social knowledge as well). Instruction at school
is a goal-directed, intentional, and conscious activity on the part of
schools, and therefore amenable to rational analysis and critical

consideration.

Learning in and out-of school haé a completely different.setup.

Learning out bf school is part of the immediate-social and economic

system. The goal on the part of the trainer is.to put the trainee as

soon as possible-on {he production line as far as a skill is
[:I{jyzrnce}ned, or, to improve other skills, as far as social communication
. T ?722
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is involved. This is not exactly the case at school. Schools aim to
pass on knowledge to studeﬁts to partly be embloyed at school in
.further learning, but mainly to be employed €lsewhere, after leaving
school. This creates quite an awkward situation in cbmparison to the
rest of the world. Schools do not gain directly from the students'
knowledge but rather from the growth in their teachers' knowledge of
how to teach. Pedagoéy, and means of supporting learning, are the
expertise of séhdols. This is npt the situation outside school. The
carpenter or the computer-scientist are the experts for carpenting or
computing, regpgctjvely. They are not the experts of how this kind of

knowledge is best learned -

Such an observation raises several fundamental questions whiéh are
related to the fact that schools have to deai with questions of
motivafion or.with questions of rewarding procedures, etc. These'will

" not concern me here. They are all relevant to learning. Yet,
admittiﬁg the limitation in scope, I will concentrate here on the
cognitive activity, on the learning of conceptual sy%tems which are at~
the heart 6f schqoling.'In what follows, instead of speaking in
general terms i'will refer directly to the learning of mathematics.

" The compariSon between learning mathematics in aﬁd outside school
raises tﬁe questions: What kind of mathematics do we teach in~snhool?
For what purpose?'Anq, how do we feach it in the light of the

constructivist maxim?-

Obviously we do not teach additiom in the context of a supermarket
with the goal of saving some money. At most, we mimic.such a situation

by what is called "word problemé“. This has no ﬁgetention of being any
Q ¢
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reality in the learner's eyes. We do not teach graphs and diagrams in
the context of advertizing and check what is the best way to convey
information and what is the preference of each type of diagram from
the advértizing boint of view. We do not teach ratio in the bakery,
though many activities there call for the use of rdtio‘and proportion.
And finally when or where should we teach Euclidian geometry, vector

space or, exponential equations?

The utilitarian approach with-its immediate payoff which is typical of
learning out of school becomes very weak even as a poihi of departure

when it comes to school. Of course, there is also a payoff in

. learning mathematics at school. Starting with the jobs available for

one on his completing school, but also as a means of survival in
schools while attending it (in the western society), or in the process
of learning itself. 1 tﬁink, nevertheless, that mathematics learned at
school has a completely differént agénda than the utilitarian one..I
suggest that learning mathematics at school is aimed at learning a
specific conceptual framework as a cultural endowment that shares some
of the characteristics that Resnick mentioned, such as being abstract,

general, symbolic, and detached from a specific context.

In order to make my argument, I would now like to raise some
epistemological considerations related to the learning of mathématics.
The discussion that follows should not be regarded as a philosophical
attempt to reéolve the controversy between the different schools
within the philosophy of mathematics (Kitcher, 1983; Benacerraf and
Putnam (Eds.) 1985)), rather some of the assumptions mentioned here

will be used to clacéfy the educational issues. Different approaches
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to the teaching of arithmetic correspond to different conceptions

] abbut the reference and the sense of the mathematical language.

The theoretical approach upon which 1 Will elaborate here addresses
two main pedagogical needs (a) the need for any learner to construct
his knowledge ihrough interaction with the environment (the
constructivist maxim), and (b) the need to arrive at mathematiﬁal
truths (the realist maxim). I know that the second need is not
acceptable to some constructivists, but I contend that my assumptions
reside withih the non-radical constructivism. To avoid ideological
dispute I am ready to name my apbroach "a pedagogical realism". The
epistemology that I call "pedagogical realism" has grown out of
considering three issues: (1) the ontological status of mathematical
entities; (2) where can the learner look for the truths of his
mathematical findings_and beliefs; and (3) what are the pedagogical

implications from the above for learning mathematics at schools.

The Ontological Question

I begin with analysis of natural numbers, since those seem to be the
most'confusing in regard to the ontological quéstion. Clarifying their
nature will make it easier to understand other kinds of numbers (sﬁbh
as rational, decimal, irrational) or other mathematical entities. In
discussing the question, "What are numbers?" I first make the
distinction between the linguistic signs and what.they stand for
(symbolize or signify). Furthermore, I make the distinction between
number words which are part of ordinary language, and numerals which
are part of the symbolic language of mathematics. People usually think
\)that both refer to the same entity. But number words in ordinary
ERIC
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language are used to qualify quantitatjvely other objects which are
specified by their class term, such as "children" in the case of "five
ch{ldrénd. Numerals in mathematics refer to mathematical entities,
abstract concepts or objects. The numeral "5"™ for example is a name
for a specific and unique number that has all kinds of properties now
to be learned at school, sucﬁ as being an odd number, or that it is

» " one of the squaré roots of 25, etc., all of which are concepts within
the mathematical systém. Though we frequently think of the number 5 as .
of having an image of ‘multitude of elements, in the language of
mathematics one speaks of the number 5 in the singular, e.g. TS is an
odd number“, a. point that emphasizes our conception of it as a unique
and singdlar mathématical object that has an ontological status in £he
language of mathematics that differs from the status of "five" as a

quantifier of other objects in ordinary language.

ObViously, the young Ehild starts to conceive numbers in their
relation to other objects'as»they are used.in ordinary language, but
later on at school we aim to teach him that humberg withjn the
mathematical system refer fo abstract mathematical entities. In his
spontanecus environmeﬁt the child will hear expreésions such ag: hJohn
até_five cookies", .or "John is five years old", in school he will soon
‘deal with expressions of the form "5+3=8" or "5 is a prime number",
The distinction I have just drawn is even sharpeﬁ in moving toward
mathematical entities, that do not have seemingly parallel expression
in everyday experience and in ordinary language such as the numbgr et
or "pi" or concepts suchvas polynoﬁs, or vectors. What creatures are

they?

ERIC
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- Mathematics is a conceptual system with its own unique language. Its
language enables us to look for its sense and reference which are
characteristics of any language. For example, the following
expressions: "2+2"; "2x2"f€ "2 to the power of 2" all have the same
reference which is the abstract number 4. Yet each expresses a
different thought and a different sense. The different senses of the
symbolic languége of mathematics comprise its essence and the gist of
qnderstanding mathematics. Most senses expressed in mathematics are
new relations that could not be expressed in ordinary language and now
are embedded in the.new symbolic language to express notions which are
impossible to express otherwise. The most trivial example is the
attempt to express in ordihary language the algebraic expreésion:
“three times of a number increased by 7". This expression is ambiguous
as it stands, and only the symboiic language of mathematics can remove

the ambiguity by expressing this either as 3x+7 or as: 3(x+7).

The Truth of Mathematical Sentences

I have raised the ontological question since it is intimately
‘connected to the question of truth in mathematics. It is expected that
children wiil learn the rules of formation of mathematical sentences
at school, that they will understand the different senses of each
sentence and that they will know how to distinguish between true and
false statements in tﬁis language. Moreover, much of our teaching in
mathehatics pertain to the discovery of new expressions that maintain
the truth value of the sentence. It should be noted (as Russell wrote
in 1958¥1912 p.70) that having.a truth value is a property of beliefs,
yet it is established by many differeﬁt methods, which are independent
of the beliefs (As the long history of false beliefs has
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demonstrated). Also, falsehood is.adjunct to the notion of truth. In
Russell's words: "Our theory of truth must be such to admit of its.
opposite, falsehood" (Ibid).IWe might call it "false belief",."error";
“misconception®, “bug" and in some cases even "theory in action", all
express a system of beliefs that has a truth value w1th its two l

comp lementary values true.and false.

One method of arriving at truths in mathemat]cs is what Russell called
the coherence theory of truth Actually, all proofs in mathematics are
made in a deductive manner to preserve the coherence of the system.

The trouble is that young chlldren_(and many adults!) that study
mathematics, cannot prove for themselves the truths of mathematics,'by

means of the deductive method.

A real and signiflcant educational question is, if the deductiue '
method is ruled out for young children, how can a child_hnow that he
has arrived at a true sentence. Or how can-he know which numeral, for
example, to put in the blank space of the expression 2+ =5 and get
true sentence?. The answer that we seek has nothing to do with the
syntactic rules-hut rather with knowledge about abstract numbers and
their characteristics. To write 2+3=6, is syntactically as good as
writing 2+3=5. Yet we and soon every child will know that_the tirst
statement is false and that the second is true. How should they know
it? The paper on which the child writes a statement such as: 3+2=10 is
long-suffering and there is nothing in this pen and paper activity to

tell the child whether he is right or wrong.
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~ The Pedagogical Outlet _
If the deductive method is.ruled out for the young child for arriv;ng;
at trqe.Sentencés, we are left with two other options: One is to learn
and memorize thé'true.facts that.expert mathématicians know how to
prove, and later on to.refer to the memory as the jhdge of the.truth
valﬁe.of a giyen sentence (or rély on;teqchers' approval or

. disapbroval). A second,alternative is'tb providg the child with some’
tools. for verification via experimeﬁtatibn in a world assuhéd_to be

- analogous to the matﬁematical abstract-world; in which'he already
knows what is true and what.is false there.-Logo (Papert, 1980) could

_be such an éxanple. While the child operates the turtle by means of
formal language, he gets his feedback about ihe'truth value of his
formal descriptions by comparing.the move of the turtle to'the goal he
Had in mifd .and.he knows (eventhough hé will not Slways admit it),

whether he succeeded in his formal description or not.

Each of the above approaches has a_catch in it. The first approach .
(approaching the teacﬁer for an approval) relies heavily on
author@tariah methods'of impbsing knowledge and discourages self-
exploration and éélf-cpnviction. In fact, many teachers have taken on
themselves this role of judgihg whether the child is correct or not in
his performance. This .does not let the child construct for himself the
mathematical notions. and concepts. Nor does it enaple him to realize
that the truths of méthematic; are objective and necessary.
The seéond approach of experimentation as the mode for verificqtion
introduces mathematics as an empirical science rather than a deductive
‘one. In adoptiné the second approach we adopt also another theory of
[E ianth' the correspondence theory of truth (Tarski, 1949, Rﬁsselh
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1959/1912) by which truth consists in some form of .correspondence
between a belief and a fact. If to use Tarski's notorious example:

"The sentence "snow is white" is true if, and only if, snow is white".

Using a similar approach to learn the truths of mathematical sentences
means constructing a world in which the child will be abie to examine
for himself the truth of mathematical sentences via the state of
events in a familiar world. It seems that the accumulated wisdom of
math educators agree that learning mathematics at school can benefit
from designing such environments in which children can experiment; get
feedback on their activities; be able to explore their Hypotheses and
discover whether they are true or false. Note, again, how crucial is
the notion of truth and falsehood to the examination of one's

hypotheses.

At this'point some of you might think that I am speaking about
microworlds, énd indeed I am. But I would like to spell out what makes
a microworld such a pcwerfui educational tool. Elsewhere I have talked
about the characteristics of a learning environment at school (Nesher,
1988) and have detailed what I call Learning Systems (or microworlds
if you wish). Here I will point only to some of its necessary .

components.

The most important characteristic of a Learning System is that it

consists of two major components:

1) There is a-clear articulation of a unit of knowledge to be taught,

based on an expert knowledge. The experts in this case are not the

scientists in the field, but rather the experts who can tailor the
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body of knowledge to the learner's particular constraints (such as age
or ability). ‘ .

2) There is an exemplification component that must be familiar to the
leafner. The child should be able to grasp intuitively truths within
the selected exemﬁlification;model. The choice should also ensure that
the relationé and opérations,among the objects in the exemplification
component will fully correspond in an isomorphic manner to the objects
relations and operafions to be learned. I should stress that the

, exempl ification component must be familiar to the childAto-serve as an‘
anchor to develop an understanding of a new and unknown system of
relations. For example, one can use the ability of the child to
differentiate among colors and lengths as is done in the use of
Cuisenaire rods, to teach him new concepts ?elated to the natural
numbers, or one can use the child's knowledge of spatial relations to

learn programming in Logo.

what is possible and what is not possible within such an environment?
It seems that it is possible to establish a language that employs
ordinary language notions between the teacher and the child abouf the
objects énd relations in the'exemplification model. It is possible to
demonstrate. new configurations not yet experienced by the-child, .in a
domain which'is already familiar to him. It is possible to try and
have a language that symbolizes these new configurations, ‘but it is
not possible to assume {and this is a warning) that, just by pointing
out to him, the chiid has instantly noticed the new relations, has
reflected on them, and has absorbed theirﬁsignificance. Nor should one
assume that the language the teacher uses to signify these new
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relations;'is not an empty verbalization‘for the child. Here, I call

again upon the constructivist maxim.

What is really possible is to construci within the child's reach an
environment that if experienced and éxplored by the’child has the.‘
potential of revealing some intéresting_relations that were (or were
not) noticed before by mathematicians and were coined in a
mathematical language. In offerlng such learning systems there is a
notion of planning and goal directed actlvlty at school which is the
essence of instruction, as part of-our vision of mathematics as a

' N

cultural endéwment, on one hand, and an agreement that the learner

must construct for himself any piece of,knbwledge, on the other.

Granted that mathematical knowledge grows out of the subject's
’ peflection(on his own_éctioné,’theAbest we can do is to build a
constrained env1ronment within which the child can act freely in a
.less scattered and random fashion than mlght happen outside school My
claim is that most of the more advanced mathematical notions are not
easily amenable to the étudent's activity or experimentation outside

of schools and as such they call for some pedagogical intervention.

In" advocating the planning and creation of learning-systems by the i
schools, a word of caution is in order. There is a danger that- there
will be a gap between teachers' planning and the child's necessity to
construct for himself his knowledge at his own rate.

This is a true pedagogical dilemma with which teachers have to live
every day. When a teacher has his own expertise and norms, then the -

Q ‘udents' theories in actions are doomed to be judged relative to the
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norm as misconceptions. I would like therefore to raise a questiop, on
which it is not aiways clear what tﬁe radical con3tructivists stand
is: Ddes such a knowledge on the part of the ‘teacher enhance or
inhibit learning? 1 would like to -.answer this question after

presenting the foliowing research findings.

Learning Decimals
In the past few yeérs some of my students have been engaged.in
research about the learning of decimal numbers. I will use the;e
studies to illustrate the problems of learning at school. The first
study by Mrs Bilha Zuker, my former M.A. student, dgalt with the

. question of understanding_&s. algorithmic performance in ;he domain é;_
decimal fractions. She constructed two séparate tests, one that tested
what we believed to be routine algorithms involvihg-dé@imals and the
other test ;hat called for some feflectipn and understanding of

decimals. Comparing the value of two decimals was one of the items in

the second test.

The next step was taken by Dr. Irit Peled who_wanted to ldok more '
qlosely'whére the ?ailure in understanding  occurred. She asked herself '
if it would be possible to find its sources. Her study was- parallel to
a study made by Leonard~ahd Grisvald (1931) and-Resnick et al (1988).
To cut a long story §hont, 1 will describe the gist of the Astudy.
Consider for example the following tasks administered to children of
grades 6,7,8, and 9. The subjects had to mark the larger number in fhe
following pairs: -
Case 1 0.4 vsS. 0.234
o Case II 0.4 vs. © 0.675
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In Case I Jeremy marked that 0.234 is larger than 0.4; and in Case II
he marked that 0.675 is the larger one. Doe; he or.does he not know
the order of decimal numbers? In our study in Israel the data was
gathered in individual interviews, so that the children could explain
their choices. This helped us understand their theories in action. In
both cases Jeremy said that the longer number, i.e. with the more
number of digits (after the decimal point) is the large: number (in
value). Jeremy had one guidiﬁg principle as to the order of decimals
and, accordingly, Jeremy was wrong in case I while in Case II he was
right. Although his guiding principle was a mistaken one, he succeeded
in correctly solving -all the exercises similar to Case II. Also, It is
not hard to see that his guiding principle was one that served him
well up to this point, having been extrapolated from his knowledge of
whole numbers where the longer numbers really are larger in value.
And, unless something is done, Jeremy's "succegs“ or "failure" in
certain tasks is going to depend on the actual pair of numbers given
to him. This, of course, blurs the picture of his-knowledge Now
imagine Ruth who decided in both Cases I and 19 (in thé above example)
that 0.4 is the larger number, i.e., in each case she pointed to the
shorter number as the larger one in value. Ruth gave the following
explanation: "Tenths are bigger than thousandths, therefore, the
shorter number that has only tenths is the larger one." Ruth does not
differentiate between Case I and Case II either. She will be correct
in all the cases similar to Case I, but wrong in all cases similar to
Case II. We can understand this kind of reasoning in light of what is
learned in fractions. Ruth has a part(gl‘knowledge of ordinary

\)‘“actions and cannot integrate what she knows about them with the new
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chapter on decimals fractions and their notation. It is interestiﬁg to
note that about 35% of the sixth graders in Israel who completed the
chapter on decimals acted like Jeremy. They were, in fact, using the
above-mentioned rule which relies heavily on the'knowledge of'wﬁole
numbers; aﬁd about 34% of the Israeli sample of sixth graders made
Ruth's type of rule. Even more interesting, is the fact that while
Jeremy's rulé freduency declines in higher grades, Ruth's rule is more
persistent énd about 20% of the seventh and eighth graders still
maintain the rule laid out by Ruth (Nesher and Peled, 1984)

How could such rules persist for such a long time? One reason is that
iﬁ most cases this topic is iearned only in a formal mode as a pen and
pencil exercise. The child cannot find for himself the truth of his
sentences and must rely on what I called the first option, i.e. that
the'teacher tells him whether he is right or wrong. Soon I will show

that the teacher, too, in this case could not be of great help.

In many cases, as we saw, the mistaken rule is disguised by a
“correct" answer. That is, the student may get the "right" answer for
the.wrong reasons. Thus, for the student who holds a certain rule. not
all the exercises consisting of pairs of decimal numbers will elicit
‘an incorrect answer. For example, decimals with the same number of
digifs are compared as if they were whole numbers and, therefore,
these items are usually answered correctly even by those who hold
inaqequate rules, and cannot therefore be used for diagnosing or
raising conflicts with mistaken rules. This was the case with the
previous example. If the student for example, given the following item

L C e
]E l(:lch is the-larger’ of the two decimals 0.4 and 0.234?" answers 0.234
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we may suspect that he holds Jermey's'rufé. But; if he answers 0.4, we-
cannot know whether, he "knows how to order decimals, or if he is

holding Ruth's error, but happened to get lucky numbers and be correct

_on this particular item. Thus this item can Qiscriminate and elicit

O

those holding Jeremy's rule but cannot discriminate between those
hélding Ruth's ruie and those who really know the domqin. Along these
lines, for the -same task, the pair of numbers 0.4 and 0.675 can

discriminate those holding Ruth's rule but cannot discriminate between

’

“those holding Jeremy's rule and experts.

I have mentioned before that the teachers could be but of little help

‘to their students even if they were ready to take an authoritarian

" stand. The reason is that these misconcebtions_are hard to detect. In

her work Irit Peled has built a simulation that produces pairs of
decimals to be compared. In Peled's simulations it was found that Wheh
pairs of numbers are randomiy selected from all the bossible pairs: of
numbers having at.most three digits after the decimal paint, the
probability of ‘getting an item that will discriminate Jeremy's rule
was 0.10, and Ruth's rule 0.02. Thus both Jermey and Ruth will su&ceed

up to 90% on any activity given to them if a special consideration is

.not taken into account. It is not surprising, then, ‘that teachers are

usually satisfied with the performance of children holding Jeremy's or
Ruth's rules. And for this they should not be blamed. Oh the basis of
one wrong item it is impossible to discover the nature of the

student's theories in action. In such classroom it will also be very

 difficultﬂfor Jeremy and Ruth to give.up their rules since they are

daily rewarded for their erroneous rules by correctly answering non-

Aiscriminating items.

.
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If we think thét students experience at school should aid in
constructing more elaborated rules than the ones currently held, than_
thei} experience should be directed towards only discriminating items
that raise conflicts with their earlier notions. Moreover, they must
have the oﬁpdrtunity to realize that there is a conflict. This cannot
to be achieved by the téachers‘feedback, for whom the students rules
are‘sometimes masked. We must look for a learning environment and
l2arning systems that can exemplify to the student what is right and

what is wrong from a mathematical expert point of view.

- Why did 1 take;up your time in describing this detailed example?
Because the praéeedings of our meetings in the last decade‘are full of
papers dealing with similar examples which are, in my. view, the seeds
for the theory needed for a more successful teaching of mathematics in .

schools.

I, for examplé, have learned several lessons froﬁ the above example
which I will present in general terms:

(a) Misconceptions and erroneous rulés are found nnt only behind
erroneous performance, but alsoulurking‘behind'many cases of correct
performance. They are often "masked" by correct performances.

(b) Misconceptions may persist if the children do not have the
opportunity to experiment directly with a realitfy that contradicts
their beliefs.

(c) Schools are for creating learning environments that have their .own
feedback mechaniéms,iénd for constructing good diagnostic i
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discriminating items for the child's activity. Teachers are not in
schools to offer feedback, or for testing and rewarding. Rather, on
the basis of their past experienge they should be the experts on what
are the best activities that enhance children's learning. Watching
classes 1 am surprised (and you are, too, probably) how much the child

works on exercises that do not teach him anything.

Here 1 have touched upon the question that I have raised before, and
one that I think constructivism does not explicitly answer. Granted
that the child has to construct his own knowledge, what is the role of
schools? Can schools be more efficient than any other occasional
learning environment? I think, my answer is clear and I will summarize

it by the line of thought that I have developed here:

I think that schools have the potential of becoming a better
environments for learning mathematics than any other environment. It
depends on our understanding of the nature of constructing
mathematical knowledge. Understanding in this context mean§ building a
detailed theory that will first be based on a sound epistemology, and
then will be sufficiently elaborated to become a theory that directs
the actual .learning; creating learning systems will be part of it; it
will explain "the theories in action" that children develop as well as

discern discriminating items and tasks that many of us work on.

Final note
None of the hopes for good schooling that I have entertained must be
realized. None of the dreams about planned environments must be

[:lz:i(:(fulfilled. Currently, many schools actually demonstrated that I am
v o e 5%63 .



wrong. Yet I believe it is time to sketch the potentials for better
schooling and how we can reach them. I suggest that human creaiivity,
and man-made 1éarning environments should be developed according to
our best pedagogical knowledge. I think that the so-called
"artificial” environments need not be inferior in promoting knowledge
than the natural ones, that we all know how powerful they are. Are
man-made_materials, such as the synthetic polymers, worst than the
materials that Mother Nature supplied us with in the first place? Can
any one imagine our world today without the édvancement in all
technologies which are man-made? And why should this also not be true
of man-made learning environments that exemplify conceptual frameworks
which are, themselves, a human creation? I belfeve that it is possible

and it is in our hands to turn such dreams into reality.
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Reconstructive Learning

L.Streefland, Faculty of Mathematics and
Computer Science
State University of Utrecht, The Netherlands

Résumé:

Dans cette contribution,intitulée "Un apprentissage reconstructif’, on simerroge sur les conditions -
nécessaires pour mettre les enfants dans une situation dans laquelle ils engendrent eux-mémes- eventuellemem avec
I'aide de I'enseignant- des relations mathématiques abstraites.

En vue de re'pondre 4 cette interrogation, on porte I attention sur des constructions et des productions
fournies par des enfants dans le cadre d'un enseignement de mathématiques realistes.

Entrent alors successivement en consideration les points suivants:

-Que peut bien signifier "les productions personnelles des enfants" et quelles sont leur fonctions dans le
processus d'apprentissage? Exemples.

-Qu' apporte une recherche en didactique a I'égard  d'un enseignement des mathematiques qui soit
reconstructible?Quel role jouent les productions personnelles de ce point de vue?

-Interviennent enfin les caractéristiques d'un enseignement des mathematiques réalistes.Ces camctcnsuqucs
determinent les conditions optimales pour que les constructions et productions personnelles des 2l&ves se développent
au'mieux et prennent la place qu' elles méritent. R

' LIntroduction and survey -

When thinking about the title of the present lecture, words like constructivism and
reconstructivism crossed my mind. Irejected them. 1 thought I would better avoid any allusion'to
last year's PME-XI discussion on constructivism and its interpretations (cf PME-XI
Proceedings),which I have neither the intention nor the talent to join.My aim is more concrete. The
question I wish. to tackle is: How to influence children to produce by themselves-albeit under
guidance-their mathematical abstractions. (cp. Cobb, 1987) In order to answer it I will deal with
successively:

-children's own production in mathematical instruction-what does it mean?(2);

-function of their own production in the teaching/learning process, with examples (3);

- own productions in education developmental search after reconstructible instruction ( 4);

A brief reflection on reconstructive leaming will concludc the exposition (5).

2.What'is own pm;gcgon?

In productive mathematics cducauon children, guided by their teachers, construct and
producc their own mathematics. The pupils' mathematical activity expresses itself in their
construction and in the production resulting from reflexion on the constructions. Treffers
(1987,p.260) has introduced this distinction, which according to himself  is no matter of
principle. Free production is rather the most pregnant way in which constructions express
themselves. What, however,'is own production? In order to answer this question we shall look out -
for the precondmons and circumstances under which productions emerge or may emerge in :
instruction.

By constructions we mean solving: !

-relatively open problems which elicit- in Guilford's terms- divergent producuon due to
the great variety  of solutions they admit, often at various levels  of mathematisation; and

-incomplete problems, which before being solved require self-supplying of data or
references.

An example of the first: How to divide two bars of chocolate among five children? An
example of the second: A radio message on a 5 km queue at Bottleneck Bridge- how many cars
may be involved?
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The construction space for own productions might even be wider:

-contriving own problems (easy, moderate, difficult) as a test paper or as a problem book
about a theme or for a course, authored to serve the next cohort of pupils. An example, say, for
grade one: Think out as many sums as you can with the result 5.

Finally there are border problems, that is, of constructive character but with a strong productive
component,which require devising symbols, linguistic tools, notations, schemes, or models. In our
illustrating problems stress is laid on the various functions :o be fulfilled by own productions in
the teaching/learning process (as well as in research). In fact, a production problem can involve
more than one of these functions. The division according to functions is again a matter of stress
rather than of principle. ’

3 Furicti £ juction in tf hing/leamni

If children's leaming is to be expressed in their own production, its various functions have
to be viewed under the aspect of instruction, that is, according to their didactical value (though of
course from the leamer's side). Without aspiring at completeness, we will distinguish the followin
functions: .

-grasping the connection between phenomena in reality and the matching tool of
description and organisation (horizontal mathematising) (3.2.);

. -seizing the opportunities of continued organising and structuring of mathematical material
(vertical mathematisirg) (3.3.);

-uncovering learning processes, and reversing wrong trends (3.4.);

-producing terminology, symbols, notations, schemes, and models serving both
horizontal and vertical mathematisation (3.5.);

Each of these functions will be illustrated by examples and commented on. In all cases it
will appear,that being productive in the mathematics lesson provokes both reflection and
anticipation on the teaching/learning process. :

The various functions will finally be considered within the broader context of course
construction and education developmental research (4). )

The whole will be concluded by a brief reflexion (5).

) . .

Example :"The size of The Netherlands" ( after Treffers, 1987), from the domain of
calculation and meansuration by estimate:

Q .
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Somebody affirms that the area of The Netherlands is 36,842 square meters, according to
Larousse Encyclopedia, he says. What is your -comment?

We will give an impression of the coﬁrsc of alesson with 11 to 12 years olds who have
received traditional (rules oriented) instruction, although in their last year (grade six) a few
richer problems happened to emerge in the lessons.

The pupils start working while the teacher walks around, assists groups of pupils, and
afterwards conducts the retrospective discussion. .
At the start of the lesson the teacher had a brief talk with Mar:

Mar:Then I should first know what is a square meter.

Mar:I do know that a football-ground is a hectare. .

T:How tall are you,Mar?

Mar:One meter seventy.

T:And now a square meter. Pay attention to “square".

Mar: I see. It is four times a meter (indicating a square).

T: This desk, is it as big as a square meter? (in factitis 1.30 m. by 0.70).
Mar: No,it isn't square, so it is not a square meter.. .

Follows some explanation. Mar is progressing but time and again new obstacles arise; for
instance, when The Netherlands is modelled into a rectangle of 200 km by 300 , and the area
should be calculated. The estimated dimensions are to the point but 200x300 is done by column
arithmetic. Mar's mathematical activities oscillate move between two extremes: intelligent estimating
and thoughtless calculating.

Most of the pupils appear to know very well what size a square meter is, and understand
decently what is area, but they still lack the mathematical attitude of trying a multiplication related to
the 36,842 square meter, or starting at the other side, that is to make an estimate of the size of The
Netherlands on the strength of available experience. They reproach the teacher walking around:"It
is so big a number that one cannot imagine it, so there is nothing to comment." -

] They are given a hint; the size of a garden or so. It suffices to put them on the right track.
in due course everybody is adjusted-to explore wether the 36,842 square meters are possible. In
retrospect the pupils deliver the comment (briefly summarised): .

_If it were true, hundreds of people would live on a square meter because millions are
living on the 36,842; so that is impossible; .

-36,842 square meters is like a strip long 36 km and wide 1 m, and that is rather like a path
through The Netherlands;

-36,842 square meters is not much more than a rectangle of 200 meter by 180 ,that is about
six football-grouds-it is good for Gulliver's Lilliput,

-The Netherlands is about a rectangle of 200 km by 300 (cf. Mar's estimation), thus
36,842 square meters cannot be right. .

All these comments are discussed. Almost all can follow the various reasonings and
compare them with their own solutions. The last among these comments gives the teacher the
opportunity to ask for the factual origin of the error. The whole group agrees that it should have
been square kilometers. Then the teacher raises the question:How could right 36,842 square

kilometers have come out?
In a final discussion objections are summarised: What about rivers, lakes, hilis?Do they belong to
the area of 36,842 square km?
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What about the tides? Isn't our country larger at high tide than at low tide? How big can the
difference be? Isn't the area to be considered as a variable?Finally the crucial question:" Wouldn't
such a precise number be posssible on the strength of some model of The Netherlands?"

The teacher herself explains things: the fixed low-tide line and the fixed map model define the
calculation. In detail this model differs from reality. That then is how the size of The Netherlands is
verified. '

The foregoing was a good starting point. This is proved by a newspaper cutting:

The classification obtained by this method has functioned
for a certain time as shadow classification, never included
into official tables. It is, however, attractive to have a
closer look to this equivalising formula. Since it requires
some arithmetic, let us restrict ourselves to The Nether-
lands. The country has about 14 million inhabitants,
versus the 3 billions of the US, that is twohundred ti-

mes as much. The area of The Netherlands is, say, 40,000
square meters, versus the 33,000 square kilometers of the
US, that is thousand times as much. This weighed against
each other yields for The Netherlands a population coefficient
one fifth of that of the US.

In a test 312 future primary school teachers were asked a comment on this newspaper
cutting. The scores wefe both revealing and distressing:

Correct  : 18 ’

Wrong  :191

No answer:103 . :

Many students performed their calculations exactly by means of column procedures. This
indeed was the most essential shortcoming which could be observed,because this resulted in the
production of failures which were not in the article. Other mistakes were sloppy arithmetic and the
wrong processing of magnitudes and big numbers (Jacobs,1986).

Remarks:

Obviously the future teachers (as well as some of the pupils of the former example) lacked
the notion that and how numerical data are anchored in reality and, with regard to measuring, did
not have to their disposal reference points such as the size of a football-ground,the size of a
country, the number of inhabitants. Mathematics education should aim at developing personal
scales of familiar and lived through measures such as:

-the distance between home and school, also measured in time, walking and biking;

-one's own weight and stature;

-one's walking and biking distance per hour;

-the height of a house, a twenty stores building;

-the size of the playground, a football-ground, and so on.

Such personal scales, the richer the better, form reference frames for solving problems of
the kind as presented.

o 94
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What do the foregoing examples mean in the context of (re)constructive learning? Of
course they have a merit of their own but in the present context they have been adduced because of
their constructive and productive value.

Educated estimates and implicit experiential data made explicit, strengthen the grasp on
problems, which is one of the functions of construction and production.Solving means tying
connections between the real and the arithmetical world by means of mathematical modelling.
Growing such connections helps developing a mathematical attitude, in particular horizontal
mathematising, that is mathematisimng real world situations (cf.Treffers,1987). Almost all of the
312 future teachers lacked that. mathematical attitude required to clean the mess of data in the
newspaper cutting. This proves that the environment where they learned mathematics differed much
from that of the school lesson.It is comparable with the direction in which the problem solving
courses of Schoenfeld(1987,p.213) have been developed:

With hindsight, I realize that what I succeeded in doing in the most recent versions of my
problem solving course was to create a microcosm of mathematical culture. Mathematics was the
medium of exchange.We talked asbout mathematics, explained it to eachother, shared the false
starts, enjoyed the 1meract10n of personalmes In short, we became mathemaucal people.”

) in nising an in mathematical
material,

Pupil's own constructions and productrions is the mirror of the teaching/learning process,
both for the teacher and the educational developer and researcher. Look to a few examples!

Example 1 )

Grossman(1975) reports about unexpected surprises caused by production tasks.She
presents a few examples of work with first graders. We quote two of them with the teachers’
commems(lbld p.14-15).

"Mark was having trouble with arithmetic until I gave this assignment.He amazed me and
he proved to himself that not only he could do arithmetic but that he couldn't stop doing it.( He
handed in two extra papers on his own on subsequent days.) The other children loved the activity
too.My feeling was one of constant amazement that they could do it all."
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"I knew Jon was bright because he understood so well all that I taught in my structured
lessons, wether I followed the syllabus or went just a little beyond it. However, I never suspected
that he could handle number combinations in hundreds and thousands. Ther¢ I was, teaching
combinations up to twenty, limiting my expectations and the children's ceilings."
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Remarks:

The teachers' comments show that both boys had amply transgressed the limits of the
scholastic domain. Mark's work still reveals traces showing how he reflected on his activities.
After a hesitating start where he scanned the available arithmetic he screwed up courage, became
selfconscious,wrote bigger, and sailed a fixed course through the system he built while
constructing his problems. He transgressed the boundaries of the arithmetic lesson and produced
his own structure. At home he continued intensively- the sarne Mark who had problems with
arithmetic.

And then Jon! How much curtailed must he have been in his possibilities! He anticipated
on sums, three grades higher in the curriculum; up to 10,000-9,995=5! Like Mark he worked
systematically. Only his written report was a bit untidy.

Both of the boys reflected on what they had learned within the number system, and
consequently they anticipated on the future of the teaching/learning process, the one farther than the
other. The teachers were hold up the mirror of their instruction. Especially Mrs.S.( Jon's teacher)
was conscious of this fact.

What would pupils' own constructions and production have mirrored in rich contexts of
realistic instruction?The answer to this question can be found in numbers of publications (cf. Van
den Brink, 1987).

Example 2:
A course of long division can be based on the principles of clever reckomng and
estimating(cf Treffers, 1987). Let the start be

'342 stickers are fairly distributed among 5 children; how many does each of them get?'
In such a situation distributing shall be organised. First the stickers are handed out piecewise, but

soon bigger shares are dispensed. The written report reflects the distributing pattern, which
indicates the distribution process. Subsequent steps on the path of mathematising are predesigned.

81848 8
88 F
]

In the second phase the children are soon sausfied with noting down one column only-'all get the
same, indeed'. Other contexts are being introduced, among which that of grouping. After about 15
lessons the children work on different levels.

O
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In the third phase the connection is made to decimals and fractions.Estimating according to
powers of 1/10 becomes central but the procedure does not change essentially. Context dependant
answers on divisions with remainder are not neglected. Again and again the opportunity is given to
invent problems, among which illustrations of bare numerical divisions.An example:

6394:12, invent stories belonging to this sum such thac the resultis, respectively

532 532.84 rem.4
533 : 532.833333
532 rem. 10 about 530

At crucial points in the course it is asked to invent problems and to solve them by a slow
longwinded manner as well as by a quick and short one - the pupils should leam te reflect on their
learning process and to anticipate on even shorter procedures.

Remarks
With regard to contents the course, sketched above, of long division can be charcterised as
follows:

-a process of clever calculating and estimating, integrated in context problems;

-a process of progressive mathematising arithmetical methods, in the present case by
means of schematising and shortening.

Such an approach of division starts with the informal methods of the children, which are
organised and structured. Construction and production play an important part in the process of
progressive schematising and shortening, which are aspects of progressive mathematising. During
the teaching/learning process the solution of applied problems are continuously subjected to
inventarisation. Continuously the question of possible shortening is raised. The procedures arising
in the course of shortening function in the course to be followed: beacons for those who nearly
reached the same level of mathematising. The ultimate standard algorithm of long division is
predesigned in this process as the utterly shortened procedure.

In a sense this mirrors the historical process of algorithmising long division ( as well as the
other operations on whole numbers; cf. Menninger, 1958 ). In fact the present course was at least
practically inspired by the view on the historical development.

Comparative research undertaken in our country has proved that this approach is by far
superior to the traditional one. An experimental group attained in half the time a result almost twice
as good as a control group which had been taught traditionally (cf. Rengering, 1983; Treffers,1987).
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exp. contr.
difficult divisions )
(zeros in dividend or divisor,etc.) 85% ] 45%
applications 70% 45%

Scores in long division - traditional method vs. progressive schematising.

The results on the traditional method have been confirmed by other research, also in other
countries. .

3.4 Uncovering leaming processes and reversing wrong trends

We have already noticed the diagnostic value of own constructions and productions,
mirrors as it were, illustrating the teaching as well as the learning process.

At present we will consider the diagnostic value for the learriing process, in particular cases
where constructions and productions reveal wrong ideas and misconceptions.

Example

The class had elaborated and described two distribution situations (cp. Streefland
,1984;1987).1t was quite early in the teaching/learning process,after a number of suchlike activities
in the past. The teacher judged it the just moment to proceed to the first task of free production in
this domain. The pupils were chalenged to think out such ‘number sentences’ as had been met in
the distribution situations, that is, with halves, fourths and- for the courageous ones- eighths, with
‘plus’ and 'minus’ ;maybe even with ‘times’, sums matching distributions.

Michael produced the following:
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His work is typic for -world-wide- mistakes, I called it "N-distractors".(cf. Hart
,1981;Hasemann,1987; Streefland,1984; and many others).
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Remarks ‘

The diagnosis is clear.The mistakes are the consequence of yielding to the temptation of
whole numbers and their rules. It shows that the constitution of the mental object "fraction” has not
progressed far enough to resist this temptation. Numerators and denominators were still operated
upon separately; their conceptual interdependance was neglected.

The task had been set too early; at least for Michael. The concrete sources had been
switched off prematurely. Stating this goes to the heart of the function here envisaged. In their
own constructions and productions pupils can disclose their wrong ideas and misconceptions. In
other words: Own constructions and productions unveil the -possibly wrong- personal theoretic
basis of reflexion and anticipation in the teaching/learning process. This enhances the diagnostic
value of the material. A correct diagnosis promises successful remediation both of learning and
teaching.

As a matter of fact this is closely related to ideas in Sinclair's and Vergnaud's PME-XI
addresses at Montreal. Indeed, what has happened? Michael reckoned among others 1/4+1/4=2/8
Remediation can start with eliciting a conflict. In the concrete (imaginable, meaningful )
environment a new solution can be tried: Four children share two pizzas.Make a distribution-how
much does each of them get? The solution may be €5 € (one fourth and one fourth are two
fourths, which is one half ).Some children don't expérience this as a conflict.(cf. Streefland,1984;
Hasemann, 1987). In these children's conception the result ( still) depends on the solving method,
that is, on the level at which the solution is conceived ( concrete vs. symbolic ). This level
dependance is an example of what Sinclair (1987) named a " normative fact ", and Vergnaud
(1987) " theory in action ".

_ Children learning mathematics can, by their constructions and productions, contribute to its
working apparatus.

Example 1

Madell (1985) reported about the personal algorithms for subtraction, developed by pupils
of the Village Community School in New York: Their 'natural’ informal methods of performing
the operation had the following characteristics:

-both working (partly ) per column and from left to right;

-working with position-values in stead of the humbers per position;

-working with deficits and borrowing from tens; nobody applied the standard procedure of
borrowing;

-working along the lines of proceeding abbreviation.
Let us have a look at an example, reflecting the features just mentioned.

3tephens Running Total (Abbreviated) .

8371
- 375" 8000 - 3000 = 5000
700 - 300 = 400 How con you exploin the
5000 - 40O = 4600 combined usage of oddition
70 - 50 =20 ond subtraction in Stephens
4600+ 20 = 4620 method ?
§ -1 = 3
4620 - 3 =4617

( quoted from Labinowicz,1987,p.381 ).
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This own invention of column subtraction may be used in the development of a standard
procedure, deviating from the usual one..

8371
3754
5000-400+20-3=4617 . )
The written report, however, could also have looked like this:

8371
3754

4617 ()

This is positional working from the left to the right with 'deficits’ which occur quite naturally.
Method ( b), however, can be shortened by means of a new notation, namely:

8371

3154
- 5053 ©)

Remarks

The self constructed notation served the development of an algorithm for column
subtraction, while working from the left to the right, it is stated that 8,000 minus 3,000 equals
5,000,300 minus 700 is 400 short (notation @ with the background reasoning that subtracting 300
is still possible , with the result 0, and subtracting 400 more brings @at the place; and so on.)

The deficits can also be indicated by parantheses or by upper dashes (c..pupils work).
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All notations are shortenings of the more extended ones in (2) or (b).
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For the transition from 5423 to 4617 money can be used as a meaningful positional
material: property 5,000 debt 400........ This is a way one can use children’s informal methods to
start a process of algorithmising, based on clever calculating and steered by progressive
mathematising. The production of new forms of notations mirrors the reflexion on the course of
thought and creates the possibility to shorten the developed method.

Regularly such approaches are met with in publications. Apart from that, the possible
consequencies for the outline of the programme for the algorithms usually are not recognized, dealt
with and elaborated.

Anyhow Madell did not.According to what has been shown with respect to this, the usual
algorithm for subtraction would have to leave the field.( after Treffers, Feijs en De Moor, 1988).

Example 2

Dividing per unit and several units simultaneously in distribution situations is an
oppotunity for children learning fractions to produce equivalences by themselves. In the
distribution activity 1/4 and 1/4 go together with 1/2, and 1/2 can be decomposed (among others)
into 1/4 and 1/4.

During our education developmental research (cf.4) pupils contrived such terms as 'hiding
name' or 'conceal name' to indicate non-standard names for fractions.Such terms facilitated the
communication but also described it efficiently (The Dutch word ' schuilnaam' sounds less
‘learned’ than English ‘pseudonym’).The quest for a fitting term for some ( mathematical)
phenomenon can elicit reflexion, as this example shows.

The most suitable propositions that were offered, also proved to have a long term
predictive value.(cf.Treffers & Goffree ,1985;Streefland ,1988).

Example 3

In more extensive situations such as 'dividing 18 pizzas among 24 children' the actual
distribution, wether pictorial or imagined, is too laborious.In our education developmental research
some children got to use the service at tables as a means to reduce the situation to manageable
proportions.Thinking about it they found out the symbol{2for 24 children around a table with 18
pizzas.This made it possible to represent the service at tables on paper. It led to organising and
structuring activities such as building schemes that expressed variations in table services. For
instance*

49 that is, two mblcs@instcad of one
©), ®)

or

7

16

with the tablcs@ and @

O
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This can be continued:

At all given moments this schemes-building can be interrupted. At one table everybody's
fair share can be determined. In this way any distribution situation is being made accessible to the
pupils via the double action of fair sharing at one table and the fair table service. Time and again the
learner will reconstruct the food/consumers relation. This leads to an operational concept of fraction
and ratio in their mutual relation. The scheme that is developed organises in an almost evident way
the production of tables equivalent with regard to fairness. The food/consumers relation of the
original situation shall be mentally continued at each step:ratio conservation, Schematising goes on
with table service in the background. The context situation fulfils a model function: the model
situation of table service becomes a situation model.(cf. Treffers &Goffree, 1985;Streefland, 1986).

Remarks

The quest for fitting symbols for distribution situations and schemes-building for table
services supported by this symbol elicit reflexions uncovering the process of horizontal
mathematisation. .

Distribution situations are being located within mathematics. Anticipation is being
encouraged by the opportunities of progressive schematisation, which emerge as naturally as in the
example of long division. How does this happen?. .

The self- contrived symbol and the pattems in which it occurs allow to compare situations
with each other by decomposing them in-equivalent partial tables which can more easily be
compared, for instance tables with the same number of guests.The symbol$)is a metonym for the
situation and the scheme is based on the situation model of table service, which functions as a
cognitive process model.(cp. Greeno, 1976).

- Continuously applying the scheme leads to two types of shortening, which uncover the
reflexion on the own activities.

The first is scheme-conserving while the notation is simplified: equivalent branches, or at
least the numbers are omitted so that the essentials of the table service are respected.The second is
shortening in depth like

G 0 r\?placcd by @ @@

which changes the pattern of the table service with the numbers themselves and their common
divisors steering the shortening.
This involves level-raising in the learning process. The provisionally highest level is
-attained when the pupils consciously and systematically start with the reduction by means
of the greatest common divisor while knowing how to verbalise this idea.
Moreover this may lead the learner to focus on proportion tables:

O
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Starting from a given portion 3/4 and looking for matching table services connects 3/4 and
@ with each other; while both of them are still distinguished by the different notation. Pushing
tables side by side generates new tables granting everybody the same portion

P -6 3
@ @_)@ thus 5 — 5 @_@@,

The next step indeed is proportion tables.(Streefland, 1985).

Example 4

19 years old Fynn (1976) told a fascinating story on six years old poor Anna. She had her
own way to manage big numbers.She knew that big numbers could be made ever bigger but she
lacked words to express them. When she would transgress the limits of millions and billions she ,
in order to continue, invented squillions.

Some fine day she told Fynn she could answer a squillion questions."Me too", Fynn said
unimpressed, " but, among half of them wrong". "Not so," Anna said, " all will be good"." Idle
nuts", Fynn thought, "nobody can and she the least ". She deserves rebuke. But Anna did not take
it.

" How much is one plus one plus one 7"

" Three, of course ".

" How much is one plus two ?"

" Three."

" And eight minus five ?"

" Also three." :

Fynn wondered what she was getting at.

" How much is eight minus six plus one ?"

" Three."

" How much is one hundred and three minus one hundred ?"

Fynn interrupted; he felt she was pulling his leg. She was inventing the problems on the
spot and could go on that way untill the cows came home. Nevertheless Anna enthusiastically made
her last move.

" How much is one half plus one half plus........

Fynn had got the message.

" How many problems can be answered by three 7"

" Squillions," Fynn said.

" Isn't it funny, Fynn, every number is the answer to squillions of questions "

( hypothetical retranslation from the Dutch version) .

Remarks .

This own production reveals high level reflexion, typical for a mathematical attitude in the
spirit of Krutetskii (1976) and Freudenthal (1978). The analysis is left to the reader. In the next
section this example will be reconsidered.

O
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The foregoing examples show the part played by the production of terminology, symbols,
notations, schemes and models in the shaping of mathematisation, horizontal as well as vertical.

~ Up to now the stress has been on reconstructive leamning, viewed in the learner’s
perspective. It started with informal notions and working methods. Reconstruction gradually
moved the leamer towards more formal mathematical notions, operations, structures.

( One of the examples was concerned with unlearning_ wrong ideas and methods; notice
that often too little attention is paid to the potential and need of unlearning in instruction ( cf.
Freudenthal, 1983).)

. The import of reconstructive learning is also at the heart of Anna's message. Curriculum
developers and researchers are seldom aware of such signals. Rather than seriously observing
children and learmning from their activities, their constructions and productions, they expect answers
on questions and solutions of problems by prematurely theorizing within topical frameworks, Calls
for change sounded time and again in the literatuire on development and research, are not listened
to. The results of didactical research in teaching arithmetic are badly neglected. Fractions is a telling
example: fresh starts with all old errors repeated. Nothing is learned from lessons such as taught by
didacticions of mathematics like Freudenthal ( 1968 )( 1973 ), Hilton ( 1983 ) or Usiskin ( 1979).

A striking illustration of this fact is Brownell & Chazal (1932, p.24 ), who from the
results of drill for the mastery of basic skills conclude: ".....the time and accuracy scores on Test B
were better than on Test A, not because the month's drill had materially raised the level of the
pupils’ performance, not because drill had supplied more mature methods of thinking of the
combinations, but because the old methods were employed with greater proficiency ".

By " old methods " the authors mean pupils’ own informal solutions, which resist
instruction against the grain.Wouldn't we have made greater progresses in our knowledge about
childrens' mathematical learning if we had built on these telling results of research ?

Does reconstructive learning also apply longitudinally to class instruction ?Our reports
related to the seize of The Netherlands, long division and table service provide indications for
group learning processes.

In order to answer in the affirmative, we have to carry on education developmental
research- research in action. .

Such research aims at developing prototypes of courses and theory-building for teaching
and leamning in a certain subject area. Instruction experiments start with provisional material. The
teaching/leamning process is closely observed. Continual observation and registration of individual
learning processes is at the heart of the research. What matters is that pupils’ constructions and free
productions are used for building and shaping the teaching course.

In the variety of children's possible proposals ( look for the kind of problems to be used
(2)) one gets a rich choice to find out what is the best fitting, the farthest prospective, and in the
long run the most effective. Blocking and diverting material is eliminated.

This is no illusion. At ours as well as abroad courses have been developed in this way; for
science, see Driver ( 1987 ) ;for mathematics, see Treffers ( 1987 ).

With the aid of children's constructions and productions a course for fractions closely tied

to ratio and proportion has been developed ( Streefland, 1988 ).

In this kind of design children, by their learning processes, decisively influence course
development- this even extends to supposedly weak leamers as some examples proved.

Once more: mathematics education is developed in een experimental situation, where pupils
can contribute by their constructions and productions.

O
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This nourishes the source for creating reconstructible instruction. The prototype can serve
as a model for establishing and developing derived courses. Such potential instruction is
predesigned in textbooks and manuals.Globally the used generative problems with pupils' usable
long/term constructions and productions, which emerged in the developmental research, will mark
the learning road for fresh pupils' cohorts. In particular the manual will prefigure the material to be
expected from the pupils and help to reorganise it with the view on the sequel. This is a means to
realise teachers aided reconstructible instruction.

Such teaching, rather than transfer of knowledge, is negotiation of meanings (Driver,
1987, p.8 ).No longer does the course represent the teaching contents but : “.....a programme of
learning tasks, materials, and resources which enable students to reconstruct their models of the
world to be closer to those of school " ( mathematics; added by L.S.)(Lc. p.8 ).

S.Conclusion

The construction principle in education requires a significant part played by children's
constructions. What does this mean for mathematics instruction?

a. With view on horizontal mathematising instruction maintains close bounds with reality.
The basis in reality lends meaning to the mathematical notions, operations, and structures,
envisaged to be produced; and it does so in a way that they become accessible to imagination and
representation. Moreover the pupils get the opportunity to mathematise problem fields from reality
by organising, visualising, schematising, structuring, shortening and so on.

Mathematics learnt shall be applicable in the reality.

b. Courses for fractions, ratio and proportion, for clever calculating and column arithmetic,
and more general, courses that line up with each other should be strongly interwoven . Genuine
reality can be organised mathematically in various ways. This connection should be respected.

c. In the learning process the children should acquire a manifold of aids and tools which
help them to pass selfreliantly from the concrete to the formal ( progressive mathematisation )- a
supply of terminology, symbols, notations, schemes, and models. This distinguishes the
intended approach from the structuralist one where vertical mathematising is overstressed and
formal procedures are imposed ( Dienes, 1973; Treffers, 1987 ).

d. On the road from the concrete to the formal, cooperation, negotiation, and discussion
play an important part. Indeed the variety of constructions and productions brought about by the
open approach invites negotiation of the various proposals for continued activity. For this reason
instruction develops a full measure of interactivity. .

e. Organising and structuring of the produced mathematical material with increasing
efficiency is as much as possible the business of the pupils themselves.

Vertical mathematisation was well exemplified by long division and table service, in
particular by the way how individual methods of clever calculations and notations were transformed
into algorithms.

Such mathematics instruction has proved to be highly productive because it is supported by
pupils' own construction and production. :

Within realistic mathematics education a solid empiric basis is laid for the principle of
constructivity by having the children contribute to course development. Horizontal and vertical
mathematisation as observed in the historical learning process can be a source of inspiration. In the
light of history reconstructive learning is realised on the individual as well as on the class level.

O
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PERCEPTIONS OF TEACHERS' QUESTIONING STYLES

Janet Ainley

University of Warwick

This paper outlines a small-scale research project which
aims to explore the differing perceptions which teachers
and pupils have of teachers' questioning styles. In
particular, the research focuses on differing perceptions of
the purposes of teachers' questions. The project is based
on small group teaching with children in the primary age
range (5-11). The first part of the paper gives a
preliminary attempt to categorise the purposes of teachers'
questions. The first stages of research, based on
interviewing subjects about their reactions to video-taped
material, are then described. In the final section, some
early results are presented, indicating mis-matches between
teachers" and pupils' perceptions, and ideas for the further
development of the research are discussed.

CATEGORIES OF QUESTIONS

The considerable volume of research into classroom discourse indicates
clearly that not only do teachers do most of the talking, but also that
a large amount of teacher talk is made up of asking questions. (Hargie
(1983) presents a review of such research.) Researchers in
linguis£iqs have categorised teachers' questions in a number of ways
(Barnes (1969), Mishler (1972), Stubbs (1976)). These categorisations
tend to focus on the linguistic form of the exchange, or on the type of
question asked (e.g. open or closed), but do not take account of the
purposes for which classroom questions are asked. These differ
dramatically from the ways in which questions are used in everyday
conversation. In particular, it is very common for teachers, and
particularly teachers of mathematics, to ask questions to which they
already know the answers. What is more, the pupils of whom the

questions are asked know that the teacher already knows the answers.

In the context of normal conversation such behaviour would be
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However, it may be

seen as acceptable in other contexts where there is a perceived power

relationship between the questioner and the person questioned . (e.g.

parent and child, drill sergeant and recruit.

The most obvious

purpose 6f such questioning is to find out whether the person

qﬁestioned (afterwards referred to as 'the. subject') knows the answer;

the question is designed to test the subject's knowledge.

However, this is cleérly not the‘only purpose for which teachers ask

questions.

The following table sets out a possible categorisation of

the purposes of teachers' questions, viewed from an adult perspective.

category
pseudo-questions

genuine questions

testing questions

directing questions

characteristics

'eeo., do we?',
questions only requiring or
allowing agreement

questioner does not know
the answer

questioner does know the
answer, and the subject knows
this

questioner may or may not know
the answer, the subject may or
may not think that she does

'eeop isn't it?!

purpose

to establish
acceptable
behaviour, and
social contact

to get
information

to find out if
the subject
knows the answer

to provoke the
subject to think
further about a

problem
Three important sub-categories of directing questions are:

structuring questions, typically a sequence of questions which
'activate' the subject's existing knowledge in such a way that
new connections become clear.

opening-up questions which suggest new areas of exploration, such
as 'What would happen if ...', 'Why do you think ...?'

checking questions which encourage pupils to think again about a
statement, such as 'Are you sure?', 'Is that right?', "'Do you
agree?' :

There is a widely held, but largely unspoken,belief amongst teachers
that questioning pupils is 'better' than straightforward exposition.
This is discussed explicitly by Klinzing (1986), in a review of
questioning research in Germany. If questionirg is regarded as a
single activity, without awareness éf different styles and purposes of
questions, there may be little fdundation for this belief (ainley
(1986)). Because testing questions are so common, particularly in

\) "hematics where answers are often seen as being clearly 'right' or
ERIC " 13
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'wrong', there is a danger that pupils may perceive all teacher
questions in this way. Such a perception would inevitably be
detrimental to attempts to encourage discussion, investigative work or
problem solving in mathematics: pupils will feel that the teacher
always knows the 'right' answers to any question she asks, and further-
more that the teacher is always judging pupils by the answers they give.
It is not surprising that pupils are reluctant to risk giving 'wrong'

answers in these circumstances (Holt (1969)).
THE FIRST RESEARCH STUDY

The study was designed to try to reveal the perceptions which teachers
and their pupils have of particular types of classroom questioning
styles. For this purpose, video-taped extracts of teachers working
with small groups of children were used. The extracts were chosen from
the video tapes which accompany the Open University course, 'Developing
Mathematical Thinking'. The extracts, each approximately five minutes
long, were chosen to show differing styles of questioning on the

part of the teachers, but all involved the introduction of new concepts
by means of practicai activities. Six different extracts were chosen

involving children from age six to age eleven.

Four teachers were involved in the first stage of the research, all of
whom were class teachers in primary schools. They were each shown three
of the video-taped extracts, and interviewed about their general
impressions of the teachers they saw, and about their perceptions of
why particular questions were asked. Each teacher then allowed
children to be withdrawn from their classes in groups of four (chosen
by the teacher), to watch the video material. The children watched

two of the extracts which their teacher had seen, and were interviewed
about their reactions to them in the sam way. All the interviews were

recorded on audio tape.

Wherever possible, the children watched video material of pupils the
same age as, or younger than, éhemselves, in the hope that this would
make it relatively easy for them to understand the mathematical content
of the extracts. Every attempt was made to reassure the children that

they would not be questioned about the mathematics, to reduce the
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possibility of the questions posed by the researcher being perceived as
'teachers' questions'. In fact many of the children were eager to show
how much of the mathematics they had understood, and it was usually
clear from their responses when they were not able to follow the
mathematical content of an extract. The children were also told that
their teacher would not listen to the recordings of what they said.
Several of the children were visibly relieved by this, and in fact many
of them spontaneously made comments about their own teacher's use of
questions, reactions to 'wrong' answers etc. Several other adults,
béth mathematics educators and parents of primary school children,

watched some of the extracts and took part in interviews.

The interviews were conducted in an informal way, not fqllowing a set
script. Each participant watched approximately half of each extract
without interruption, and was then asked to comment on what they had
seen. " In the second part, the video tape was stopped at particular
points and specific questions were asked. These questions required an
opinion about why the teacher had asked a question, whether the teacher
knew the answer before she asked a question, whether the teacher's
reaction showed that a pupil had answered correctly or not, and so on.
The questions were always posed in the form 'Why do you think ...?'.
Three or four such questions were asked about each extract. The’
interviewer also tried to stimulate more general comments and
discussion by asking questions such as 'Did you like that teacher?',
'How do you think those children are feeling?', and by inviting

comparisons between the different teachers seen in the extracts.

An obvious difficulty with this research is that the interviewer had to
éngage in questioning participants directly. This inevitably raises
difficulties because of the perceived purposes of the interviewer's
questions, and the perceived roles of researcher. and participant. The
greatest danger is that the subject feels that they are being 'tested'
by an interviewer who already ‘'knows the right answers'. This was not
often apparent with the children who took part, though it is impossible
to interpret the reasons why some children did not answer some of the
questions. They may have felt anxious about giving a ‘wrong' answer, o
may have not understood the question, or may simply have been unable to
expréss their opinions. Most of the children did not appear to be
O
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under any stress or anxiety during the interviews, and they talked
willingly when they had some thing to say. But then, they are used to

adults asking them questions all the time.

Some adult subjects showed much more unease about getting the answers

'right'. A mathematics educator who was familiar with the purpose of

the research asked ‘Am I giving you the right sort of answers?' towards

the end of his interview. The fbllowing exchange indicates the

perceptions of one (fairly senior) teacher, who watched the extracts

with a colleaéue.

Researcher: (After stopping video tape) Why do you think the
teacher asked that question?

Teacher 1: Well surely it's because ... (comments about content of
the lesson) : -

Researcher: (No response - hoping for comments from teacher 2)
Teacher 1: Oh well, obviously it wasn't!

INITIAL RESULTS AND FUTURE PLANS

The initial plan in analysing the data gathered from the interviews was
to try to identify how different subjects perceived the teachers'’
questions, in te;ms of the categories outlined above. This was to be
done in two ways: comparing the responses of adults generally with
those of children, and comparing the responses of particular teachers
with those of children in their classes. The first stage was partly a

feasibility study for more extensive research.

Three important problems arose. Fifst, since ﬁone of the participants
were shown the categories before the interviews, their responses do not
refer directly to them. It is therefore not easy to interpret many of
the responses in terms of the catedories. It would be possible to
rephrase some of the specific questions used in the interviews so that
they refer.explicitly to the given categories, or so that they become
multiple choice questions. This would; however, limit the range of
possible responses, and would also mean that different formats might

have to be used for adult and child subjects.

Secondly, it is often only possible to consider the purpose of a
particular question within the context of a longer exchange. On
several occasions adult subjects offered two or more responses to the
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question 'why do you think the teacher asked that?', dependent on how

the conversation might develop.

Thirdly, both children and adults ‘tended to identify strongly with the
people they saw in the extracts, and as a result their responses tended
to be related to the mathematical content or to personalities. Many of
the children became too involved with solving the mathematical problems
to give any attention to particular things that were said. Typical
responses from adu};s were,

- ... she's really getting on my nerves, -

- ... well, I wouldn't have started like that,

- ... 8he should have used a bigger shape; the children can't
see it!

Despite these diﬁficulties the study has demonstrated the feésiﬁility
of the method for more extensive research and some fairly clear results
emerged. One initial conjecture was that children would tend to
interpret many teacher questions as testing questions,and in particular
that both directing questions and genuine questions might be perceived
in this way. The nature of the extracts meant that there were few
occasions on which teachers asked what appeared to be genuine questions,
and only one of these was ﬁighlighted by a specific question from the
researcher. All of the children interviewed thought that the teacher

did not already know the answer to this question.

However there were several instances where teachers interpreted a
question as a directing question, while some of the children> saw the
same question as a testing question. There is insufficient space to
give a detailed context for each incident, but the following examples
give an indication of the differing responses.

Teacher question in extract: How many does that make?

Interviewer's question: Why do you think she asked that?

Teacher response: She wants them to check ... so that they're working
it out for themselves ... She's imposing a
systematie approach.

Child response: To gee if they knew.

Teacher question in extract: Seventeen what?

Interviewer's question: Why do you think he asked that?

Teacher response: Because they could have got lost ... he's wanting
them to check.

Child response: To see if they knew ... if it was right.

Teacher question in extract: What's the next one? ... and the next?...
and the next one?
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Interviewer's question: The teacher asked the same question several
times; why do you think she did that?

Teacher response: ...she was doing it to build up the idea of a
pattern. She was hoping they would get used to the
sequence.

Child response: To make sure they'd got it right.
To let her know ... what they'd learnt.

On other occasions, children were strikingly acute in recognising
questions which seemed to be directing/checking questions, even when
these were disguised.

Teacher question in extract: Six? (Repeating a child's answer)
Interviewer's question: Do you think the teacher thought she gave
the right answer?
Teacher response: He was making her think again ... a way of making her
check that-she'd said what she really meant to say.
Child response: It sounded as though he said 'don't be stupid’'.

For all of the examples quoted above, there were other examples where
children's responses indicated that their perceptions of the purposes of
questions were very similar to the perceptions of teachers and other
adults. .
A much clearer difference between the perceptions of children and those
of adults, and one which was totally unexpected at the start of the
research, concerned the pace of questioning in two of the extracts.This
emerged from general comments about teachers, which were invited both
halfway through each extract, and at the end. No comments were recorded
from adults which contradicted the overall tone of those given below,
although the pace of questioning was not discussed in every interview.
One group of c¢hildren did show a .different response to extract D, which
is discussed later.
Extract C
Teacher/adult comments: He certainly gives them plenty of thinking time,
«oo tt seemed painfully slow ...
Child comments: He doesn't give them enough chance.
He doesn't give ‘them enough time to work it out
«++ he rushes them all the time ... he wants to

get on to something else.
Extract D ;
Teacher/adult comments: ...there was very little time to reply ...
I don't know why she kept asking questions ...
... they weren't allowed much thinking time.
Child comments: She didn't, like, rush you into it ... she
asked you questions.
«oo ©f you didn't understand it, she talked it
‘through.
She gave you time ...she never said 'what is
1t?* straightaway.
The differing perceptions reflected in these comments is particularly
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striking because it is reversed in the two incidents. A possible
explanation for this lies in the age and experience of the children
interviewed. The children who commented on extract C were clearly
having difficulty following the mathematics involved (subtraction of
hundreds, tens and units). The children whose comments on extract D are
recorded were eleven-year-olds, and found the investigation in the
extract relatively easy. One group of less able children made comments
on the same extract which indicated that they felt the teacher was
hurrying the children. Further research is planned using the same

extracts to explore this conjecture.

The continuation of this research is based on making video recordings of
several teachers working with children from their own classes. The
activity used will be the same in each case, so that comparison between
situations will be simplified. The teachers and children who take part
will be shown their own tape, and possibly also tape of other groups,
and a similar interview technique will be used to compare perceptions

of particular conversations.

References

Ainley J. (1986) 'Telling Questions', Mathematics Teaching, 118,
pp. 24-27.

Barnes D. et al. (1969) Language, the Learner and the School, Penguin,
Harmondsworth.

Hargie O.D.W. (1983) 'The importance of teacher questions in the
clasroom', in Stubbs and Hillier (eds),
Readings on Language, Schools and Classrooms.
Methuen, London.

Holt J. (1969) How Children Fail, Penguin, Harmondsworth.

Klinzing H.G. (1986) 'Teacher Questioning', Questioning Exchange,

& Klinzing-Eurich G. vol 1 (3), pp. 199-214.

Mishler E. (1972) '‘Implications of teacher-strategies for
language and cognition', in Cazden et al. (eds),
Functions of Langudge in the Classroom,
Teachers College Press, New York.

Stubbs M. (1976) ‘Keeping in touch: some functions of teacher
talk', in Stubbs and Delamont (eds),
Explorations in Classroom Observation, Wiley,
London. :

O

ERIC 118



[E

O

- loo -~

TEACHER CHANGE AS A RESULT OF COUNSELLING
Jeanne Albert Alex Friedlander Barbara Fresko

Weizmann Institute of Science, Israel

In a project based on in-school in-service teacher education,
the groject staff defined some criteria for effective
teaching of mathematics--for example, wvariety in teaching .
style, cognitive level of questioninf. etc.
The analysis of fro'ecc records Ied to the creation of
teacher profiles (ineffective, effective and desirable) which
were used to evaluate the effect of the project on each
teacher. :
As a result of two years of project activities we can report
progress 1in both teacher change and student achievement.
TNTRODUCTION
This paper describes the process of teacher change as a result of an
ongoing three-year project aimed at improving mathematics teaching and
student achievement in two Israeli urban schools. The target population
of this project is about 20 teachers and their 7th through 9th grade
students, who were studying mathematics in about 80 different classes at
the upper two (of three) ability levels. Four counsellors paid weekly
visits to the two participating schools, and were employed part-time for
the project by the Department of Science Teaching at the Weizmann
Institute. For the rest of the time, they were practising teachers in
schools of their own.
The project's main intervention relied on observation-based counselling.
Each of the four counsellors worked with 'four to six teachers. As in
other counselling projects (Apelman, 1981) we repeatedly emphasised to
all involved, that the counsellors did not have, and were not interested
in any administrative supervising authority, and that their relationship

with the teachers was strictly professional.

PROJECT DESCRIPTION
During the first two years of the project, a teacher's lesson was
observed at intervals of two or three weeks. All visits were scheduled
in advance and @ependent on teacher consent. Notes were taken freely
during the observed lesson, and short, one-sheet observation forms were
completed the same day. Each observation was followed by a ten- to
forty-minute discussion between counsellor and teacher of the observed

lesson.
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TEACHER CHANGE AS A RESULT OF COUNSELLING
Jeanne Albert Alex Friedlander

Weizmann Institute of Science, Israel

In a project based on in-school in-service teacher education,

the project staff defined some criteria for effective

teaching of mathematics--for example, variety in teaching

style, cognitive level of questioning, etc. .

The analysis of progect records Ied to the creation of

teacher profiles (ineffective, effective and desirable) which

were used to evaluate the effect of the project on each

teacher. o

As a result of two years of project activities we can report

progress in both»teacher change and student achievement.

INTRODUCTION
This paper describes the process of teacher change as a result of an
ongoing three-year project aimed at improving mathemat%cs teaching and
student achievement in two Israeli urban schools. The target population
of this project is about 20 teachers and their 7th through 9th grade
students, who were studying mathematics in about 80 different classes at
the upper two (of three) ability levels. Four counsellors paid weekly
visits to the two participating schools, and were employed part-time for
the project by the Department of Science Teaching at the Weizmann
Institute. For the rest of the time, they were practising teachers in
- schools of their own.

The project's main intervention relied on observation-based caunselling.
Each of the four counsellors worked with four to six teachers. As in
other counselling projects (Apelman, 1981) we repeatedly emphasised to
all involved, that the counsellors did not have, and were not interested
in any administrative supervising authority, and that their relationship

with the teachers was strictly professional.

PROJECT DESCRIPTION
During the first two years of the project, a teacﬁer's lesson was
observed at intervals of two or three weeks. All visits were scheduled
in advance and dependent on teacher consent. Notes were taken freely
during the observed lesson, and short, one-sheet observation forms were
completed the same day. Each observation was followed by a ten- to
forty-minute discussion between counsellor and teacher of the observed

lesson.
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In addition to observation-based counselling, the project staff conducted
the following activities:

~--- Weekly workshops on mathematical and didactical topics of general
interest (e.é.. the treatment of lack of prerequisite knowledge, design.
of class tests to obtain cognitively balanced set of test items, checking
homework, using calculators, curriculum planning, techniques .for teaching
selected topics, etc.).

.==-="Open lessons" -~ i.e., lessons taught by one of the teachers and
observed and discussed by the rest of the mathematics teaching staff.

The analysis of written records and personal accounts led to the
definition of the following flaws in teaching style and lesson content
that tended to turn up repeatedly in the observed' classrooms:

Teaching style.

- Lack of variety -- an excessive use of frontal teaching or ineffective

seatwork during most of the class period.

- Lack of teaching aids -- their complete absence or ineffective
implementation.
~ Inefficient homework checking -- mainly the allotment of excessive time

and the use of ineffective strategies.

Lesson content.

- Lack of objectives -- sloppy or non-existent planning of lessons.

- Lack of variety in questioning -- the dedication of whole lessons to
questions on a uniformly low or too high cognitive level.

- Ignoring lack of prerequisite knowledge -- improper or complete lack of
treatment of student deficiencies in this field.

- Lack of teacher knowledge of mathematical content.

Characteristically, the teacher-counsellor sessions that followed'

observed lessons concentrated less on discussing "what went wrong?" but

rather on working out things that "might be done differently".

PROCESS OF TEACHER CHANGE
An analysis of the records of classroom observation and subsequent
counselling led to the following categorization of teaching as (1)
effective, (2) ineffective, or (3) desirable. Each of these categories
will be described, and change of teaching (i.e., movement within or
between categories) as a result of the project intervention will be

considered and illustrated by examples.
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1. Effective teaching exhibits many of the following qualities: good
class management, clear and correct mathematical content, well-planned
lessons resulting in a feeling of learning, good learning environment,
continual student appraisal with adaptation of teaching according;y,
and well designed homework.

2. Ineffective teaching will, naturally, contain a high percentage of the
opposite "qualities".

3. The teaching considered by the project staff as desirable would have,
in addition to the characteristics of effective teaching, some of the
following qualities: varied teaching style, high student involvement,
effective use of teaching aids, inclusion of high cognitive level
questions.

The purpose of the project was to cause change from effective, or
ineffective teaching towards a "desirable" style. Diagram la presents
schematically the three categories of teaching described above and the
potential directions of change. The number of teachers in each category,
as observed during the first half of the year, are indicated in
parentheses.

The process of change undoubtedly requires a long period of time and

considerable effort (see also Ryan, 1984). As indicated by Blanchard

(1981), before any actual change in teaching occurs, a teacher's

awareness of a short-fall in his/her teaching must exist or be created.

This awareness can be developed and observed in counselling sessions or

informal counsellor-teacher conversation, but does not necessarily

manifest itself in classroom teaching.

Observation records also indicate that changes in teaching are not

monotonic. In most cases, the transition from one category of teaching

to another is not sudden and definitive. Lapses into a previous stage
were observed in spite of evidence that the overall direction was
positive. It would seem clear that a period of time is needed to

stabilize any progress made. Change should, therefore, be considered a

process of gradual increase in desirable cﬁéracteristics of teaching, and

a corresponding decrease in practices characteristic of ineffective

teaching. It is also clear that the time required to develop awareness

of teaching "deficiencies", to credte change and to achieve stability

(not in the sense of stagnation, but in the sense of overall desirable
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teaching behavior, without serious lapses) is a variable dependent on
each teacher.

Diagram 1lb presents an overview of change (or lack of change) as observed
during the project's first two years, with the corresponding numbers of

the participating teachers in parentheses.

Ineffective Effective

No effect (3} No effect (1)
Awarcness created (1) Awareness created [§})

rhenge {3}, 7 Change {3)

G
D

Desirable
(a) ()

Diagram 1: Categories of teachers by observed change as o result of
?’i“geecn%mji)r;tresrvsgft‘égnt(gurg.e;‘agc}‘::ewt?s ysggsbarticipated in the project during
both years.)

The following three case studies illustrate the categories of teaching
mentioned above, and the effect of counselling on the corresponding
teachers.

Teacher A entered the project as a very good teacher using varied
teaching strategies and relating well to each pupil individually. (That
is, the qualities of her teaching were considered "desirable".) The
counsellor provided her with more varied ideas and, most important, gave
her positive feedback and encouragement to continue on her way. This
encouragement enabled A to reach her potential, and play an active role
in the process of changing the other staff members.

In contrast, teachers B and C started as ineffective teachers. They
would open the book, and assign the next page, without deciding which
exercises are necessary or desirable. Consequently, most of their
lessons were devoted to checking homework. Their explanations were clear
but technical, and were much like cookbook recipes -- "this is how you do
it, and now to the same." A typical lesson would comprise an explanation
followed by a disorganised "ping-pong" of questions and answers between
these teachers and the students. Students in their classes tended to be
bored and disruptive.

By the end of the first year, B willingly accepted his counsellor's

comments, but no actual change in his teaching style or lesson contents
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had been observed. B's awareness of short-falls in his teaching had been
created, but this had not led to change. During the second year, B's
teaching in his 7th grade classes showed a marked improvement. He had
internalized the teaching suggestions and was utilizing them effectively,
even adding his own ideas. In the first year of the project, he was
teaching only 7th grade classes and so only those subjects were
discussed. Teacher B did not make the transfer to his 8th grade classes
and during the second year his teaching and his students' reaction in
those classes continued to be problematic.

This year--the third year--Teacher B extended his change in teaching to
his 8th grade classes as well and now is quipe an effective teacher. He
has learned to plan his lessons, make use of teaching aids and pose
questions at varied cognitive levels.

To conclude, Teacher B took almost a year each time to internalize the
advice given, and was unable to transfer ideas from grade to grade.
Initially, he was unsympathetic to the counsellor's workshops, but now is
one of her biggest supporters. He still needs to stabilize his new
pattern of teaching.

Teacher C, however, is still stagnating at the end of two years. He sees
no reason to change his téaching, and considers his style appropriate for
students of junior high school age. We have not yet found a way of
arousing his awareness.

The following three tables provide data that illustrate changes in
teaching style, in cognitive level of questioning and in the use of

teaéhing aids for the above three teachers.

Table 1: Change in teaching styles measured in terms of time spent
in each lesson.

R D it LT T EE PP e
| T FRONTAL TEACHING | INDIVIDUAL WORK
_______________________________ } Sl
start of end of start of end of
project 2nd year project 2nd year
A half half half half
B almost all half .| none half
(o} almost all almost all none a small amount
$m——— R R e e b e Lr e

9 3T COPY AVAILABLE
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Table 2: Change in cognitive level of questioning measured as part
of overall questioning in each lesson.

TECHNICAL QUENSTIONS | QUESTIONS REQUIRING
COMPREHENSION

start of end of start of end of
project 2nd year . project 2nd year

A more then 1less than some over half
half half
almost all half very few half
almost all half none half

B e et et e e ) +

Table 3: Change in use of feaching aids

T T start of project T ‘end of 2nd year T T
A blkbrd, colored chalk, blkbrd, worksheets,
worksheets, games, number lines flashcards, calculators, games
B blkbrd, colored chalk, . blkbrd, poster, cut-out
worksheets, games geometric shapes, workcards,
worksheets
C | blkbrd blkbrd, colored chalk
+—-—+—————————'—-——————-——————————————,——+ ——————————————————————————————— +
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TEACHER CHANGE AND STUDENT ACHIEVEMENT
The ultimate goal of this project was to improve student achievement. We
believe that this can be done only by working directly with teachers on
improving their style of teaching. The results presented in Table 4
support this belief. The results are baéed on two achievement tests -
administered to the seventh graders of one of the two participating
schools at the beginning and the end of the school year. As can be seen,
teacher change had a considerable impact on student achievement. The
classes of the "unchanged" teachers started the year at the same or even

at higher level as compared to the others, but achieved less by the end

of the year.
Table 4: Influence of teacher change on student achievement (in
percentages
i 1st test 2nd t
categorization of common fractions zth grade mathematics
teaching (at the start of|(at the end of 7th grade)
* 7th grade)

desirable 58 68
change-ineffective 60 0
change-effective 57 3

no change-inffective

no change -effective - gg gg
_______________________________________ bmm i mm————— e em e ——

CONCLUSION

The model for in-school in-service teaching counselling described above
was designed as a means of improving student achievement by increasing
the effectiveness and the level of teaching mathematics. The counsellors
isolated a relatively small number of serious flaws in teaching style
that tended to turn up repeatedly in the observed classrooms, and through
rather intensive intervention, attempted to induce change in a direction
considered by them "desirable".

As a result of two years of project activities we can report progress in
both teacher change and student achievement. However, the progress made

is only partial and any change obtained needs further stabilization.
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CODIDACTIC ‘SYSTEM IN THE COURSE OF MATHEMATICS:
Hod TO INTRODUCE IT ?
Daniel Alibert

Researoh Group about the teaching of mathematics at University
level:Daniel Alibert(Institut Fourier(UA CNRS) et J.E.de
Didactique) , Marc Legrand, Frangoise Richard ( Jeune Equipe
CNRS de Didactique des Mathématiques et de 1'Informatique).
Université Joseph Fourier. Grenoble(FRANCE).

In the preceading research report, at PME 11, we
preeented a teaoching experimentation in the oourse of
mathematics, at University level [2]:a large place for
uncertainty is left within the teaching process,
ingtitutionalized by the notion of conjecture, the
validation of which, and sometimes even the
production , is devoluted to the collectivity of
students (these conjectures concern parts of the
mathematical knowledge that students must learn during
the year in their curriculum), proof arguments given
by a student aren’'t adressed to the teacher, but , in
gsome form of “scientific debate” , to the other
students. To introduce this alteration of the usual
didactic “coutume” in the classroom, we use some
definite actions as regards the role and rules of
debate and the constitution of some scientific
autonomy for each student , that we analyze in. this
report.

0

....§1 "Problématique" and general theoretical framework.

Our general “problematique" in this experimentation has been
detailed in the preceeding report, and we recall it briefly here:
In mathematical productions of many students in the begipning of
their first year at University it is frequently observed that the
control of meaning does not seem primary. Often the syntactic
characters prevail over the semantic ones.

Another observation is the laok of interest for proof as a
functional tool: it is only a formal exercise to be done for the
teacher. It seems to have no deep necessity.

These observations, for students that begin scientific
Q 8 at University , show that mathematics aren't acknovledged
126
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as a soientifio subjeot whioh has been developped for playing a
role in the resolution of problems and the understanding of
reality.

We will now define our theoretical framework:

-Firat the constructivist model as model of knovledge
acquisition: students construct their own knovledge through
desequilibration of an old one in problems, interactions,
conflicts, and reequilibration in which mathematic knowledge, other
students, teacher are involved: we oonsider the role of the group
of students in the learning processes to be very important, and
especially in the construction of meaning.

- Metamathematics factors, such as representation systems of
what are mathematics, how one learns mathematics, are very
important in learning processes, especially when a student is
solving problems. Moreover we think that, at University level at
least, it is possible to act on these factors by an explicit work
[s}.

- Lastly , we think that a true learning of mathematios, in its
scientific extension, must include the constitution of a "learner's
epistemology" which is not only a school one: by "learner's
epistemology”, we mean the set of problems, situations, that
according to the personal experience of a student, has come with

’

the introduction , the progressive constitution of a concept, and
therefore gives, for this particular student a particular meaning
to this conoept.We can do the same remark as regards the image of
mathematios in general given by usual teaching praoctioes:
Formulation of conjectures and proposition of proofs are two

fundamental aspects of the professional mathematician's work. These
practices, which constitute real mathematics, are generally absent
in teaching process: mathematics are presented as an achieved body,

where “"all is certitude The epistemology generated by such
teaching practices is diametrically opposed with mathematical
reality.

So we think that the necessity, the funotionality of proof can
only appear in a situation in which the students meet uncertainty
about the truth of really important and useful (for them)
mathematical propositions, not only about more or less anecdotal
exercises: Scientific Debate takes place during the lesson about
these statements.

In this report we will study a more particular problem, inside
the whole experimentation: students, at their entry at University

have some customs, as regards mathematics, learning of mathematics,
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or proof in mathematics. They have something like a model of the
respeotive roles of teacher and pupils in a olasasroom, vwhat
behaviour can be expscted of eachone in this little "socisty" .. in
short we call it the “coutume". Is it possible to change this
“coutume" and try to constitute anotherone, and how can we manage
such an evolution in few weeks at the baeginning of the academic
year in order to use a new “coutume”, which is characterized as the
codidactic one [2) [3], during the greatest part ?

§2 Dascription of the experimentation:

The experimentation of Grenoble takea place in a section of
about one hundred students in the so-called Deug A (students are
in  their firat year at University, they have courses in
mathematica, informatics, physica, chemistry ).The experimentation
goes on during the vhole academic year: lessens are given to the
vhole seotion in an ordinary amphitheatre. This seotion is one of
four seotions of DeugAl: the others have different
organigation. The students are not selected: they receive a short
information about the different teaching methods before they entry
in a section, and they make their choice. Thias experimentation
began in 1984.

(1) Firat we give some information about the presentation of
the sections from which students chose in which one they'll
register. This year, and more or less in the same way the previous,
it vas done in two times: First in July every student that wanted
to go at University next October in a section of Deug Al recieved a
paper in which the four sectionas presented themselves. In our
presentation, we emphazised that

“gome fundamental concepts in mathematica are built in
interaction with students from problems often linked with
modelisation of physical problems”,. "a qualitative analysis of
concepts is developped through diecuesions and debates managed by
the teacher”,

aud we proposed the following contract: teachera favour
different kind of expression of students .. students, in -tufn,
accept to imply themselves in the knovledge they have to learn, and
to go into an interactive practice in which error is not considered-
a fault, nor ita analysis a loose of time".

Next in October , before the final registration, there wasa a
presentation of each seotion by the teachers : it oonsisted in a

)
E TC~:tion of some exeroises students had to solve during summer

1928
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holidays (in math, physios, ochemistry). -During such presentation
students can really see, in aotion, the different methods used in
different sections. In our presentation (about half an hour long),
the teacher chose to correct only a little part of the exercises, a
conjecture:

“ limits of x sin(l/x) and x cos(1/x), in 0, are equal "

and began to organize a debate about the validity of this
statement: “who thinks it's true? who thinks it's false? who can't
give an answer? ". During this short debate, some- wIong answers
vere oonsidered, discussed, and students enoouraged to give their
advice, and their arguments.

(2)The first courses of mathematics: during the first lesson of
the year, the teacher presented the nev "coutums" that was going
to be used during the course. This nev coutume was partly explicit,
and partly wused without explanation, about a very aimple
mathematical problem. The teacher asked a question , then organized
a debate, without explioit rules, about the validity of ansveras,
and oonoluded more or less with atudents. Last two years the
question was: '

“let £:E F be an application, X, Y parts of E, is there any
relation between .f(X), £(Y), and £(XUY) ? I give you 2 or 3 minutes
of reflexion to propose some conjecture.. “

Typically, 15 or more statements were proposed by students,
many of them false, or not clear, using "“+" instead of "U" for
inatance. The teacher write these statements on the blackboard
vithout any comment, trying to give by his attitude no advice about
their validity ( this is a first rule, see (2]) and immediately
some students vanted to refute some propositions: the teacher
instituted a rule. all statements are written before the debate
began .. ]

Every year, there are two or three such lessons, along which
some rules are progressively put, very simple ones: speak loudly,
speak for the other students, listen to one another .- or more
hidden others: the teacher, asince the firast lesson, has some
precise attitudes, for instance:

- facing a question, if he thinks that it's a question for many
students, he asks for the production of a conjecture;

-vhen a problem has been put, he takes ansvers as conjectures
proposed by students, write them on the blackboard without any
comment. Then holvnite some time (2 or 3 minutes, S if néoessnry)

ERIC
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true, false, who ocan't decide, or refuses to deoide ?", then for
mathematioal argumente for, or against, the statement.

In such a .vay, the idea that to formlate a conjecture is
authorized, and useful, the idea that a mistake is not a fault, but
a normal stage in learning and doing science .. are settled in the
community of students.

It is observed , at this stage, that very frequently the
teacher has to close a debate by giving hiz opinion about the
question, because students can't decide and convince one another.

(3) It is time to have a spacial lesson that we call “the
circuit": the aim of this lesaon iz to give students means to
refute a statement, and as a consequence some scientific autonomy
within their commnity. This lesson produces a rule:

"In mathematics a statemsnt is true if and only if it has no
counter-example” .

] Observation shows that this rule iz not easily accepted by all
students: if a statement is true in all cases exocept one, it is
unusual, in life time, to tell that it's falae! “The circuit” usea
a =scheme of a very gimple electric circuit to formlate
conjectures, refute them, and progressively reach the logical rules
used in mathematics: it is very important that the math context do
not hide the logical -problems. '

(4) Generally at most four lessons (of 2 hours) have been spent
at this stage, and the main ruleas of the new "coutume"” have been
used and some explicitly stated to students. The teacher have then
to reinforce them by a frequent use (there is not a debate in every
lesson), and some weeks later to recall some of them if necessary,
often having some examples of very fruitful debates to support the
interest of this form of mathematics teaching.

§3 Mothodology of the study:

To analyze this part of the experimentation, we use classical
methods [2}:

(1) An open gquestionnaire: at the end of the presentation of
the section (see §2), students were asked to anawer a questionnaire
and to give us back before the first mathematical course of the
section . It is a long questionnaire (13 questions) about
mathematics, teaching mathematics, learning mathematics. As regards
the problem presented here, we use it mainly to study

~what are their ideas about “good teacher”, "good teaching

EMCthod" "how to be a good student in maths”, "whether oolleotive

‘
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vork is useful to learn mathematios” in order to have an insight
about the “ocutume” they have before their entry in the seotion. {4)

-why they chose our section, what change in teaching they
expected at their arrival at University, in order to knovw what
variation of the “coutume” they already have anticipated (some
ansvers about this second question can appear in the first one)

-vhat are their ideas about "doing mathematics".

(2) The lectures are recorded, observed and analyzed through a
definite grid of interpratation, to see what is oreating obstaoles
or faoilitating the installation of the new “oocutume"”, how the
behaviour of students is transformed along successive lessons, how
many of them really participate to debates.

More precisely we try to answer the following questions: what
rules are introduced by the teacher, at what stage of the course,
through what action, are they implicite or rather explicitely
stated ? What kind of questions do students ask? Are they of the
old "coutume" (i.e. adressed to the teacher, or only to ask for a
detail, for an immediate answer), are they of a less usual kind
(i.e.conjectures proposed to the group of students, not only of
school form, about epistemology of concepts .. ) ? What kind of
ansvers ‘do students give ? What is the global attitude of the
group, passively listening the course, actively trying to find
conjectures, or arguing about conjectures, or solving problems .. ?

§4 Some results and perspeotives:

First ve give some indications from the questionnaire in order
to get a - kind of “state of the coutume”:

- A good mathematic teacher is first a "good teacher”:

interesting, convincing, clear, quiet (52%) . In 11% of answers
only we find such things like "helps students to reflect, to
participate..”

- A good mathematio student must, above all, “work", “train
himgelf" (85%), "know his math course" (45%). In contrast with the
11% just quoted, 45% of students think a good student must have an
active attitude as regards knowledge: “to have some critical sense,
to search, to argue, to deepen .."

As a reference, trying to know whether our students are
self-selected on account of the characters of the section, we use
an analogous study, at the pre-universitary level [4]: a great
majority of pupils (75%) usee expressions like “clear, giving

Q planations at pupil‘s level.." in order to describe a good math
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teaoher, and " to work" ie the first quality of a good math learner
{76%) , 34% only uses expressions of the kind of "to work with an
active attitude”.

We see that there is only a little difference, if there is one,
betwveen students enterring our section and these reference pupils:
if there is a self-selection, it does not concern these characters
(probably there is only a little potential in this domain).

On the other hand, wa notice that these students are open to
change their working mathods: 83% think that collective resolution
of problems may be fruitful, and 64% that collective work is
potentially interesting for general learning of math. Their
expectations, at the beginning of Universitary studies are less
definite: more responsability, liberty, less contact with teachers.
Less than 20% expect really a more active participation within math
course. Lastly, the epistemology underlying the “coutume” is a
little problematic one: less than one third of students usas
expressions containing the word "problem” as regards the activity
of professional mathematioians, though in the same time almost
everyone thinks math are useful (in physics, chemistry, economy,
current life.. ).

As regards the installation of the new “coutume" we have
observed that after the "circuit” lesson, a great part of students
vere really active in debates and the main rules were installed and
devoluted to the collectivity: it was £requently students that
reoall it if necessary. So we think that the prooess desoribe above
for this installation is fairly reliable.

Students' behaviour changea during these firat les=zons: at
the beginning they have a very school behaviour, questions are
mainly adressed to the teacher, they are mainly asking for a
definition, a detail, and ansvers toe are adressed to the teacher.
After some vweeks of practice, they propose conjectures,
counter-examples, and some kind of proofs. In some situations they
are able to build, within a debate, soms oolleotive proof, through
conjeotures, refutations, transforming statements .. [2].

Some work remain to be done about this installation process:
we'll look here at two questions.

-First ve still have to study, in a more accurate way, through
vhat evolution the students “coutume" changes from the previous one
to the "codidactic” one. OQur hypothesis is that this evolution is
produced by the negotiation of successive “contracts”, each of

Q“'nrt time (a lesson or less), between the teacher and the
E lC‘Jdents. These sucoessive .contraots are not necesearily totally
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explioite, nor their nogotintioi is , @so the term of contraot is in
some sense not very good , but it desoribes ‘the ryles and
expectations in use in a collactivity, such as an amphitheatre
during a math lsason, as rsgards the trsatment of a dafinits
problem about a definite knowledge. It dascribes, liks tha concept
of “coutume” some basis of ths social intsractions in a
classroom. {6] [7]. ™

‘ - Second we have to carry on the reflection about the following
problem: what part of the new "coutume” have to be made clear, and
vhat part not (probably we have to oonsider the atep of the
installation process). The problem is that , in some sense, too
much expliciting may have some bad consequences of the same kind as
those described about proof in the first part, and that we call

"contract-effects”: to give a proof for the teacher and not because
it's a necessary scientific astep. Here, to debate, to formilate

conjecture for the teacher: students must, in order to build their
own knowledge, live some situation-problem in which there is no
indication about the didaotio intentions of the teacher as regarde
this knowledge (devolution of problems in a-didactic situations

m-
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THE CONSTRUCTION -OF ARITHMETIC STRUCTURES BY A GROUP OF THREE
CHILDREN ACROSS THREE TASKS

Alice Alston and.Carolyn A. Maher
Rutgers University

The problem solving behavior of a group of
three _seventh gradé children who participated
in a five session teaching experiment within a
classroom setting is described. The children
were given three  problem tasks u51n% concrete,
nonnumerical embodiments and asked to
construct solutions containing common
structural elements. Analysis_ Of the problem
strategies revealed successful constructions
of solutions, recognition of the meaning of the
various structures, understanding of the
relatedness among representation3, and
gene:qllzqt1on to numerical representations.
ontributions and challenges from individuals
toward the group activity seemed to facilitate
the process.

THEORETICAL FRAMEWORK

Jeeves and Greer (1983) emphasize the importance of
developing in children an awareness of the structural
relationships in the mathematics that they are using and an
ability to recognize structural similarities in situations
that appear'on the surface to be different. Morris Kline
(1974) advocates children's involvement in creating
mathematics and proposes that new subject matter be approached
through'intuitive experiences that could be represented by
physical arguments. He contends that children best gain this
understanding when mathematics is developed constructively and
not deductively.

Resnick and Ford (1981) indicate that research decisions
concerning the effectiveness of structural approaches to
children's learning must be based on careful consideration of
their implementation in classroom situations. They conclude
that this evaluation should be based on .precise definition of
the mathematical structures to be taught and clear criteria
for recognizing what the children come to understand.

Noddings (1985) provides a rationale for the effectiveness of
children working in small groups citing the benefits of their
encounters of chalienges and disbeliefs of peers, the sharing
of knowledge, and the provision of responsibility to take
charge of their own learning. Previous research of small group
problem solving activities indicates that learning does occur
fo Q idual members of the group and analysis of the
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interactions within the group provides rich data for
consideration of the process of children's problem solving and
their construction of understanding of particular mathematical
structures (Alston and Maher, 1984; Maher, Alston, & 0'Brien,
1986) .

OBJECTIVES

Specific objectives of this investigation were to describe how
a particular group of children worked together to solve three
problem tasks designed to use a variety of concrete
nonnumerical embodiments to construct models of the structure
of certain properties of a binary operation on a set of
elements: namely, closure, commutativity, identity and inverse
elements. The problem solving behaviors that were studi~d
were: (1) construction of solutions based on the
representation of the concrete models and/or monitored and
revised on the basis of conceptual knowledge; (2) recognition
of similarities and/or differences among the tasks; (3)
generalizations to numerical representations and (4)
individual contributions/challenges to the group problem
solving process.

METHODS AND PROCEDURES

Five 45 minute sessions of a seventh grade mathematics class
in an independent school were devoted to providing 12 and 13
year old children with an opportunity to construct solutions
to three concrete nonnumerical problem tasks (DOLLS TASK,
PROBLEM WITH CARDS, AND ROADS TASK) dealing with the structure
of the properties of closure, commutativity, identity and
inverse. Each of five groups in the class was composed of two
or three children chosen by their teacher on_the basis of
similarity in ability and potential compatibility for working
together. Two girls (Tricia and Natasha) and one boy (Ed) who
are described in this paper were members of the same
mathematics class throughout the year and had been accustomed
as a part of regular instruction to working in small groups to
solve problems.

The classroom teacher arranged the children into groups
explaining that this would be the class context for the
activities. A script for each of the problem tasks in turn was
given to each of the children aleong with two sets of the
objects appropriate to the task. 'The children were instructed
:y the teacher to chose one person to act as official recorder
| 135
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and to have some agreement on the responses recorded. Each
child, however, was asked to complete a problem script with
his or her own ideas about the solution which might be
different. A final section on each task required the children
to reflect on the problem solving and asked (1) what they
liked and disliked about it, and (2) what other problems or
ideas, if any, were called to mind.

The directions concerning each operation were written as a
part of the script and the children were asked to demonstrate
understanding of the operation. The teacher's role was to-
respond to questions should clarification of the meaning of
each operation be necessary rather than intervening in the
children's construction of solutions. The children were
permitted as much time as required to complete each problem
task and were instructed to return the sheets as each problem
was completed before receiving the next set.

Each of the five sessions was videotaped and transcripts of
segments of the tapes were obtained by independent viewing by
three graduate students. These transcripts along with
observers' notes and children's work sheets provided data for
the analysis.

THE PROBLEM TASKS

The Dolls Task: Adapted as a group problem solving activity
from a clinical interview task to assess students'
understand1ng of the properties of an abelian group,: children
are given a pair of small figures, boy and girl. The elements
of the set are the rotations of these two figures taken
together from a facing front position, defined as "Both Turn",
"Oonly Boy Turn", "Only Girl Turn", and "Nobody Turn". The
operation on the set is introduced as one rotation followed by
a second without returning to the facing front position and
the result is the single rotation from-a facing front position
that would leave the figures in the same final position. The
children are first asked to complete a four by four table for
the set with the operation and then asked a series of
questions about closure, the existence of an identity element
and inverse elements, and commutativity of the operatidn
within the set.

The Problem with Cards: A set of five cards, each with a
different polygonal shape cut out constitute the elements of
the set with the operation defined as putting one card on top
oflanother and the result being the hole formed by the two
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cards. The first part directs the children to use four of the
cards and to complete a four by four table for the set with
‘the defined operation. These four cards form a lattice
structure that is closed under the operation. The children
then are asked to consider a series of questions about
closure, the existence of identity and inverse elements, and
commutativity within this set. The second part is 'similar to
the first except that a fifth card is introduced and a five by
five table is to be completéd. However, this set is not closed
under the operation.

The Roads Task: This problem task has a script parallel to
that described in the Dolls Task but has a cyclic group
structure. The members of the set, introduced to the children
as Road Cards, are index cards each having lines from four
equally spaced beginning points on the left side to
corresponding end points on the right. The operation is
introduced as one Road Card followed by a second and the
result for each pair of Road Cards is the single card having
the same beginning and end points for its "Roads"™ as the
beginning points of the first card followed by the final end
point reached by tracing along the lines from the first card
to the second.

RESULTS

All three of the children successfully completed the chart in
each of the problem tasks. Each also responded correctly to
the questions concerning closure, successfully explaining
under which conditions there would always be a solution within
the given set. :

The children consistently used the physical objects to model
the operation in order to solve this part of each problem.
Interaction and discussion among the children regularly
occurred as they demonstrated their understanding to each
other and chalienged each other in their thinking. In each
case, before agreeing about the completed chart, each child,
using the concrete representation and asking for clarification
when necessary, either from one of the other two or an
observer, went through each possible combination.

When asked to give reasons about closure, certain comments
suggested generalization of the specific understanding. For
exaample, Ed, in defending his explanation of the dolls said
that there is always a command that describes the final
position because: "no matter what way they face we already
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have a command for it ... those are the only commands. ...
Yesterday we did a number system that had other numbers, so
they could have resulted in something else, but it didn't. In
this case we don't even have any other so it couldn't even if
we wanted it to ". :

In filling out the second chart for the "Problem with Cards",
Tricia began to say that Card B over Card E results in "1/2 of-
Card C". Ed challenged her that this would not do because "1/2-
of C is not one of the shapes". After all three of the ~
children discussed the issue and reread the original
instructions there was agreement that "NONE" had to be the
entry into the chart.

It was even more necessary for the children to individually
perform each combination of Road Cards in order to understand
and complete thé operation table for the third problem.
However, in responding to the questions on closure for this
problem, Natasha argued that her conclusions to each question
could be explained by the chart rather than describing the
cards.’

The children were also successful in responding to the
questions about identity and inverse elements within the three
problems. In each case,” their explanation of why the special
command or card was chosen had to do with describing it
physically and demonstrating. Tricia showed the other two by
using the dolls that Nobody Turns would leave the first
position unchanged. In the second problem, her written
explanation for the special card as D stated: "Because D is
just an empty void - whatever card is on top will cover much
of D's space and will not cover the part of D that is needed
to make the 1lst card's shape"..

Although the children immediately said that the first two
problems were alike, no comparison was made between the
special card D and the command Nobody Turns. However, in Ed's
discussion while figuring out the operation on the Road Cards,
he immediately said: "A is the Special Card". Natasha, in
explaining A as the special card parallelled her description
of Nobody Turns: "Because A is only straight lines and when
you add it to another it will result in that card".

In choosing inverse elements, several strategies were used. In
filling out the chart for the first problem, the following
exchange occurred:
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Tricia: "Only Boy Turns and Only Boy Turns. Same as Nobody
Turns.”
Ed: "Wait - these are all going to be Nobody Turns”.

The selection of partner commands for this problem was quickly
accomplished. However, in the discussion about an explanation
Ed tried to generalize. He first stated: "Any pair of commands
cancel out leaving the dolls at Nobody Turns". When Tricia was
not satisfied he compared the operation to multiplication of
fractions: "1/2 time 2/1. They cancel out." From this point
he continued to compare the operation on pairs of inverse
elements to fractions.

The three agreed that this was not the case for the Problem
with Cards. Their explanation was based on the fact that the
Special Card D had the largest opening. Natasha wrote:
"Because C is so small that when you place it on top of
anything C will always cover some space, so it will never be
completely empty" to form D.

In the Road Card Problem, however, all three initially said
that each card was its own inverse even though they had '
already successfully completed the chart. Ed appeared confused
in approaching this gquestion, first assuming that it was a
restatement of the question of identity. Tricia reread the
question and then said: "Let's look at the chart. C followed
by C is A". Ed responded: "I know but it doesn't make sense".
To which Tricia responded by demonstrating with the cards. Ed
agreed and then generalized: "Because--two of any card give
straight lines". He entered the four cards as their own
partners then looked at the chart and corrected himself: "It's
just A and A and C and C. Not all of the cards work like
that". The three agreed and corrected their papers.

The students had a general discussion during tn; first problem
describing the patterns in the chart. They described the
symmetry of the table but did not refer to this in answering
questions about order. In the first problem the three seemed
to misunderstand the general question about order, assuming
still that it is referred to pairs of inverse elements. Early
in the Problem with Cards, however, Ed commented that the
operation was commutative. The other two agreed and used this
as a reason to justify all of the questions dealing with
order. Similarly, after completing the chart for the Road
Cards, Ed stated again that the operation was commutative and
used this 'knowledge to explain the question of order for the
\}'1en§ity element.
ERIC
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The questions asking for explanations about which they had to
agree led to increasingly articulate descriptions of what was
happening in each operation. The variety of representations in
which these properties were considered seemed as Ed said: "to
show us to look at problems from a different point of view".
They stated that the most important understanding in solving
the problems was understanding the commutative property and
likened these problems to addition, multiplication and
reciprocals of fractions.

The value of the same group of children working together over
a period of time seemed particularly evident in following
Natasha, who was the least assertive of the three. During the
first problem task, although she participated by following
along, using the figures and responding in writing to each
question, Natasha did not take an active part in discussion.
Increasingly, during the other two tasks, she became more
involved and was central to the discussion on the Road Card
problem,- showing the others that the chart was key to
understanding the identity and inverse relationships.

CONCLUSIONS AND IMPLICATIONS

The investigation provided an analysis of the mathematical
interaction among three children working over a five day
period in a regular classroom setting on a series of
non-routine mathematical tasks. Findings suggest that the
activities provided an opportunity for the children to build
cognitive structures by their actions on the objects that were
provided. Understanding of the concepts inherent in the tasks
was enhanced by the group problem solving activities. There
were various strategies used by the children in constructing
solutions to the task. Further analysis is required to
determine the nature and extent of the interaction among
members of other groups who participated in the activities.

That there was no direct teaching during this period suggests
that it is possible to design learning activities for 12 and
13 year old children that promote the construction of multiple
representations of mathematical ideas. Further work is needed
in considering problem tasks appropriate for a variety of
mathematical concepts and a range of cognitive abilities of
children. The appropriateness of these activities as a regular
part of instruction deserves serious consideration for those

O
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who are challenged to consider constructivist approaches to
teaching and learning.
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CAREER CHOICE ,GENDER AND ATTRIBUTION PATTERNS OF SUCCESS AND
FAILURE IN MATHEMATICS,

Miriam Amit
Department Of Mathematics, Ben-Gurion University ISRAEL.

Self image and confidence in personal ability in
mathematics, as shown 1in -the causes one attributes to
their successes and failures in high school mathematics,
may affect one”s future behavior. This study examined
whether there is a connection between attribution
patterns, gender and career choice:

First year university students (135 females, 166 males),
belonging to five career curricula which demand different
amounts of mathematics, were given the "Math Attribution
Scale”.

Results indicated that : 1) In the population as a whole,
females attributed their success’ in mathematics to
occasional and extermnal factors such as effort extended
or nature of task, while males attributed their success
in mathematics to a constant and internal factor such as
personal ability. 2) Within a career curriculum student -
regardless of gender, attributed the same causes for
their successes and failures in mathematics. 3) Between
the different career curricula, significant differences
were found in all wvaribles of causal attribution of
performance in mathematics. These results are highly
correlated with the amount of mathematics requiered in
each career choice.

Introduction

Research on gender differences in highschool mathematics has
indicated that the relative percent of females choosing to study
advanced mathematics 1s significantly lower -than that for males
(Carpenter 1983, Cockroft 1982). In Israel about 27% of high
school males choose to study high level courses in mathematics,
while for females only 12% study at this level. (Israel Central
Bureau of Statistics, 1985).

Reasons for the differences mentioned above are

1. Families” and peer groups”® perception; mathematics |is
considered as a male domain. WVWomen do not intend to choose
careers in science.. and technology, and therefore they find no
need for higher ‘levi:l mathematics. (Fox 1976, Armstrong, Price
1082)>.

2% Females more then males, sSuffer from "Math anxiety. This
anxiety is seen as a maJor factor for the reduced rate of
females in higher level mathematics (Tobias 1978).

3. Females have a low '"self image"” and lack of confidence in
their personal ability to handle mathematics. This is not to say
that male do .not experience such feelings. They do but, females
attribute their short comings to different factors than do

ERIC
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males. High school females attribute their success 1in
mathematics to unstable or external causes: (I"m successful in
mathematics because of good learning environment, easy tasks,
effort extended etc.).While their failures in mathematics are
attributed to internal and stable factors, such as the lack of
personal "mathematical” ability. Males, on the other hand,
attribute their success 1in mathematics to personal ability and
attribute their failurs to external and occasional factors.
(Wolleat et al 1980, Amit & Movshovitz 1987).

Causal Attribution Theory (Weiner, '1974), states that causes for
success and failure in performance can be attributed to: 1.
personal ability 2. nature of task. 3. effort extended. 4. luck
or environment. These attributions are considered as being
external or internal, stable or unstable, as shown 1in the
following table.

Causes Internal External
Stable Ability Task
Unstable Effort Environment

According to Causal Attribution Theory, a person”s perception of
their own success and failure, influences their future behavior.
For example, one who attributes his successes or failures in
mathematics to an 1internal and stable factor, such as ability,
expects this success or failure pattern to repeat itself in the

future. But it seems reasonable to assume that one who
attributes his performance in mathematics to external and
ocrasional factors, believes that these patterns of performance

are not necessarily repeated. Moreover, it can be &ssumed that
if a person attributes his successes to internal and stable
factors, and his failures to unstable and external factors, then
this person may have a high and positive self image about his

mathematics ability. On the other hand, if a person attributes
failure to internal and stable factors, and success to external
and unstable factors, it seems that the person has a low self

image in his mathematical ability.

This study examines whether or not Causal Attribution
Theory applies at the wuniversity level, ‘where students have
already made career’ choices which require different amounts of
mathematics.

Objectives
The research questions for the study were:

1. Are there gender differences within the university population
as a whole in one”s perception of their successes and failures
from high school mathematics. (In Israel one starts university 3
to 6 years after graduation from high school).

o :
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2. Within a particular career choice, are Ehefe gender
differences in one’s perception of their successes and failures
from high school mathematics.

3. Are students in different career curricula different in their
perception of their successes and faillures from high school
mathematics.

Research design, population and instrument :

301 first year wuniversity students (135 females, 160 males),
ages 21-25, belonging to five different career curicula.
Humanities (27 f. 22 m.), Education (32 f£.), Biology (37 f. 37
m.), Technology (27 f. 47 m.), Math/Physics (18 f. 60 m.), were
given the "Math Attribution Scale” guestionare. This scale,
based upon C.A.Theory, was developed and tested for reliability
and validity by Fennena et al (1979) and adapted by Amit et al
(1987). This instrument has been. used in previous research
studies (mentioned above) and seems to be the best measure
available for assesing causal attribution characteristics in
mathematics.

From analyzing and scoring the questionnaire, eight attribution
patterns evolve:

1. success, abllity. 5. failure, ability.

2. success, effort. 6. failure, effort.

3. success, task. 7. faillure, task.

4. succes:s, enviroment. 8. faillure, envir.
Main results

For each of the eight attribution

patterns and for every student, a mean attribution score was

calculated. (range of scores 4-20).T-tests, used to establish

significant gender differences on the eight attribution

patterns. ANOVA on the factors of attribution patterns, gender
and career curiculum were analyzed.

1. In the population as a whale, signiticant gender differences
in percieved causes of success were found . (fig. L

As 6bserved, females, more than males, attripuﬁed their success
in mathematics to external and -  unstable causes (e.g. ease.of
task, a supportive .learninig environment and effort extended) .

On the other hand. males slgnificantly more than females,
attributed their =successes in mathematics to personal ability,
which is an internal and stable factor.

) Iy aé
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Figure 1 : Attribution scores of success and failure in
mathematics. (mean scores, S.D)

Success [ Failure
e ____ ———
Ability!EffortiTask :Envi. Ability ! Effort!Task!Envi.
femule]12. 4 115.1 15,1 116.4 11.3 115.3 113.1:11 3
3.1 1 2.9 1 2.5 2.3 3.6 2.8 2.9 2.9
______________ : e e e e I SN ——— -
male {13.3 i13.9 114.4 :i5.1 10.7 115.1 112.5!11.6 !
3.3 1 3.8 1 2.7 2.0 3.9 3.0 3.0 20
Sign X 4 x 1 ox 1 x : : '
p<.o5 ! : ! J ! ! )
2. Within the same career curriculum, no gender differences
were found 1in one’s perception of success and failure. In other
words; students; regardless of gender, choosing a common

curriculum, attribute causes for their successes and failures in
the same way.

3. Focusing on the scores between the different career
curricula, statistically significant differences were found in
all variables of causal attribution. The mean scores attributing
Success and failure in mathematics to personal ability is shown
in Figure 2.

Figure 2 : Attribution of success and Failure to personal
ability, in different math related curricula. 14,4
136
‘ 9
! 1|Z' 12.7
.ol 424 ! 6
attribution ! ' | (12 H.
score to I | | “7
ability oo [
i | ' { 102
b I f
. ' |
I | I
| 9.2y
—_ ] l { t | | A
© Humanities Education Biology Techn. Math
lowg . oo math related............. > high.
success = 00000o————————__ failure
\

As observed in figure 2, the more mathematics demandedlin a
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curriculum, the more students in this track attribut their
success to personal ability. On the other hand, the 1less
mathematics demanded by the curriculum, the more students
attribut their failures to this internal and stable factor.

Discussion:

The main results show that within a career curriculum, gender
differences in causal attribution of success and failure in
mathematics does not appear. Between different career curricula,
strong differences in causal attribution of success and failure
in mathematics do surface, and are correlated with the amount of
mathematics the career curriculum demands.

The results of this study are supportive of Causal
Attribution Theory; namely, when one attribute their successes
in mathematics to internal factors, there is a high likelihood
of studying a math-related curriculum (Fig. 2, Technology and
" Math/Physics). Similarly, when one attribute their failure in
mathematics to internal factors, there is a high likelihood of
not studying a curriculum with high mathematics requirements.
(Fig. 2, Humanities and Education).

Results of this study also support the previous research
with high school populations, which shows significants
differences between students studying in low demanding and high
demanding mathematics  courses. However, in +this privious
research, significant gender differences did occur within each
high school course of study. Here, in this research, those
gender differences did not appear within each career curriculum
track. This we attribute to a selection process which is based
upon self perception of ability and success. In high school
there are some females with high mathematics self-image. They
are- the few who choose a mathematics related curriculum in the
university. Moreover, - they choose these university curricula
because of their self- image, independent of their high school
grades. (previous research show that males and females are
essentially equal in cognitive achievement). .

The importance of this result can not be over stated. This
study showes that attribution patterns which are developed in
high school, are relatively permanent and affect future career
choice. Therefore, high school teachers and counsellors must
take special measures to develop a positive self-image with
their female students, in ‘order to enable them to pursue math
related careers in the future.
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A CLASSIFICATION OF STUDENTS® ERRORS IN SECONDARY LEVEL ALGEBRA
Gerhard Becker
University of Bremen

Errors made by seventh to ninth graders in classroom tests,

homework, or during lessons, are analyzed and classified ac-

cording to a catalogue of forms of “illegal thinking”, based

upon a theoretical model describing problem solving processes

as a sequence of states generated by applying "operators”. The

following types of “illegal thinking” are illustrated by examples:

(1) Erroneous application of an operator

{?) Erroneous execution of an operator

{3) Lack of identification or erroneous matching of variables
in the premise of an operator

(4) Incorrect identification of variables in the conclusion .

Information processing approaches are increasingly used to analyze and to
classify students’ errors in topic areas of school curriculum. Within a
framework of this kind, a problem or a non-routine task is described by
three components: (1) a siarting situation or initial state, defined by the
givens, (2) a final situation or final state to be attained by the problem
solution, (3) a barrier which at the beginning prevents immediate transition
from the initial state to the final state. The transition is described as a
sequence of intermediate states, which can be obtained by applying appropri-
ate operators to transform the preceeding states.
Operators are characterized by a premise and a conclusion; their application
demands to check, whether the premise of the operator fits to the state to
be transformed, and yields the conclusion of.the cperator as the subsequent
state., when the variables occurring in both the premise and the canciusion
are replaced by names of suitable objects.
Classroom tasks and problems given to seventh to ninth graders are mostly
of the "interpblation barrier” type, which means that goal criteria are clear
to the students and the means well-defined (the repertory of means closed);
there might as well be problems with indistinct goal criteria or with an open
repertory of means. (Cf, Doerner, 1979}
In many situations and by different reasons problem solvers use “illegal oper-
ators” instead of making correct use of an operator, for instance they omit
complete checking of the applicability of an operator, or use modified operat-
ors formed by themselves. In his basic model, D. Doerner has established a
@ ue of illegal operators used.by university students trying to deduce
Emc‘ms in pro})ositional calculus. (Doerner, 1973}, This cataloguc has to be
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refined when being used in the context of more complex problem types, as
compared with propositional calculus.

There is another difference between the conditions under which Doerner’s
university students solved logical problems, and the situation in classroom:
Doerner gave his volunteers a list of "axioms", whereas in classroom stud-
ents will have to use means to be retrieved from their memories. It cannot
be excluded that frequency and distribution of error types depend on situ-
ational components, such as just mentioned; but it turned out that the error
categories of the modified catalogue occurred in quite different topic areas
of school curriculum.

The present context deals with errors made by seventh to ninth graders in
classroom tests, homework or during lessons, in "elementary algebra”, i.e.:
linear equations and inequalities, use of binomial formulae, and quadratic
equations. Objects or states, to be transformed by operators, in this special
case are the left sides of equations, when any formula is used in order f.i.
to simplify a term, equations or inequalities, when their solution set is de-
termined by applying any transformation rule. Students' errors in this field are
analyzed and classified according to the following list of "illegal operators”:
(1) Erroneous application of an operator

(2) Erroneous execution of an operator

{3) Lack of identification or erroneous matching of variables in the premise
of an operator

(4) Incorrect identification of -variables in the conclusion.

The types (1) and (2) correspond to the types (NCON) and (NEX) in Doerner's
catalogue respectively, which are described as non-consideration of the
conditions for the application of an operator, and non-consideration
ofthe application instructions. Within non-consider-
ation of conditions there has to be made a difference between checking
whether the conditions of an operator fit to a special situation itself, and
whether the user makes a correct matching of the variables occurring in the
premise of an operator to the terms substituted for these variables, i.e.
finding a correct instantiation for the variables of the operator. The same
holds for Doerner’'s type (NEX), with respect to the conclusion of an operator.
The types (3) and (4) of the present catalogue do not occur in Doerner's list;
as can be seen from the tasks Doerner gave his students, there are only a
few variables at all in these tasks, such that e;'roneous. instantiation actually
can be excluded. But as soon as students have to carry out substijtutions for
variables in a formula - which is an important partial aspect in algebraic skills-
f.i. when applying binomial formnulae or transforming inequalities, the consis-
tant and correct use of the same term for any variable is crucial. So, in more

Q nplex topics in school curriculum, such as algebra, or even more geometry,
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these two components have to be separated distinctly from one another.
Doerner's catalogue still contains further types of "illegal thinking”:
Invention of new illegal operators by analogy transfer (AN)

Invention of new illegal operators by “semantic” considerations (SEM)
Invention of new illegal operators par force (PAR)

Search for external causes for the "unsolvability" of a problem {(EXT).

They can be neglected in the present context, because they either are spec-
ific for the situation or the topic area from which Doerner obtains them,
or cannot be sharply separated from (NCON) and (NEX) when used to des-

cribe errors in school algebra.

The examples given below do not make any assumption about whether a mod-
ified operator has been learned instead of a correct one, or whether an oper-
ator correctly retrieved from memory is applied in an erroneous way due to
any reason determined by the special situation. The latter could be made sure.
if .f.i. the student would be able to give a correct answer when asked for the
transformation he or she just carried out.

Usually it seems to be impossible to ascertain which explanation is conclusive.
Mostly the special situation is not appropriate to investigate the actual root
of the erroneous strategy. But even in situations where it is possible to ask
the proband to explain or to comment the use of a certain transformation,
he or she will answer something like: "I just did it in that way", "Because 1
have to solve the equation”, "In order to continue”, "I did it in the same way

as in the previous example”, “Isn't that correct?”

In transferring Doerner's catalogue to any more complex topic areca than the
originally used propositional calculus; we have to take into consideration a
fifth type of illegal operator neither enumerated in his list. In principle it.
can be imaginated that illegal operators of the following type are used:

{5) confusing premise and conclusion of an operator.

In fact, this error type can be established in geometrical proof problems (cf.
Becker, 1986), but in elementary algebra tasks.it was -not yet to-be found. Al-
gebraic transformations are mostly of the equivalence type, such that confus--
ing premise and 'conclusion is of no relevance in the present context. Since
solving inequalities needs the use of transformations in which premise and '
conclusion are well separated from one another (f.i. I f a (b and c?>0,
then ac< bc), we could expect errors of type (5) to occur. However,
the material available from classroom work is so restricted that there was

no opportunity to find evidence for jllegal operators of this type.
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(1) Erroneous application of an operator

This error type is characterized by neglecting the conditions for the applic-
ation of an operator, i.e. a given combination of symbols is misunderstood in
such a way as if allowing a transformation which actually cannot be carried
out when starting from the given pattern. Thus, the domain of application of
the operator is extended, which is an overgeneralization with respect to the
premise of the operator.

The well-known cases, in which a reduction of a fraction "out of a sum"
takes place, belong to this type, such as

1.1 -aaoabc= —a3*a

) v - a - a

or

1.2 = 2‘/:__/{:-),2=_—M = -1

R S VRN

Certain transformations of algebraic terms are based upon properties of the
number 0; we often find erroneous transformations formed by overgeneral-
ization of those properties, consisting in transferring them to other special-
ized numbers. such as 1. The same holds for the converse direction. Corres~
pondingly transfer from addition towards subtraction or multiplication takes

place, and from multiplication to "related” operations including raising to a
power, which leads to formation of illegal operators of type (1).
Erroneous operators of this type are not at all restricted to terms, but occur

in solving equations or inequalities as well, such as in

1.3: The solution set for the following system of equations
03x+13y-9=0
2x+ y =6
after several intermediate steps, among these
3y-18= - 0.6 x
3y-18= -6 x

is determined as the empty set; the argument for this result was the hint at
the equal coefficients 3 and - 18 on the left side in contrast to the dif-

ferent numbers - 0.6 and - 6 on the right side, with reference to the
same result for the system

ax+by+c=0

ax+by+c=0 for ¢ # ¢

A series of errors generated by unsufficient checking of the premise may be

explained by disregarding any convention, which also can be interpreted as

"extending” a convention, among these disregarding of parentheses rules or

rules concerning the order of succession of different operations, especially
umerous cases of breaking .the distributive law.
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Conventions are disregarded, too, when symbols for an operation are omitted,
or omitted symbols inserted in a faulse way, as was done in
1.4 B -965-»=65-0653) -

The following example can be explained by the influence of verbal labels,
which can be described as "changing twice™ with the expectation that both
changes together cancel each other:

1.5 -3x> -1 is regarded as equivalent to x > - 15

1.6 -~ 4x< -9 as equivalent to x € - 2}—‘_

where the change in the order sign (by multiplying with a negative number)

is thought to be unnecessary, because the negative sign (on the right side) is
omitted simultaneously. The intermediate line is not written down, purposely
and with the explicit explanation, that a correct line is not obtained before
both changes are performed.

"Cancelling each other” is a commonly given argument for transformation
steps having as origin partial terms which actually would cancel each other in
quite another context, f.i. as inverse elements with respect to any operation;
1.7 ..=-6a-a+6-a=aaa

Here the two numeral factors + 6 and - 6 are obviously imaginated as cancel-
ling each other (when added), the remaining factors are combined to the
product. Similarly, addition of + 3 is thought to give reasons for the follow-
ing transformation

1.8 . -3 x> - 14 into x> 3 - 14

which again shows the confusion of addition and multiplication.

(2) Erroneous execution of an operator

This error type consists in modifying the conclusion of an operator instead-
of processing a term according to the correct use of the operator, and thus
extending the domain obtainable by applying the operator. Very often erroneous
modifications of the conclusion of an operator are recognizable as incorrect
generalizations disregarding specific properties of different operations.

For instance
2.1 .. 3-%p2- . 13ps
reveals an extension of the distributive law (pertaining to exponents),

similarly as in

2.2 -2:2p2 +13p6 = - 1p2

with different kinds of "comprising” partial terms: and so do the fcllowing:

2.3 2(2 +3x)~-1+2x=4-1+3x
63 a2 2. - 105 .2 .2
El{llc Lxy s iy = SE Xy
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the last example showing the nominators of numeral factors being added. as
usual, the denominators multiplied, as in multiplication of fractions, the ex-
ponents in the variable factors again added.

The next example,

2

be]
2.5 %bc-(-%ac%%abc = 5c~ab~%abc = 2ab-(- %c)

consists in bringing common partial factors in every two factors out of - imag-
inated - parentheses: c in the first step, ab in the second step, and again
c in the last step.

The "generalized distributive law” {referring to multiplying two sums in paren-
theses), with the binomial formulae as special cases, gives rise to a variety

of erroneous applications especially of type {2), such as

2.6 Gx-8(Fy+6xy)=xy-a8xy

2.7 (5r+4ps)(4ps-5r)=16(ps)2-25r2+4~0psr
2.8 (2%x-%y)2=2—fx2-2xy—£y2

2.9 FexPr=Fe§en

In these examples it is easy to be seen, which correct formula was general-
ized, an in which erroneous way.

{3) Lack of identification or erroneous matching of variables in the premise
of an operator

Committing an error of this type means that a number, a variable, or a com-
bination of both is incorrectly substituted for a variable as part of a formula
~ when applying the latter from one step of a transformation to the subsequent
step {usually from the left side of an equation to the right side). Incorrect
substitution generally is incomplete or inconsistent substitution: f.i. if the
same variable occurring in the premise is not- constantly substituted by a
special number or by the same variable, or if the product term (5x-3){(5y - 3)
is transformed by using a binomial formula, or if the partial terms (summands)
in (5x-3)(3-5 x) in the same order as written down are substituted for
the variables a and bin (a-b){a-b) (thus 5x for a, 3 for b, then 3
for a and 5x for b
In certain cases this matching cannot be carried out before having performed
necessary transformation steps, f.i. when deciding, whether a sumis
a quadratic term, such as in

3.1 16b> + 80bc + 25¢c” = (4b + 5¢)”
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Confusion of doubling with squaring {both is "doing the same twice") often
leads to erroneous instantiation (in the premise), such as in

3.3 zZ - e =(22-'1§,'8)(22 *1128)

Errors of this type will have as consequence - obviously - an error of the
subsequent type.

(4) Incorrect identification of variables in the conclusion.

This error type corresponds to (3). but mismatching takes place in the con-
clusion of the operator. It may pertain to a numerical factor, to a variable
factor, or to a combination of both:

4.1 (duw - 3v)(3v+ duw) = 16uw” - 9v°

4.2 (Zabe - 27 d)(Zabe + £c%d) = 22 ab” - et
. 2 2

4.3 {4uw - 3v)(3v + duw) = duw - 3v

Especially when writing down all intermediate steps referring to this very
matching process, errors of this kind can be well identified, such as in the
following solution of a task, which consists in finding the third summand to
fit to the first two summands, such as to form a quadratic term:

4-)'2 -6xy+...= ( ... )2 As a solution there is given
2
4.4 b~ .
az 4-)'2
a 2y
2ab 6xy=2-2y-18x
b 1.5 x
b’ 3 %7

in another case

4.5 .
2ab | 6 xy
b 2x

Obviously in the two last examples the unspecified labelling "twice the same”
again played a role in causing the erroneous procedure.

Aruitoxt provided by Eic:
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Further problems and investigations

The main purpose of this paper is to demonstrate that the sketched model of
problem solving processes is an appropriate means to systematize and to an-
alyze students’ errors in a well-defined topic area, such as elementary al-
gebra; illustrated by examples of the mentioned topic area, the categories
can be established in other topic areas, too. Frequency and distribution of the
different error categories obviously depend on situational components of the
instructional context; it therefore could be a reasonable goal in future work
to characterize special situations by the frequency of the different error
types. Far more important seems to be trying to investigate the influence of
language on the formation of errors, in a double sense: when forming illegal
operators and storing them in memory, and when retrieving correctly formed
operators from memory and using them in an erroneous way.

Up to now, there is not yet enough material to devise a precise design for
investigating these phenomena, the available material stemming from situations
which are too inhomogenious: different classes, different instructional con-
ditions, different kinds of registration.

Quite another direction in which the present work can be continued, is the ped-
agogical aspect, under which the findings to hand could be exploited. In an
apparent way analyzing students’' errors can be used to devise instructional
methods in order to help individual students to eliminate deficits, orto design
parts of lessons. Dissolving and phasing the complex course of thinking pro-
cesses, even if hypothetical, may be a suitable help in designing sequences' of
'steps in instruction.
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'l"EACHBRS' WRITTEN EXPLANATIONS TO PUPILS
ABOUTALGEBRA

Joan Bliss and H. Sakonidis
King's College London, University of London

This study investigates some aspects of the written language used by teachers to explain to
pupils various basic algebraic ideas. The sample consists of 40 student teachers attending a
one year teacher training course in mathematics (18 female and 22 male). The origin of the
research is an ongoing study of how pupils explain in writing to their peers some aspects of
algebra, thus permitting the examination of therelationship between pupils’ writtenlanguage
and their understanding of algebra. The pupil questionnsire was modified for the
student-teachers, using essentially the same content but asking the student-teachers to
imagine explaining in writing the algebraic ideas to pupils. All subjects were given 6
questions. Because of the limited space the results of only 3 questions are reported
however the student-teachers' written language reveals a aumber of misconceptions in the
areasof factorise/ product, formula/ equation, and ratio.

INTRODUCTION AND METHOD

Mathematics and specifically algebra is one of the subjects where, because of its nature, the use by
teachers of certain types of linguistic forms could have important implications for children's learning
since theteachers' langvage might well constitute barriers to understanding. Austin and Howson (1979)
argue: -

“Yet the use of words to communicate accurately, and in Thom's sense 'with meaning',
the abstractions of mathematicsis adifficult, perhapsimpossible task. " (p.178)

The language used in teaching algebra is necessarily full of symbolism. However while a greater use of

symbolism could lead to an increase in the pupils’ competence to manipulate symbols it could also

simultaneously lead toa decrease in their ability to understand the underiying meanings. Howson (1980)

argues that recent reforms have emphasised both the introduction and the use of new symbols and
Q
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language with the idea that this would eahance understanding and add precision but, be also adds:
"(the language) was used so loosely and erroneously that the position is now worse than it was before."
(p.571). Itis, therefore, crucial to assess the extent to which either the technical words or the ordinary
- everyday language substituting for these terms help or hinder communication of algebraic ideas in the
classroom. :

However, commenting on pupils' language - which to some extent will reflect the teaching - Austin
(1973) suggests that often teachers both cannot cope with and also fail to recognise the validity of
“formulations of ideas which are not expressed in the subject register". Theidea for the present study
stemmed from a larger study, presently in progress, that looks at pupils' "writings” about algebra,
where we are examining, through an analysis of pupils' written language, their understanding of the
terminology, the conventions and the ‘rules’ used in algebra. The questionnaire presents pupils between
the ages of 14 and 16 with 6 to 8 situations, and in each instance fictional pupils are shown as having
some problems with relatively simple algebraic ideas and subjects are asked to imagine explaining, in
writing, a solution that will help thefictional pupils.

It occurred to us that it would be sensible to ask a group of teachers to do the task, and to compare the
responses of both groups. Thus the present study examines. by means of a questionnaire. the wrinen
language of a group of 40 student-teachers, pursuing a Post Graduate Certificate of Education coursein
mathematics. The 6 core questions given to pupils were reformulated, vsing essentially the same content
but asking student-teachers to imagine themselves with the task of explaining in writing different aspects
these algebraic problems to pupils of a specified secondary school year. The task took about half an
hour.

At first we had hoped to use for the student-teachers' explanations some of the more general categories,
presently being developed for the pupils’ responses so asto make comparisonmore easily. But the data
from the student-teachers does not lend itself to such a classification. The student-teacher (now referred
to as 'students’) study is reported in its own right, and at a later date a comparison of the two studies
will bemade. Dueto lack of space, the results of only 3 of the 6 questions are presented.

QUESTION I

In this question we are interested in seeing how teachers explain different aspects of algebia, for
example, the meaning of the convention “/* in the expressionx/s as used in arithmetic and aigebra: and
the role of variables in expressions like x/s or b:c. Students were asked to imagine that they were
explaining to a pupil whether or not the following pairs of expressions 'tell us to do the sune tige or
differeqt things * i) 3/4 and x/s; ii) 3/4 and b:c; and iii) x/s and b:c.

ERIC 157

Aruitoxt provided by Eic:



- 141 -

A number of students did not answer all three parts: 4, 5 and 10 for partsi, ii and iii respectively; a
second different group of students also did not answer the question but instead gave a general pedagogic
commentary, for example, about the role of the context of the question; there were4, 5 and 5 students in
the 3 parts respectively. If lack of response can be interpreted as an expression of difficulty then part iii
was problematic for more thana third of the students.

Results about judgments: we had expected that in part i) students might state that the two expressions
could ‘do similar things' while qualifying in which domain, whereas in parts ii) and iii) we expected that
students would state that the expressions were 'telling us to different things.' Our expectation was
mainly confirmed in first part but none specified domains. However, the responses for parts ii and iii
were more problematic: in part ii 6 students judged the 2 expressions as ‘doing the same thing' and 12
avoided judgment, in partiii) 10 judged them 'as doing the same thing' and 5 avoided judgment.

Turning to explanations, students did not explain why the expressions were doing ‘similar or different
things', but instead described separately each of the two expressions. Explanations had both aform and a
content. First, concerning the form of explanations, it became apparent that students either "explained"
or started an explanation by azming, for example, “thatis a division"(see Table 1). The content of the
explanations presented two sets of issues: i) the interpretation of x/s, and 3/4 either as fraction or as
division,; ii) the nature of students’ explanations for ratio.

Table 1: Form of explanations

Total Subtotal Naming Name& Explaia Others
Explain
Iss 2ad Ist 2nd Ist 2ad Ist 2ad
Part i 40 32 31 1 1 3 3 28 27 8 (4 N.R)
Part ii 40 29 30 6 S 6 12 17 13 10(5 N.R)
Partiii 40 25 24 7 6 s 8 13 10 15 (10N.R)

N.R. stands for non—nésponse

Table 1 shows that for part i the predominant type of response is that of erp/aiaing ratherthan
namige, with approximately three-quarters of the students explaining both expressions in terms
of ' division'. In part ii the response is very different, with the strategy of samige or samigg
and explaining being used by 12 teachers for the first expression and by 17 teachers for the
second. Explanations for the first expression were divided equally between division and fraction.
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In part iii approximately half the teachers replying used the strategy of zamigg or nsaming ano
explainingfor both expressions, with an 11:8 ratio of division to fraction explanations for the first

expression.

It could be argued that the expression seen as representing a division does not requiring saming
since pupils have been familiar with this operation since primary school and so the focus is on
explanation. For fractions which are perhaps less familiar the incidence of zemigg increases
though not as much as for ratio which could be considered the least welf known expression. In
both cases the incidence of exp/anstion decreases and this could beinterpreted as zamigg taking
onthe function of explaining in some instances.

Four categories were developed to classify students' explanations of ratio (numbers of responses
are indicated in brackets) : (a) Sufficient or acceptable descriptions of ratio (partsii: 7; iii: 5); (b)
responses in terms of relation of parts to whole, for example, “a ratio is when the whole is divided
into two parts, b and ¢, and b+c gives the totality or the whole" ( partsii: 7, iii: 4); (c)inexplicit or
problematic responses, that is, when it was extremely difficult to interpret what the respondent
meant (partsii: 5; iii: 6); (d)misconceptions ( partsii: 12; iii: 11); Others(ii: 9; ii: 14).

There were only very few students in parts i or iii who gave acceptable or sufficient explanations
of ratio. (7/31 and 5/26). The incidence of what we considered as misconceptions is fairly high
and three examples of those most frequently found are givenbelow:

* “Fractions and ratios are interchangeable, here 3/4 can be written as 3:4 and similarly b:c canbe
writenasb/c";

«"b:c i3 another way of writing b/b+c so we must see if we can write 3/4 in ancther way as b/b +c,
we choose numbers for b and ¢ 5o that b/b+c is the same thing as 3/4"

«"when you divide one number by a second number and have a fraction for an answer it means that
there is a ratio between the two numbers, a ratio is shown by the two dots "

QUESTION 2:

Some words and expressions are used together frequently in algebra, for example, muw/aply and Sracte
in : "when you remove the brackets you must su/ajpyeverything inside the sracker by what is outside
the bracket. By presenting words or expressions in pairs, spécific contexts of algebra can be given a
focus. We wanted to see whether or not each pair was identified as belonging to a particular context and
how students explained this. So students were presented with the following five pairs and asked “ to
explain to pupils why the terms (ineach pair) do or do mof go welltogether” : (a) algebraicexpression
-terms; (b)formula - substitute; (c) multiply - bracket; (d)factorise - product; (e) equation - formula,
. O
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We examined first the total response to each part of the question which was as follows: a) 87%; b) 85%:
c) 83%; d)65%; e)68%:; so, again , if absence of response could be an indication of difficulty Zecvarise
and product, and formula @d eguation were more problematic. We then examined whether or not
students thought thar the words in each of the pairs could be grouped, and this is shown as a ratio of 'for
‘I'against’ grouping as follows: (a)32:3; (b)28: 6; (c) 18:15; (d)20:6; (e)22: 5. Sothe
majority of students perceived four of the five pairs asbeing able tobe grouped together. Only the terms
multiply - bracker Were perceived as not having an easily recognisable common context with only just
over half the respondents stating that they do go well together.

Students' explanations were classified in terms of their clarity and acceptability, or their problematic
nature and this for the two judgments relating to whether or not the terms could be grouped. For the
two judgmeats the ratios of clear to problematic areasfollows:

"gowell" (@)28:4; (b)25:3; (c)l4:;4; (d)16:4;. (e)16:6
"don't go well" (a 1:2; (b)2:4; (o0)12:3; () 3:3 (e) 1:4.

It can be seen that on the whole students do not experience too much difficulty in explaining their ideas

about afgebniic expression/terms and formula/ substitute, aithough it is harder to explain why they
should not be grouped than why they should. The difficulty increases for the next two sets of words
when it comes to putting terms together; in terms of not grouping these same Words, students find
multiply-bracket relatively easy to explain but they have more difficulty with Zzcranise-product. The
pair aguation - farmuls presents the greatest difficulty of all thefive pairs asdescribedbelow. We will
now give the most frequeat explanation for grouping terms and also examples of problematic
explanations. -

Algebraic expressios - terms: the majority of explanations were in terms of part/whole, that is,
“the two words go well together because algebraic expressions are made up of terms”. In the.
problematic responses-a number of student-teachers expressed an interesting view of a term when they
wrote ; "aterm is one group of letters or numbers that does not contain an “operstor” signas +-x /.
Formula - sobstitute ;. there were essentially two types of explanations first, part/whole .
explanations for example, "in a formula you substitute values for letters”; second, means/end
éxplanations. for example "you are substituting into a formula in order to obtain a solution” An éxample
of a problematic explanation is: "theexpression is made up of letters”.

Factorise - prodwct: the category of explanation that predominates is that of the ‘opposites sides of
the coin' argument, for example, "to factotise you break a product down and to find the product we
multiply the 2 factors, so they are the opposite sides of the coin” . Examples of problematic arguments

ERIC 160

Aruitoxt provided by Eic:



- 144 .

are :"facterisation of an equation quite often involves factorising into products”; and "product implies
" multiplication, whereasfactoriseimpliessimplification”.

" For the words axeltiply-bracket there aretwo different sets of reasons to justify: a) that terms could
be grouped and b) that they could not, In category a) all students gave as their reason: "when you have a
bracket in a statement you have to multiply what is outside by what is inside”. In category b) students
considered that a bracket can be used for grouping any terms. There were a number of problematic
arguments of the kind: for a) “they have a similar operative value”; and for b)" multiplication is an
arithmeticoperation Whereasa bracketisan algebraicoperation”.

The terms egestian-farmala present a sitvation somewhat different from the four others described
above. Whereas with all the other explanations a distinction could be made between problematic
explanations and those that were clear and acceptable, such a distinction is barder to make in the present
case. Many of the explanationsthat were clear were also questionable, thusthe most frequent and most
explicit explanation was of the kind that a formula was really the same as an equation: "Basically they
mean the same thing because formulas are equations”. There was also a number of other explanations
that could be grouped as problematic in as much as it was extremely difficult to interpret the meaning of
the written response as in the following examples:"An equation usually consists of a formula®; “both
express something in terms of something else”. We ourselves think that most of explanations of these
two terms, clear or not, were somewhat problematic,

Up to now we have looked at how students imagined explaining in writing an algebreicidea w pupils.
Inthe next question we ask students to criticise three different formulae for the area of a rectangle but
thisis doneindirectly by examining the formulations of three imaginary pupils.

QUESTION 3

The purpose of this question was to examine the criteria stdents used for the choice of the mas
befpfuland feast belpfel among three explanations given by pupils who were asked to write down a
formula for the area of a rectangle of any width and leagth. The three formulations were as follows: (1)
Area = width x length; (2) If a stands for the width, and b stands for the length, then the formula is :

a x b; (3) If A stands for the area, and a stands for the width, and b stands for the length, then the
formulais:A = axb.

We were able to categorise the students' explanations for their choices into three major categories: (a)
Symbolism: the response refers to variables, ways of symbolising quantities, etc. for example, "it does
not involve substituting letter for quantities”, (b) Pragmatism: the response referstothe efficiency of the
formula, that is, how easy it is to remember or to work With, for example, "simple, easy to understand,

ERIC 161



- 145 -

no algebra”; (c) Pedagogic: the reasons have to do with pupils' ability to understand, or to the teaching
process, for example, “depends onthe level of the pupil, everyoneis different”.

Mozt helpful response: Type | response was chosen by the majority of students (32 / 40) with about
haif reasonsbeing pragmatic, thatis, the statement: area= width x length, is simpler, easierto remember,
or entails no algebra. About a third of the explanations were about symbolism. Examples of reasonsin
the symbalic category which provide us with students' views of problemsassociated with symbolism are
as follows: “This (type 1) isthe best because no "a's* “b's" are introduced Which may confuse the child
-if they learnitas “ A= ax b", what happens when a rectangle has lengths x and y? ; (type1) "becavse
it doesn't involve the substitution of letters for quantities": (typel)” it doesn't introduce any superfluous
terms, tells rather how we calculate area directly. We don't have to relate 8 number to a letter, rather
everything issolid and practical."

2 students chose type 2 and 3 students type 3, and the reasons for their choice were essentially either
pedagogic or pragmatic (4 / 5). There were 3 students who made 20 choice but simply formulated
statementsof ageneral pedagogic nature.

The least helpful response: The choice divides roughly equally betweentype2 (16/33)and type
3(17/33), with one pupil choosing type 1and 6 making no choice but again making statements about the
pedagogic or pragmatic nature of the situation, Although symbolic and pragmatic reasons are the two
most frequent categories for both choices, pragmatic reasons are more frequent than symbolic reasons for
type 2 (9:5) whereas for type 3 they divide equally (7:7) It was noticeablethat aithough both types2 and
3 were chosen as the least helpful, students did not reject type 2 as an inappropriately formed statement
but rather as & rather irrelevaat type of formulation in terms of coping with the situation, for instance,
"the choice of the leutersisitrelevant”, "it should choose W, L and A "; “what isthe a and the b?"; "what
isaxb?".

Again we have chosen 8 number of reasons from the symbolic categories in order to see how students
view the problems associated with this domain: *3is probably least hetpful atthis stage because there are
a lot of variables included (three) and the use of two different forms of the letter (a, A) could cause
confusion; " “No.3 isleast betpful because it is confusing, it bagused abbreviation, i.e. A=axb".

Conclusions
The results of the analysis of these three questions about pupils’ difficulties in algebra gave us through

the students' written language some insight into a mumber of their possible mis-understandings of the
termmology. conventions and ‘rules' used in algebra. Ln the first question the concept of ratio revealed
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itself as particularly cuzicult to explain, and quite a few students preferred to stay at the leve! of naming
this concept rather than explaining it. Also although the domain of reference in the question is algebra
quite a few students referred to the expression “x / 5" as a fraction. In the second question the two sets of
pairs: factorise - product, and formula - eqoation gave rise to the greatest aumber of difficulties in
students attempts to explain what they bad or did not bave in common. More particularly, with the terms
formula - equation students were unable to appreciate or express the characteristics of each. and wreated
them as interchangeable. Lastly the students' choices of the most helpful and least helpful formula for
the area of a rectangle chosea from three different formulae revealed that for the most helpful they chose
ane where the algebraic symbolism was minimal and for the least helpful, they rejected one formula not
because it was inappropriately formulated, as was the case, but because it Was too complicated. An
appropriate formulafor the situation was alsorejected with only balf these students making any reference
at all to its symbolism. We intend to follow up this study by looking at experienced teachers and
comparing their results with those of the PGCE students, as well as, at the later date, comparing the
results of both groups of teachers with the results of the pupils' study from which this research

References:
Arnold, H (1973), Why children talk: Language in the primary classroom, Soveationin Teaching;Vol.
91, pp.25-29

- Howson A.G. (1980), Language and the teaching of mathematics. Proceedings of the Fourtl

laternationsl Confereace of Matbematics Edvcation Barkhavse, pp.568-572
Austin, J.L and Howson, A.G. (1979), Language and mathematical education, Ldlvcatronal Studiesiz
Mathermatics,Vol. 1, No.2.pp. 161 - 197.

O

RIC ,

163



- 147 -~

ALGEBRA - CHOICES IN CURRICULUM DESIGN
An Exploratory Teaching Experiment

Alan Bell
Shell Centre for Mathematical Education, Nottingham University

It is generally accepted that students' failures in algebra are extensive,

-and of two kinds. First, there are characteristic errors in manipulation,
such as 4(n + 5) =4n + 5, or (x + 8)/(x+ 2) = 8/2, or x = 5 = 7 giving
x = 2; many of these relate to incorrect responses to perceptual cues in
the expressions (Saad, 1960; Carry, Lewis and Bernard, 1980). Secondly,
there are more global conceptual breakdowns, such as the failure to
appreciate the significance of checking the solution of an equation, thus
regarding the performance of the solution process as the aim of the task,
rather than the obtaining of a value of x which makes the equatién true
(Lee and Hheelér, 1987). Some research attention has also been focused on
the modes of interpretation of the letter symbol - as object, evaluated as
a number, as specific unknown, generalised number or variable (Kuchemann,
1981).

Further uses of letters, not included in Xuchemann's study are, for
example, those shown in the expression y = ax + b, which denotes a
function, connecting the variables x and y, whose properties are those of
linearity, with scale factor a, and with y = b when x = 0. The a and b
here are generally called 'parameters'; they are generalised numbers, but
play a different role from the x and y, which are in a sense 'dummy'
variables, serving merely to enable the function to be expressed. There
are also uses of letters in geometry; y = ax + b could itself describe a
line, (of gradient a and intercept b) in coordinate geometry. And in the
geometry of transformations, considering the symmetries of a rectangle we
may write r = hv, where the letters denote particular transformationms,
(analogous to particular numbers). But unknowns and generalised numbers
can also appear, as in "vx = hrhv, what is x?" and "xy = yx, where X, y are

any of r, h, v".

Thé rmestion arises whether the algebra curriculum should be structured

[E l(:ling to types of manipulation, as is traditional, or according to modes

—

| | 164



- 148 -

of use of the letter, or by modes of algebraic activity, such as

generalising, equation-forming and solving, and so on.

One recently published course (to which Kuchemann and Harper have
contributed) adopts the second of these following uses of the letter. In
this, the algebraic content for the first two years (ages 11 and 12) begins
simply by getting the students to use a letter for a temporarily unknown
number, which is then immediately to be calculated. Generalised numbers
appear in the form of simple expressions for drawing zigzags, spirals and
sets of rectangles eg, sets of rectangles with length and breadth 2k, k +
2; values are to be given to k and the set of rectangles drawn. Another
set includes some of type 2k, k + k which are to be picked out as forming
squares (NMP, 1987).

Our view is that the curriculum should be designed to ensure that the
whole range of uses of letters (and indeed of other symbolisms too) should
be covered, but that the structuring should be on the basis of types of
situation.which give rise to distinct modes of use of algebra. Just as in
language learning, separate attention may be devoted to descriptive,
expressive and persuasive forms of writing (and others), so in mathematics
there is a whole complex of procedures appropriate to different types of

algebraic situation. We distinguish in this way:

1) Generalising (mainly in number situations).
2)' Situations leading to forming, solving and interpreting equations.

3) Functions and formulae.

As well as these types of situation in which algebra arises, we need to

focus attention at appropriate points on

4) General number properties, including their manifestation as rules

for manipulating expressions.
i
The mode of learning activity is an important feature of this course; it is
to explore a chosen situdtion containing a number of variations, and to
provide for ‘the making up, solving and checking of problems by the students

;hiq this framework.

165



- 149 -

SITUATIONS USED

We shall describe. the use of Generalising in Number Situations with an able
group of l4year olds; and of Forming and Solving Equations with a middling

but above average group, also aged l4.
GENERALISING IN NUMBER SITUATIONS

This material consisted of two gituations, Consecutive Numbers and Patterns
in the Number Square. The first involved recognising that the sum of three
consecutive numbers is divisible by 3, and extending this to 4, 5, 6, ...
numbers, eventually generalising to any number of consecutive numbers. The
method of denoting the numbers by n, n + 1, etc was introduced by the
teacher, and readily picked up and used. However, the resulting
expressions 3n + 3, 4n + 6, 5n + 10, etc were generally not read as
implying divisibility by 3, by 2 but not 4, by 5, etc, but regarded és the
end point of the task themselves, or else used to spot further patterns by

differencing.

The distributive law 3n + 3 = 3(n + 1) was shown, and accepted, but not

much used by the pupils.

In the second situation, a 3 x 3 box was chosen in the number square, and

the opposite corner numbers

\
\17 18 19
27 28 29
37 38 39

_added to give the same sum: 17 + 39 = 19 + 37; this was expressed
x + (x + 22) = 2x + 22 compared with'(x + 2) + (x + 20) = 2x + 22.

The f1nss were asked, working in groups of three, to find other such

LS
[E l(:‘s in this square, and in the addition and multiplication squares.
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A variety of these were found, and the 'significance of the use of the x as

“guaranteeing the generality of the result, across all possible positioné of

the box within the square, was generally gppreciated; However, none of the
class ventured.into the more difficult multiplication squdre. In an
operational situation, as distinct from a short exploratory experiment, it
would be important to include this and other more varied cases, as the
assignment of x (and y) to denote the number in a general cell takes
different forms, and the development of this experience is an important

teaching objective.
FORMING AND SOLVING EQUATIONS

This began with the following problems.

l. There are two piles of stones. The second has 19 more stones than
the first. There are 133 stones altogether. Find the number in
each pile.

2. This time the first pile has seven times as many stones as the
second; there are 40 altogether.

3. 3 piles; the first has 5 less than the third, and the second has
" 15 more than the third. There are 31 altogether.

Students were asked to solve the first two problems, no method being
specified. They did so, by trial, about half getting the correct answer to
the first,.the remainder halving the 133 before subtracting 19. They were
then shown how to solve the same problem using algebra. The number in the
first pile ‘'was denoted by x and the equation x + x + 19 = 133 formed and
solved to give x = 57, and the numbers in the two piles 57 and 76, which
were checked to add to 133. They were then asked to solve the same
problem, but using x for the second pile; thus obtaining a different

equation, the solution x = 76, but the same numbers for the two piles.
Following this they were asked to work, in groups of three, at solving the

third question, taking in turn each of the three piles as x; and to compare

their results. On the following day each group was asked to make up and

o 187
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solve 3 similar problems, two easy and one hard, to be attempted by another

group.

This led to a lot of insight into the way different x—assignments affected
the expressions, turning + into - and multiples into fractions. It also
led to an unexpected degree of richness in the problem statements. As well

as four bean bags and the number of pupils in three rival schools we had

"A nuclear scientist must complete 4 experiments to save the world, and
he has 23 days to do them in. The first will take twice as long as-the
second ..."
(I had originally wished to replace ‘'piles of stones' by a more exciting
basic situation, but had been unable to think of a similarly flexible one;

I needn't have worried).
CONCLUSIONS

In this last situation, the letters introduced were clearly '‘specific
unknowns'. But, as in Generalising, the main difficulties lay in
expressing relations such as 'pile 3 has 15 more stones than pile 2', when
pile 2 was x, making pile 3 'x + 15'; and more so when pile 3 was x,
needing a reversal to mske pile 2 'x - 15'. '10 less than x +-15' was

another step up in difficulty.

However, although this was observed as a serious obstacle for some students-
in the early lessons, on being offered the answer, they soon picked up how
to do it, and in the school examination question on this work, no student
failed to formulate an equation, though there were some reversal’
mistakes. It is hard to see any psychological distinction between "if this

"x may be any one of a

unknown number is x, what is 15 more than x" and
whole possible set of numbers; but y is always 15 more than x; how do we

write 1t?".

The most significant difficulty in this equation work concerned the
manipulation of the expressions obtained. For example, three piles
correctly obtained as x, x and x x 2 were added to give 3x x 2; even x, X

and 2% became 3(2x) in one case. This is not an error at the strates 'c
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x + 15 + 2x can be combined to give 3x + 15, why is the above collection
wrong? This involves considering how + and x operations commute and

associate.

Thus, with these classes, the distinction between x as a specific unknown
and x as a generalised number did not appear to relate to conceptual
difficulty. More important, it seemed, was the fact that in both types of
sitution, Generalising and Equation-forming, what was being denoted by the
X was a clearly recognised, almost concrete element of the well understood
gituation - either the number of stones in that pile, or the corner (or
middle) number in one of those boxes on the number square "like the 17 in

that one'".

It is also clear from experience with these situations that there are
'scripts' for dealing with generalising and with equation-use, and these
concen not simply the use of the x, but also the whole procedure, and the
modes of reasoning which are appropriate. In the one case it is forming,
solving, checking solution, and in the other assigning x and forming and

transforming two expressions until they are seen to be the same.
OTHER ASPECTS

Other modes of algebraic activity explored in this experiment included
developing one's skills at manipulating equations, and relating functions
and formulae, in particular 'reading' formulae to recognise the functions
embodied in them (such as in A = L x B, the relation between L and B with A
held constant). Details of these, and discusion of pre-post test results,

may be found in the full report.
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NUMBER NAMING GRAMMARS AND THE CONCEPT OF "10"
Garry Bell
Northern Rivers C.A.E., New South Wales, Australia.

This research investigated the influence of the structure of number
naming systems on children's numerical cognition. Four monolingual
English-speaking (ME) children (mean age 5.8) and four bilingual
Vietnamese/English-speaking (BVE) children (mean age 6.2) in the
same year 1 (first year of formal schooling) class were given 15
weekly individual teaching sessions in numeration and simple
numerical operations. Teaching. sessions were videotaped, and
subsequent analyses used the children's responses to chart the
development of their conceptual structures for "10". It was
hypothesised that the BVE children would evidence both different final
structures and different rates of development from their ME
comparators.  Significant differences both between children and
between groups were discerned, some children clearly demonstrating
an ability to reflect upon the grammatical structure of the Standard
Number Word Sequence.

A substantial amount of anecdotal evidence from the Australian teaching

profession points to superior performance on numerical tasks of students of
Oriental descent, and there is strong formal evidence of the same phenomenon
from international settings (Husen, 1967; McKnight et.al.,, 1987). Some of the
things that these students have in common include high motivation levels,
traditionally structured family backgrounds and a number naming ‘system
which may be described as transparent.

O
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SOME TRANSPARENT NUMBER NAMING SYSTEMS

VIETNAMESE' MANDARIN JAPANESE

1 mot yi ichi

2 hai er n

3 ba san san

4 bon si shi

5 nam wu go

6 sau liu roku
7 bay qi shichi
8 tam ba hachi
9 chin jui ku
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1y muor. sht U o
11 muoi mot shi yi juichi

12 muoi hai shi er juni

13 muoi ba shi san jusan

14 muoi bon ‘shi si jushi

15  muoi nam shi wu jugo

16  muoi sau shi liu juroku

23 hai muoi ba er shi san niju san

37 ba muoi bay san shi qi sanju shichi

The names given to the concept "13" -- "muoi ba"”, "shi san" and "jusan" --
contain semantic cues which reflect the decimal structure of the modern
counting system. Logic and conventional wisdom about how children learn
seem to suggest that such a number naming system may advantage young
children who use it in operating on numbers. From an information processing
perspective for example, such a system uses fewer "bits" than, say, the
Germanic or Romance languages, so some degree of cognitive economy might be
operative. )

There is clear evidence of these cultural differences in tasks of numerical
competence both at higher (Lesser, Fifer -and Clark,1965) and lower (Lui
Fan,1981) age levels. In some studies (Ginsburg, 1981; Posner, 1982; Hatano,
1982; Lancy, 1983), this differential in numerical performance has been
directly linked with language structures, while in others (Ayabe and Santo,
1972; Kitano, 1974;) an attitudinal explanation has been offered. Although both
Chinese and Japanese subjects have consistently shown significantly higher
competence on numerical tasks (Husen, 1967; Lui Fan, 1981; Stevenson et.al.,
1982,1985; Mcknight et.al., 1987)), and these cultures both use a transparent
number naming system, it may be that this artefact can be explained in terms
of a generally different cognitive (Tsang, 1984) or perceptual (Hsi and Lim,
"1977) framework, or even a fundamentally different school curriculum (Easley,
1983).

Certainly, the link between Standard Number Word Sequence structure
and children's early number abilities has not been adequately investigated.
Recent commentary on SNWS development for example, places little
significance on the relationship between the grammatical structure of that
sequence and children's mental representation of number.

" much of the development of the young child's numerical

abilities involves the rote learning of the first 12 or 13 number

words and the generative rules for producing the subsequent
number words.” (Gelman and Gallistel, 1978:79)
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“None of these authors tound evidence that children understood the
teens structure of the number words at the time they were
acquiring those words. The number word sequence thus seems to
be for young children an unstructured list until twenty (or perhaps
twenty nine), and then the decade structure is evident." (Fuson
et.al., 1983:54)

"...the English SNWS segment that contains all whole number words
from one to twelve must be fixed in the child's memory. After
thirteen a preliminary composition procedure may set in, and after
twenty a general one.” (Steffe, von Glasersfeld, Richards and Cobb,
1983:26)

The questions of whether children can become aware of the significance of
the structural aspects of spoken language by reflection, or whether language
can itself structure subconscious thought are still unanswered. There is
evidence, although not from the mathematical register, and more often from
adult subjects, that both phenomena occur. Meyer and Schvaneveldt (1976)
found consistently that a test word which is immediately preceded by a
semantically _related word ("green ..... grass”) will be more quickly recognised
than an unprimed test word. Fischler (1977) argued that semantic relatedness
is the main determinant of facilitation in lexical decisions. Both results seem to
indicate attention to components of the verbal stimulus. Taken further, these
results could perhaps be used to infer that a Vietnamese child who could
quickly recall "ba + bon = bay" (3 + 4 = 7) would employ similar structures to
recall "muoi ba + bon = muoi bay" (13 + 4 = 17).

The central aim of this study then, was to examine the influence of
number naming grammars on children’s numerical development. In particular,
it analysed the conceptualisation of "10" in young children from two linguistic
backgrounds which employ either a transparent (Vietnamese) or opaque
(English) number naming system. In doing so, it drew on an experimental and
theoretical framework recently developed by Steffe and his co-workers at the
University of Georgia.

A teaching experiment was undertaken with 5-6 year-old English-
speaking and Vietnamese-speaking children in the period July-November
1985. Initial individual interviews were conducted with 18 children from the
same year 1 (the first year of schooling) class. Tasks were derived from Steffe's
(1983) task sequence, and oriented towards assessing facility with the number
word sequence, both in English and the first language. Following these initial
interviews, 4 monolingual (English) (ME), and 4 bilingual (English and
Vietnamese)(BVE) children were selected from the same class on the basis of
broadly comparable performance on the standard number word sequence in
their fifst language. These children received individual instruction for 15-20
minutes each week for 15 weeks, spread over the period July-November 1985.

\
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Sessions were videotaped for subsequent analysis, and the overall orientation
of the instructional sessions was towards game aclivities designed to lead the
child towards the adult model of mathematical competence through the
fulfilment of the following objectives indicative of the ‘competencies required in
‘primary school mathematics:
1. --to foster compelence with the SNWS in English and the flrsl
language;
2. -- to build the conception of the number system as concatenations
of ten.
3. -- to develop the coordination of this sequence with presentations
of countable unit items;
4. -- to consolidate the operational schemes of each child;

Case study analyses focussed on the development of eac_h child’s meaning
structures for "10", and these structures were inferred from the video record of
each child's actions (or intentions to act) in ‘problem situations. The predicted
behavioural manifestations of the child's conc.eplual structure for "10", derived
from Steffe and von Glasersfeld (1983) were as follows:

CONCEPTUAL MANIFESTATIONS OF "10"

1. A SPECIFIED PERCEPTUAL COLLECTION.SPC) This refers to any
counted collection of 10 perceptual items that cannot be re-presented.

2. A PERCEPTUAL UNIT.(PU) Perceptual collections of 10, which are only
temporarily established in the visual field of the child, and which derive
salience only from the .items of the collection and the' patterns in which they “are
arranged, are abstracted through the ability to re-present counting activity,
which leads to the realisation that any two perceptual collections of 10 will
have a common feature -- if they were counted, "10” would be the result. -

3. A- COUNTABLE PERCEPTUAL UNIT.(CPU) If a child can coordinate the
Decade Number Word Sequence with specific perceptual units which each
contain 10 items, it is said that, for the child, these units are countable.

4. A FIGURAL PATTERN.(CFU) This is a pattern of 10 counted items that can
be re-presented. It may take the form of 2 open hands, or a figural image of a
bundle or base 10 long, or may have idiosyncratic significance. If it is '
coordinated with the DNWS it is called a countable figural unit.

5. A COUNTABLE MOTOR UNIT.(CMU) This type occurs in the context of
counting perceptual units of 10 using the DNWS, when a motor act like putting
up a finger or pointing with a finger is used as a subslllule for perceptual units
of 10 that are screened from sight.

6. A NUMBER WORD PATTERN.(NWP) If children are capable of re-
presenting and reviewing the results of a counting activity and pulling from it
the recurrent results of making intuitive extensions of 10, they are sometimes
able to construct a number word pattern from a point within a decade, "5, 15,
25,.." incrementing by implied 10 counts. '
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7. A NUMERICAL COMPOSITE UNIT.(NC) This conceptual re-organisation
enables the child to take a pcrccplual collecuon of 10 items as 1 unit, while
maintaining its numcrosity. This unit refers to any pattern of 10 that is the
result of an integration, the focus being on the elements and the patiern not
being taken as 1 thing.
8. AN ABSTRACT COMPOSITE UNIT.(AC) The ability to coordinate counting
by tens and ones when counting on, is symptomatic of the use of ten'as an
abstract unit.
RESULTS AND DISCUSSION

The research hypotheses for the children in the study were:

1. That the BVE children (Hao, Qyen, Ai, and Tony in order of age)
would exhibit some of the described conceptual manifestations
of 10 earlier than the ME children (Kim, Peter, Kylic, Sean).

2. That the ME children would not exhibit any of the described
conceptual manifestations of 10 carlier than the BVE children.
3. That the BVE children would exhibit conceptual manifcstations

of 10 not exhibited by thc ME children.

4. That the ME children would not cxhibit conceptual
manifestations of 10 not also exhibited by BVE children.

HYPOTHESIS | was accepted. BVE children Tony, Ai and Hao all evidenced
10 as an Abstract Composite carlicr than ME children, and apart from one
exception, the clear tendency was for BVE children to produce 10 as a
Perceptual Unit, 10 as a Countable Perccptual Unit, 10 as a Countable Figural
Unit, 10 as a Countable Motor Unit, and 10 as a Number Word Pattern carlier
than the ME children.

The notable exception was Kim, an ME child who autained 10 as a
Countable Figural Unit, 10 as a Number Word Pattern and 10 as a Numerical
Composite before any BVE child. She was the youngest of all the subjects, yet
she entered the study with competencies clearly in advance of her comparators.
Her Sequencing by 1 and Decoding routincs were observed to bc operative from
July, and her Sequencing by 10 routine attained an operative level in scssion 9,
before any of the other children.

Kim’s exceptional performance can be explained in terms of the fact that
she abstracted number before six of the other children. This, coupled with her
early mastery of the English homonymic transformations, enabled her to focus
on the components of a number name, make integrations on each component,
and anticipate the results of extending or contracting each.component.

HYPOTHESIS 2 was rejected. Kim's carly use of 10 as a Countable Figural
Unit, 10 as a Number Word Pattcrn and 10 as a Numerical Composite clearly
showed that it was possible for an ME child to auain these concepts before BVE
children. Yet, it has alfcady bcen noted in the discussion of HYPOTHESIS 1 that
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‘STRUCTURES FOR 10

(Showing the teaching session at
which each structure was observed
for each child)
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if Kim's performance is put aside, there was a clear tendency for BVE children
to attain more complex structures earlier. Certainly the structures attained by
Kylie, Sean and Peter (ME children) were slower to develop than those of the
other children, Peter for example never abstracting 10 as a Countable
Perceptual Unit, and Kylie only attaining it at the last session. .

HYPOTHESIS 3 was accepted. Tony, Ai and Hao (BVE chxldren) all
exhibited 10 as an Abstract Composite -- a structure not exhxbxled by any ME
child.

HYPOTHESIS 4 was accepted. There were no identifiable structures
exhibited exclusively by ME children.

GENERAL RESULTS .

The central aim of this study was to investigate whether children whose
first langua'gc employs a transparent number naming system develop
conceptual structures for "10” which are demonstably different from those of
children from an Englxsh speakmg background. Demonstrable differences in
both conceptual structure for 10 and rate of development of those structures
were found. Addxuonally. there were differences in the rate of development of
the Sequencing by 10 routine. These dxfferences were evident both between
children and between BVE and ME groups.

CLASSROOM IMPLICATIONS .

This study 'employed a case study approach, so it would be hazardous to
attempt to extend these results beyond the limits of sampling. - It has however
shown that some children appear to be capable of reflecung upon the structure
of verbal utterances and abstracting concepts of numeration as well as
techniques of addition from the information contained in those utterances. In
addition it showed that the structure of the English SNWS with its extensive

- reliance on homonymic transformations effectively inhibits- the " attempts ‘of

some children to abstract numeration conventions from the number naming
grammar.

This suggests that it may be appropriate to introduce young European
chxldren to alternative transparent Number Word Sequences in order to focus
their attention on the. isomorphism between the verbal and numeric
representations for number. Such ah'exposure (say, to Chincse, Japanese,
Vietnamese, Esperanto, or some olhcr invented system) could be justified not
only from a mulncullural but also- from a cognitive standpoint.

Future research should explore the usefulness of employing a transparent
number naming system to remediate numcralxon_ misconceptions and
algorithmic errors in older children. :
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THE KINDERGARTNERS® UNDERSTANDING OF DISCRETE QUANTITY

Jacques C. Bergeron, Université de Montréal
Nicolas Herscovics, Concordia University

Abstract

When the natural numbers are viewed as the means to
measure discrete quantities, the notion of quantity cen
then be considered as a pre-concept of number. This paper
reports the resuits of a study re?ardlng the kindergartners'
understanding of discrete quantity. Our investigation shows
that three distinct components of understandln? can bhe
found among this age group. All 24 chiidren tested Indicated
the? had an intuitive understanding as evidenced by their
abillty to estimate quantity on the basis of visuel
perception. A more advanced {evel! of comprehension , that
of procedural understanding, was evidenced when each
chiid proved able to use procedures hased on one-to-one
correspondences: to constructs sets that were larger
smalier, or aqual than & gluen one. / third componen of
understanding, thet of abstraction, was studied through
verious tasks ascertaining the subjects' ability to perceive
the invariance of guantity with respect to various surface
transformaticns, that is, changes in the disposition of the
objects which did not affect the given quantity.

If one views the natural numbers teleologically, that is in terms of their utilization,
one must take into account both their cardinal function, which enables us to
measure the quantity of objects included in a discrete set (Vergnaud,1979) and
their ordinal function which enables us to determine the rank of an object in an
ordered set. Thus, it can be seen that the concepts of quantity and rank are in a
sense fundamental schemas on which the notion of number can be built. This
distinction leads to a finer discrimination between number, which is a mathematical
construct, and quantity and rank, which are rather physical constructs. The
children's understanding of these physical quantities has often been confused with
their understanding of number as for example in Piaget's classical experiment on
the conservation of "number" (Piaget & Szeminska,1941/1967). In fact, since in his
test, subjects are not required to enumerate any of the rows of objects, the notion of
number can hardly be invoked and thus the task should be considered as
pertaining to the conservation of quantity.

- We'wish to ‘thank our research assistants Anne Bergeron and Marielle Signori
whose suggestions have improved the quality of both the tasks and the questions.
Q search funded by the Quebec Ministry of Education, FCAR Grant EO 2923
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Thls 655! yea; ~we .h“ave‘ ;nvét;ﬁgated the kindergartners' understanding of discrete

quantity and of the notion of rank. We report preliminary results of this ongoing .
study in two companion papers. The present one deals with quantity.

In our analysis of the notion of discrete quantity, we have postulated three distinct
components of the child's understanding of this conceptual schema. A first
component which can be viewed as an intuitive understanding of this concept
reflects a type of thinking based essentially on visual perception. At this’ level,
children can easily compare two sets and estimate visually who has more and who
has less, or if one has as many as the other; in comparing two sets they often can
determine by mere perception which one has many and which one has few or

little. :

A more advanced level of operation is involved when children can actually use a
rational procedure enabling them to make these judgments about quantity with
reliability and precision. The acquisiton of such means can be perceived as
bringing about a higher level of comprehension which we describe as procedural

understanding . The notions of ‘more’, ‘less’ and ‘as many' can all be assessed by
using procedures based on one-to-one correspondences. While still being
non-numerical in the sense that no enumeration is involved, such procedures can
be carried out physically by the children and provide them with an assurance which -
they cannot obtain from mere visual estimation.

Still a more advanced level of comprehension is evidenced when the child's
conception of quantity becomes more stable and can resist verious surface
transformations. Piaget's conservation of quantity is one such example. Young
children believe that after one of two equal rows of objects has been elongated, it
somehow must contain more than the other row. There are many other such
transformations which can test whether or not the concept of quantity is firm enough
inthe subjects’ mind to overcome the emroneous information they obtain from their
visual perception. This detachment from visual perception leads them to a level of
understanding which we call abstraction. Of course, it does not occur all at once,
and in fact one can usually establish a hierarchy among verious tests assessing
the invariance of a given concept with respect to specific transformations.

The present paper describes the many different tasks we have designed to assess
the kindergartners' knowledge of quantity, as well as the exact wording of the
questions. These tasks have been used in semi-standardized interviews with 24
children (average age 5:8) coming from three different schools in Greater Montreal.
The interviews required one session of about 30 minutes with each child. Each
interview was videotaped .

Intuitive understanding

The intuitive understanding of quantity was assessed through two tasks based on
visual estimation. In the first task, the interviewer laid cut 25 identical cubes in front
O __ibject and 7 cubes in front of herself while asking:
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Here are some cubes for you (25) and here are some for me (7).

(a) Just by looking at them, can you tell me who has more, you or me ?
(b) Can you tell me who has less, you or me? T

(c) Can you tell me where there are many?

(d) Can you tell me where there are few (if needed,not many)?

All the children interviewed answered these questions without hesitation thus
indicating that they could handle these visual estimations with ease. Only two.
children did not understand the word “few” but they grasped the meaning of “not
many”. Hence even among the youngest children in' kindergarten, between the
ages af 5 and 5/2, these .subconcepts and the vocabulary associated with quantity
have been acquired. o ' :

The second task was aimed at testing the child's visual estimation in the context of
equal sets. Two sets of identical cubes were laid out randomly, one set in front of
the child, and one set in front of the interviewer: )

(a) Here is 8ot for you and here iz a set for me. Just by looking at them,
can you tell me if you have as many ae | have? (if needed, the same
as | have) . :

(b) What would you do to make sure? (and if the child suggests counting)

(c) Do you have another way to make sure, without counting?

Among the 11 younger children in our sample (aged from 5:3 to 5:8) 5 of them
could not estimate visually if the two sets were equal. Among the 13 older children
(aged from 5:9 to 6:2), there were 4 such subjets. There seems to be some difficulty
at the level of vocabulary. In French, the words we use are *En as-tu autant que
moi*. Several children do not understand this and we then resort to other

expressions such as “En as-tu pareil que moi?" ‘o “En as-tu la méme chose .que
moi?" -

The additional questions have proved informative. All except five children
suggested they could make sure that the two sets were equal by counting. This is
clear evidence indicating that the numbers learned by these children have acquired
a very strong cardinal meaning. Only a few of the children could think of other
means of comparison. A couple of children. suggested putting the sets in a
one-to-one correspondence and a few others made a rectangular array of 2x4 with
each set of cubes and then indicated that they were the same shape.

Procedural understanding

The tasks wete designed to assess if the children could use a one-to-one
correspondence in comparing two quantities. The interviewer aligned eight green
ubes in front of the child and gave him or her 10 red cubes while raising the
tollowing questions: '
Here is a row of green cubes, and I'm giving you these red cubes.
d'-\ Can you make me another row just like mine? The child will usually lay
E MC out the 10 cubes. Do you think that we have as many cubes in one row
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ag in the other? How can we make them the same?
(After sach task, the child's row is removed)
(b) Would you now like to make a row with more cubes than in this
one?
(c) Can you make @ row where there are loss cubes than in thie ene?
(d) Can you make a row where there is che mere cube then in this cne.

These tasks ware aimed not merely at verifying if the child could recognize these
quantified relationships but if the subject could actually use a one-to-one
corespondence to generate these required sets. Using the interviewer's row as a
tempiate, all 24 subjects were able to generate an equal set. Only one child failed
to construct a row with more cubes, while two subjects failed to produce one with
fower elements. Surprisingly. it is the last question which seemed to cause some
difficulty. Six of the 24 children (three in each age group) were unable to generate a
set which contained one meore cube than the given row.

Abstraction

As mentioned in the introductory remerks, abstraction refers to that level of
understanding associatéd with the construction of inveriants. Four distinct tasks
have been designed to test the child's perception of the invariance of quantity: with
respect to the visual perception of the slements, with respect to their random
configuration, with respect to the elongation of a row, and the classical Piagetian
conservation task. In the words of Freudenthal (1983,p.84), these tasks ere aimed
at testing the invariance of a set of discrete objects under a chenge of perspective
and under “shake" transformations, that is, resulting from a changed disposition of
the set.

SUaL percepuon of e ¢ eNts
Prior research (Anne Bergeron, N.Herscovics, J.C.Bergeron,1986; L.Steffe, E.von
Glasersfeld, J.Richards, P.Cobb,1983) has shown that children expsrience great
difficulties in counting pertially hidden sats. Steffe et al.have coined the expression
“perceptual units” to describe the situation when distinct objects ere parceived
by the senses, be they visual, auditory, or motor. Reseerch reparted by A.Bergeron
et al. indicates that the visibility of all the objects in'a row.of chips can bs a crucial
factor in the child's perception of cerdinality. In fact, they reported that  with six
chips covered in front of them in a row of 11 , some children only counted the
visible ones when asked how many chips cltegether were glued en the
large cordboerd? Most of those who were asked to count on from 6, continusd
o count on fo eleven but were unable to say how many chips were- on the
cardboard they had just enumerated. The most common procedure used by
children was figural counting (Steffe et al.1983) which refers to the child’s
enumeration of imagined units while pointing with a finger over the hidden part of
the row. In most cases, subjects using this strategy failed to amivé at a correct count
although they all knew the number of chips being hidden. Clearly, the perception of
units was of prime importance in the child's construction of numerical units. Thus
QO stigation of perceptual units with regerds to quantity, in @ non-numerical
E MC was of great interest. .
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The first task involved a row of 11 chips glued on a cardboard. The child was told:
Here is a large white cardboard wi  th chips dued toit. Look,i'm cov enng

apattofit. . [oe0eecec00e| » [<uoseseses|

MNow, do you think thet there ero m  ore chips than befere, loss dnps “then
bofere, or the came ameunt a2 befo. re, on the lerge white cardboard?.

In-case the-child might construe that the three hidden chips should not be teken in
- consideretion because they were at one extremity, this was followed up with a
_second task in which three middie chips were hidden. And since the child might not
understand that the whole cerdboard was involved, & third type of situation was
presented. The interviewer aligned 10 chips in front of the child and provided him or
her with another sat while asking for another row right next to hers. The subject was
then asked if the two sets were the same. The 3 chips of the-interviewer's row were
covered by a small cardboard and the question was raleod whether or not the two
rows still had the same amount of chips.

The results are quite striking. Only gne anye ‘child thought that the row with the
cerdboard hiding three d'nps had the same amount as before in the first two tasks,
“and that the two final rows in the third task were equal. Every other child stated that
the quantity had changed. Thus, the three tasks produced an extremely consistent
behaviour. Hiding a part of the set in front of the child removed the hidden objects
from their consideration. Many subjects stated this quite openly: “When you hidé the
chips, it is as it they are not there anymore™. 1t might be argued that this kind of
responss is induced. Perhaps the child associates hiding with some kind of game
and ignoring the hidden pert is some kind of make believe behavior. In view of this
conjecture, we repeated thess three tasks in even simpler situations. Of course,
these new tasks were not carried out at the same time as the first ones, but during
the second interview. .

The child was presented with two cardboards on which 10 chips were gued. They
were placed next.to each other so that the subject could establish through an
obvious one to one correspondence that the same quantity was involved. Both the
child and the interviewer put one such cardboard in & plactic bag, the child's bag
being completely transparent and the interviewer's being pertially opaque so as to
hide three d'ups

Lxmnnn

The sub|ect was then asked:
Now in your beg. do you have tho same amount of chipo as | havo in
my bag? )
For the other two tasks involving a ange cardboard, plastic bags were provided,

~ the opaque part hndng reepecuvely the last three chlps and the midde three chips
in the row. .

In these last three tasks the wording of the Questions was such that there could
rdly .be any mlsunderstnndng The “chips in the .bag" could not be taken as
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meaning the “visible chips”. The hiding now was no longer. active but incidentel.

Thus no hiding game could be inferred. Yet, the responses of the 24 .subjects

changed but little. Only two more children stated that the quantity was the same in

the bag. These results indicete the extent to which the child depends on visual

thinking. Even when touching the hidden objects in the plastic bags, our subjects -
stated without any hesitation that there were fewer objects present in them.

Another sst of tasks with the invariance of the guantity of objects with respsct
to their random configuration. A sst of 9 cubes was disposed randomly before the
child. The interviewer then very carefully, using one finger to spread out the set,
dieplaced one cube at a time, making sure that the objects ware at all times visible
to the child. Prior work had shown that it was important to perform this slowly and
with care for otherwise the subject might believe that through some sleight of hand,
some cubes had been removed or added.The child was then told:’

Hero are seme cubes. Take a geod look. | am going to move them
around. if | put them like this (spreading them out) can you tell me if there
are mow more cubes, or less cubes, or the some amount of cubes &e:
before? . e

The same pattern of questioning was usad later on in the interview to verify the
effect of contraction of a sat of randomly displayed cubes. .

Comparing the responses to both the disparsioh and the contraction tasks provides
an indication of the stability of the child's percaption of this particular inveriance. Of
the 24 subjects in our sample, 13 thought that the quantity had not changed in
either task, while 6 pupils believed that the quantity had changed in both cases.
These two humbers add up to 19 which reprasents an indox of stability of 79%. The,
remeining 6 children (three from each age group), that is 21% of our sample, must
bs considered as fransitional, since their answers varied in both tasks, three of -
them believing ‘that the quantity had changad in the expansion but not in the
contraction. These results seem to indicate that the surface covered by the cubes,
that is, the space they occupy, might be a determining factor for those children who

thought that the quantity had changed. .

This conjecture could easily be verified with the next two tasks. The first one had the
8 cubes in a paper plate. The 8 cubes were then moved around in the plate.Since
the space occupied did not change, this would verify if the-mere act of moving the
cubes would have any effect. We also provided an additicnal task in which the plate
of cubss was simply roteted in front of the subject. '

Results were rather surprising. Questioning the children who thought that quantity
had changed in the dispersion and contraction tasks revealed that nearly all of
them (five out of six) thought that the quantity had changed when the cubes where
moved eround in the paper plate. This indicates that the mere moticn of the objects
‘without any change in the space occupied can affect the child's perception of
quantity. The rotation of the plate proved somewhat more. successful since four of -
“{3™ six children stated that it did not affect the quantity. The responses of the
Mc‘tional group proved to be_mixed. Two of the five children thought that quantity
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was affected by both the motion within the plate and the rotation of the plate, two
children stated that quantity was not affected in either case, while one child
believed that it was affected in the first case and not in the latter one. As expected,
-all the children questioned from among those 13 who did not think that quantity
had varied with dispersion or contraction responded that it did not change in the
last two tasks.

SF 2 longaton of a

The last tasks on the invariance of quantity dealt with the visual impact of the
elongation of a row. The first of these involved 11 cubes which were aligned in a
row in front of the child following which, the cubes were then spaced out evenly
resulting in an elongated row. Children were told:

Here is a row of cubes. Look, I'm going to sproad them out. Mow do
you think that there are more cubes,less cubes,er the same as before?
The next task was the classical Piagetian test on the conservation of quantity. The
interviewer laid out a row of 7 cubas and handed out 10 other cubes to the child.
The excess cubes were removed while the child confirmed that there were the
same amount of cubes in both rows. Following this,one of the rows was slongated
and the child was asked: Mow do you. think that there is one row where
there are more or do you think that the two rows have the sam
amount of cubes? .

Of course, the elongation task proved to be much easier than the Piagetian test. All
the 13 children who perceived the invariance of quantity with respect to disparsion,
contraction, displacement, and rotation, also perceived its inveriance with respect to
elongation. Of the five children in transition, only one succeeded on the elongation
task; two of the five children who did not percaive the inveriance with respect to
dispersion and centraction did succeed. Thus in total, 13 subjects were successful
on this task. On this basis, this invariance is barely more accessible than that due to
dispersion. ) : .

The Piagetian test was more difficult since the mere visual perception of the two
rows of differant lengths creates a cognitive conflict, the child often believing that
the elongated row must now. contain more elements. Ten of our 24 subjects (42%)
were judged to conserve quantity. Eight of these belonged to our 13 students who
had been successful on every prior invariance task except the ones on visual
perception of the units. But surprisingly one student came from the transitional
group and one from the group that did not perceive the invariance of quantity with

- respect to configuration. Another important difference was to be found between the
two age groups: only 3 out of 8 children (27%) in the younger age group conserved
quantity while 7 out of 13 in the older age group (54%) did so too.

By way of conclusion

These research results bring out the fact that the notion of discrete quantity exists in
the child's mind independently of numeration. In fact, the data shows that the
kindergartners’ conception of discrete quantity is quite extensive and that they have
O -numerical procedures to deal with many of the related problems. Of course, the
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resulis also show that the abstraction of quantity, that is, the psrception of its
inveriance with respect to surface transformations, is an ongoing process. The
verious tasks we have designed provide sufficient information to esieblish a
hierarchy among these different inveriances. The following hiererch is based on
the success rate of the above tasks:

N Eq’_cmxags_

rotation (of plate with cubes) 19 79%
displacement within same space 17 71%
elongation of a row 16 67%
random contraction of a set 16 67%
random dispersicn of a set 15 63%
comperison of elongated row (Piaget test) 10 42%
the visual parception of objects (in the bag) 3 13%

the visual perception of cbjects (hiding cardboard) 1 4%

The information communicated in this paper dsals with the notion of discrate
quantity, a pre-numerical concept which is the foundation of cardinality. An equally
important pre-numerical concept is that of the ranit ef element in an ordered
set. That perticulesr aspect is pressenied in a companion paper, The
infergarinere’ understanding of the m‘enm of ramk, by N. Herscovics and
J.C.Bergeron.
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A REVIEW OF RESEARCH ON VISUALISATION IN MATHEMATICS EDUCATION

Alan J. Bishop
University of Cambridge
Department of Education

ABSTRACT

The aspect of visualisation in Mathematics education has not
attracted much research attention in the recent past. Nevertheless
it is felt by many Mathematics educators to be important in the
education process. There have been some significant studies which
do have interesting implications for both research and practice, and
this review surveys the current situation. The review is in three
sections, the visualisations themselves, the process of
visualisation, and teaching in relation to visualisation.

1. INTRODUCTION

. This review builds on and extends from earlier reviews written
-either by the author or by others (Bishop, 1980; Bishop, 1983; .
Bishop, 1986; Clements, 1982; Presmeg, 1986b; Mitchelmore, 1976) ‘but
will be restricted to the notion of ‘visualisation’. This construct
interacts in the research literature with the ideas of imagery, '

" spatial ability, and intuition, but’it is certainly not-the case
that visualisation has been felt to be a significant research area
in mathematics education in the recent past. Whilst searching the

- literature in preparation for this review, it was surprising to
discover that in the J.R.M.E. listing of 223 research articles in
1985 only 8 were remotely connected with the topic, that in the same
listing for 1986 only 7 out of the 236 articles were related and at
PME XI no papers were specifically focussed on.visualisation in
mathematics education. ‘ . .

-

2. THE °OBJECTS  OF VISUALISATION

Mathematics is-a subject which is concerned with objectivising

and representing abstractions from reality, and many of those .
representations appear to be visual i.e. they have their roots in
visually-sensed experiences. These visualisations may be relatively
primitive, i.e. imagining a particular door handle being rotated, or
they may already be relatively abstract, i.e. an imagined right
angled triangle inscribed in a circle. They are clearly of
significance in mathematical activity, as witnessed by writers such

- as Hadamard (1945) and they have  been of interest to same :
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researchers for many years.
'I‘he first point of interest is that v1sua115at10ns {as I .

. shall term these phencmena) are a very individual matter. There is a
wide range of .visual imagery used by individuals even when restricted
to mathematical activity. Presmeg (1986b) lists five different kinds’
of visual imagery which she identified in her students?

1. Cmcrete, pictorial imagery (plctures—m—the-mlnd), i

2. Patt;.ern imagery (pure relationships depicted. in a v1sua1-spat1a1

scheme); -

3. Memory images of formulae;

4. Klnaesthetlc imagery {involving muscular activity e.g. fingers
‘walking “); .

S. Dynamic (moving) imagery.

Moreover the students. did not stay with only one of those types, but
used different ones in different situations.

. " The range of visualisations generated by individuals is
therefore an important factor to keep in mind. The quality of the
visualisations- generated also appears to vary in a marked way, with

.+ ‘vividness of imagery? being a favoured construct (see, for example,

- Richardson, 1977 and Sheehan, 1966) Presmeg (1986a) for example,
found that °‘vividness of mages did help her students, particularly
in memory situations: "Memory images of formulae, and pattern
images, are two types of. imagery which provide a quick means of
recall of abstract general principles and procedures, the former -in
a concrete mage which encapsulates a procedure, the latter in a
more schematic image which stressed regularities" (p.301).

Other qualities of visualisations often appear in a negative
frame, relating more to’the obstacles which they can create. For
example, Hoz (1981) refers to what he calls "geometrical rigidity"
caused by a child being unable to “see’ a diagram in a different
way. - Related to this is the case where the orientation of the
shape is tied too firmly with the shape itself, and for some )
.children it really is a challenge to draw an isosceles triangle
which- is also right-angled. Fischer’s (1978) research suggests that
the preference for “upright’ figures is very deep-seated, and .
appears not to be affected by particular kinds of instruction.

Other familiar examples of problems caused by. the :
rigidity and symbolisation of visualisations are 111ustrated in the -
research of Hart (1981), Kent (1978) and Kerslake (1979).

Presmeg- (1986b) summarised these kinds of difficulties

experienced by the ‘visualisers” in her study as follows:
. the one-case concreteness of an image or diagram may tie
thought to irrelevant details, or may even J.ntroduce false

. - data,

-2. an image of a standard figqure may 1nduce inflexible thinking
which prevents the reoogmtmn of a concept in a non-standard-
d:Lagram, .
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3. an uncontrollable image may persist, thereby preventing the
opening up of more fruitful avenues of thought. (This
difficulty is particularly acute if the image is vivid.)

4. especially if it is vague, imagery which is not coupled with
rigorous analytical thought processes may be unhelpful.

However she also caments on the power of the generalised graphic
schemes recognised by Krutetskii (1976) and the pattern imagery
illustrated by the work of de Groot (Harris, 1980). She shows in
her transcripts the positive value felt by pupils of having certain
kinds of visualisations available. ’

We have clearly moved on in our knowledge fram
merely believing that all visualisations play a useful role in
mathematical activity, to understanding something of their features
which contribute significantly to that role. It seems therefare
that more attention needs to be paid in research to the particular
qualities of visualisations in order to understand more about which
visualisations are more helpful than others in a given mathematical
situation. ' :

3. THE VISUALISATION PROCESS

) The visualisations to which we have been referring
don’t just happen by accident. The process of visualisation in
mathematics is recognised as a camplex one but one which is
important to try to understand. Once again the focus has been on
the individual nature of this proces,and recently there has
developed a strong research interest in learners who seem to excel
in it. The so—called ‘visualisers’-~ those prcblemsolvers who
prefer to use, and use well, visual processing ~ are now a
well-studied group. Krutetski (1976), Moses-(1977), Presmeg
(1986b), Lean and Clements (1981) and Suwarscno (1982) are just
same of the researchers who have focussed on this area, and have
helped to move the field away from the rather sterile
factor-analytic and psychametric studies of spatial ability which
characterised much of the earlier research. It is perhaps just
worth noting, in passing, that it was the study of Guay et al.
(1978) which finally convinced many pecple that the psychametric
approach was inappropriate for studying the visualisation process.

" But what then can we learn about the process of
visualisation?

Presmeg (1986b) states "A visual method of solution is
one which involves visual imagery, with or without a
diagram, as an essential part of the method of solution,
even if reasoning or algebraic methods are also employed”.

Moses” (1977) ‘degree of visuality’ score was based on
"the mmber of visual solution processes (e.g. pictures,

Q .
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graphs, lists, tables) present in the written solutions”.

Krutetskii s (1976) ‘gecmetric type’, "felt a need to
interpret visually an expression of an abstract
mathematical relationship and damonstrate great ingenuity
in this regard".

Suwarsono ‘s (1982) visuality score was high "if the
correct answer was obtained and reasoning was based on a
diagram (drawn by the pupil) or on same ikonic visual image
(constructed by the pupil)”. .

At its simplest then, the visualisation process appears
to involve the learner constructing scme kind of visualisation and
using it appropriately. Let us analyse this further, though. In
the problem solving situation, ‘appropriately” clearly means ‘to
help obtain a solution’. It is surely helpful however to have a
broader notion than just ‘problem-solving ‘because obviously the
visualisation process needs some sort of trigger or stimulus, so
different tasks will stimulate different images. For example, a
task such as "Find as many figural representations of 2x3=6 as you
can", is likely to evoke a very different response fram a problem

. like "what face of the dice is on top if the 2 is facing .you, the 3

E

is on the right and the 6 is at the bottom". Not any visual image

will do for this purpose, so once agam it needs to be an
“appropriate kind of visualisation® - we saw in the previous
section same of the negative effects of particular visualisations.

One implication of this analysis is clearly that if we

want to understand more about the visualisation process, we need to
study it in a variety of task and stimilus contexts, and to move
away from just ‘problem-solving’. One hint from Presmeg’s (1986a)
study is "Apparently when a topic is first taught, a visual
presentation often aids visualisers’ understanding, but practice of
the procedure or formula may lead to habituation when an image is
no longer necessary. In other words, facility led visualisers
away from visual methods". This aspect is also referred to by Lean
and Clements (1981) in relation to the Moses study (1977) in which

most of the problems used were too difficult for almost all the
students (p.272). Clearly ease or difficulty of the task is one
feature of the stimulus context. It would therefore be interesting
to discover just how stable across tasks and other contexts the
construct of ‘visualiser” is. The assumption of ‘once a visualiser
always a visualiser ~ is clearly being challenged. What is
important for research however is not how valid or reliable is the
label, but what do we learn from such children about the
visualisation process. .That is what attention now needs to be
firmly directed towards.

47 VISUALISATION IN EDUCATION SITUATIONS

This the third aspect is intended to focus attention
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away from the predominantly individual considerations of the first
two sections of this review. Same studies fall into the category
of ‘training’ and Lean (1981) has summarised these (reported in
Bishop, 1983). He concluded:  "The evidence...indicates that these
various skills (involved in interpreting figural information) are
trainable given the appropriate experiences". He did not however
find any evidence showing the success of training in visual :
processing. Indeed this is not surprising in view of the highly
individual nature of visualisation which has been found. -What, one
might ask, can ‘training” mean in this context? .

Of more interest are studies like Mitchelmore (1980 and
1984), Marriott (1978) and Bishop (1973) which deal in different
ways with aspects of the material enviromment which interact with
visualisation. For example, Mitchelmore (1984) interpreted his
findings of relatively weak spatial and visualising skills amongst
his learners in Jamaica in this way: "Many hames in Jamaica lack
special play equipment for children. They have fewer toys...The
effect of such a hame envirament is dramatized by the exceptions
that come to light...such as the grade 4 son of a mechanic with a
workshop at his house and the grade 6 boy who often helped his
mason father; both boys did outstanding work on symmetry in rural
classes consisting mostly of farmers® children" (p.139).

From studies like these there is same evidence that a learning
envircnment in which structured and manipulative materials
predaninate can help to encourage the creation of visualisations
and thus the visualisation process itself. This kind of research
is being up—dated by current studies of the influence of computer
environments (see for example, Noss, 1987 and Hoyles, 1987).

Mention of the teacher there reminds us that there is a
strong role to be played by the social, as well as by the material,
environment. For example in all the studies reported so far in
this section, the role of the teacher (or in ane case the two
parents) has been assumed as benign. Certainly the teaching shown
in Kent and Hedger s (1980) study appeared to be very helpful, fram
the perspective of visualisation.

However, Presmeg’s (1986a) study was much more
informative because it focussed as much on the teachers as on the
pupils. By using the same tasks to assess the visuality of the
teachers as she did for that of the pupils, she grouped the
teachers into three types, and analysed their teaching styles.

Of particular interest was how these different teachers
interacted with the “visual” pupils. She says this: "In the
classes of teachers in the non-visual group, it was found that
non-visual teaching had the effect of leading visualisers to
believe that success in mathematics depended on rote memorisation
of rules and formulae". "Visualisers in classes of teachers in the
middle group appeared to benefit from a teaching stress on
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abstraction and generalisation which was associated with this group
of teachers. Pattern imagery and rapid use of curtailed methods
were encouraged in the thinking of visualisers with these
teachers."” "Teachers in the visual group were unanimously positive
in their attitudes towards visual methods, but they were not always
able to lead visualisers to overcome the difficulties, and to make
optimal use of the strengths, of visual processing” (pp.308-9).

’ It is clear that because’ v:Lsuallsatlon is such a personal and
" individual matter, the teacher ‘s role is a subtle one. Certamly
there need to be many more ‘studies which take the teacher’s .
visuality into account, whlch look in detail at the kinds of
teachmg which the teacher’s own visual processing develops, amg -
which examine the effects of these on the md1v1dua1 pupil ‘s
processes.
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ACQUISITION OF MEANINGS AND EVOLUTION OF STRATEGIES IN PROBLEM SOLVING
FROM THE AGE OF 7 TO THE AGE OF 11 IN A CURRICULAR ENVIRONMENT

Paclo Boero , University of Genoa

" This feport deals with the aim of observing the development of
the ability to solve arithmetical (word) prob;ems from the age
of 7 to the age of 11 in a "curricular environment”(a cohplete
teaching project concerning all subjects taught in the Italian
primary school) .Regarding the solving of arithmetical problems
in particular,the project focusses on the development and use
of verbal language,and the development of problem-solving stra=
tegies by means of the resolution of arithmetical problems with=
out numerical data in various fields of experience and through
the gradual progression from spontaneous calculation strategies
to standardised calculation procedures.One reason why this re=
port may be of interest is that'concerning certain crucial que=
stions related to problem solving,it allows comparisons to be
made with research carried with different methodologies in dif=
ferent experimental situations.

1. INTRODUCTION

This report deals with certain aspects of the development of the ability
to solve arithmetical (word) problems in children aged 7 to 11.It studies
in particular thé relationship between the nature of the problems proposed
(physical variables,...)‘and the types of reasoning which children employ
in order to solve them,the relationship between the planning of the sequen=
ce of operations to be carried out and the calculation strategies ccnducted
on numerical data,and the relationship between the development of verbal a=
bilities and the working out of strategies. '

In what will of necessity be a somewhat schematic form,this report pro=
poses to point out certain phen&mena which were noticed in a "curricular
environment”:we have followed children as they progressed from the age of
7 to the age of 11,in the classroom,while experimenting a project which
dealt with all subjects taught'in the Italian primary school(particular at=
tention being paid to linguistic education).In this sense,the report provi=
des elements for comparison with many other articles on problem solving.
Most of these articles are based on systematic,very accurate,but short-term
‘\) ations,which often are carried out in the context of a curriculum on
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which the researcher has no influence and\ of which he does not even know
all the details (this applies particularly to subjects other than mathema=
tics). _

Paragraph 2 will outline the situations in which the children were obser=
ved;it also explains the methods of observation used,and the tools employed
‘to niake a comparison with a reality much vaste than the one we analysed,and
to which this report refers. )

Paragraph 3 presents the questions with which the classroom observations
were concerned, the analysis of the infomat‘.l.ons gathered and some conclu=
" sions which emerged from this work
Paragraph 4 contains a. description of some partJ.cular examples of pro=

blems th.ch I regard as tpr.ny.ng the conclusJ.ons presented in paragraph 3.

2.THE EXPERIMENTAL SITUATION

The observations which form the basis of the present réport were’ conducted
within the framework of a complete teaching project related,‘to all subjects
in the Italian priniary school (6 to 11 years).The planning of this project
began in 1977,and the project J.tself was put into effect in 1980/81.This
project J.nvolves now 120 classes. 'rhe teacher 's work is guided by detailed
outlJ.nes of the content of the -work to be done in the classroom,and how to
handle it.Starting with the second class (7 years),the children are gJ.ven

- guided worksheets on the various teachJ.ng units and the varJ.ous subjects
which the pro;|ect J.s concerned with The extent of the worksheets is increa=
sed gradually.For every class there is a standarcﬁsed test(based on "open"
quest:.ons) half-way through t'_he year and at the end of the year.

This report refers particuldrly to four classes \_mder observation: two of
which were followed between the ages of 6 and 11,and two between the ages .
of 6 and 10.As far as problem_ solving is concerned, the methods of observa=
tion and analysis of the children's perﬁormance_ employed were the Afollowing:
- a systematic gathering of the original texts written by the children on-

all the problems that they worked on individually (about 20 each year in

each class) ) . ]
- periods of observation (from 5 to 10 in the course of each yea‘r) by a re=
searcher preseht in the classroom during the solving of particular.problems.
- taped recordingS(carried out by the teacher:or by the researcher during

o his periods of observation) of interaction between‘me children or of in=

RIC 195

Aruitoxt provided by Eic:



- 179 -
. teraction with the teacher. )
- sporadic observations and reports by the teachers.
As for comparison with the other classes involved in the project,this
was achieved by means of the standardised tests conducted half-way through
and at the end of the year,and by collecting the written texts of inﬁivi=
dual children on particularly interesting problems,which had been pointed
out to the teachers in advance. - : )
With regards to the matters discussed in paragraph 3,the following di=
dactic choices made for'toe classes under.observation seem to be relevant:
- the majority of the problems presented to the children in teaching units
between the ages of 6-7 to 11 were related to economic matters,natural
phenomena (like shadows),or the depiction on paper of real spacia; situa=
tions (topographic maps,etc).

- some of the problems presented to the children did not contain numerical
data:the children were asked to plan a strategy to solve the problem

- in the majority of cases the problems,are handled in the classroom in the
following way{first the children work individually,then they compare the
strategies they adopted to solve the problem

- before the children are taught written techniques of arithmetical calcu=
lation the teacher points out some general procedures which are based on
'the calcultatlon strategies employed spontaneosly by the chlldren

- from the age of 6-7 years,particular emphasis is placed on the ability
to report in writing about the processes and experiments conducted by
the class,about the solving of mathematical problems,and about the proce=

dure for handling geometric and graphic work.
3.THE QUESTIONS EXAMINED

) Further on,when I speak of "solving strategies" ,I will be referring to
the sequence of operatlons chosen by the pupil in order to solve an arith=
metical problem (including posslble practlcal technlques involving coins

or strips of paper or the making of graphs,etc.).when I speak of "calcula=
tion strategies",I will be referring to activities involving numbers,which
produce intermediate numerical results or a final solution of a problem.
.When I speak of "calculation procedures" I will mean the making of calcula=
tions following routine procedures which have already been explaineﬂ to

the pupils,and which they recognise.

\) Ls well-known that in many cases it is difZficult to distingoish bet=
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ween these elements involved in the solving of arithmetical problems.Howe=
ver, there are arithmetical problems,which are widely employed in our clas=
ses,in which it is possible to induce the children to concentrate their at=
tention on solving strategies or on calcultation strategies (see par.4)

3.,1.E*perience fields .and strategies employed:regarding the solving strate=

gies and the calculation strategies employed,what is the role of the "expe=
rience field" proposed by the teacher {economic problams,problems of time
span,etc) for the development of the skills involved in the solving of arith:
metical problems ?As the examples in paragraph 4 will show in more detail,
regarding the relevance of the "experience field"in helping the child to un=
derstand the meaning of certain arithmetical operations andsolving stra=
tegies,our observations tally with the results of other research that has
been carried out. The contribution that certain "experience fields" can
make to the development of calculat_ion strategies also seem to be relevant.
This applies both to the propert_ies of the operat_ions implicitely employed
by the child,and to the identification of general calculat_ion procedures.
One interesting result of our observat_ions is that when it comes to making
implicit use of the propert_ies of the operations the ¢hild immediately
seems to be able to perform the jump from problems solved in certain "expe=
rience fields" to mental calculations with "pure" numbers.On the other hand,
the child does not seem to be a.ble to make the Jump spontaneously from one’
"experience field" to another (this confirms the importance of the ';experien=
ce field" in stimulating certain types of behaviour) Finally,we observed
that within a single"experience fi~ld",with the same.physical varia.bles and
analogous numerical values, the nature of the problem proposed can lend to

various strategies depending on the way the child perceives the problem.

3.2. Solving strategies and calculation strategies is there any consistency

between the first and the second ? In part_icular are the meanings of the
operations involved in the choice of operations,consistent or not with the
meanings of the operat_ions involved in the calculation strateg:.es used in
the operations chosen( before the children have acquired the techniques of
written calculation) ? Our observations would seem to indicte that such con=
sistcncy is not always to be found,but that in calculation strategies, along:
side the meanings of physical variables expressed by numerical data,an im=
portant role is played by the particular numerical values. assigned and by
the experience in the use of calculation strategies acquired in other cir=

‘cumstances. In partiflg ?e observed inconsistencies in connection with pro=
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blems of subtxaction(which,at a numerical level,were often solved by means
of a "completion",irrespective of the fact that the problem calls for "ta=
king away"),and above all with problems o division (in many cases,in si=
tuation calling for a "subdivision into equal parts",we observed calculation
strategies based on comparisons and'content—container relationships).It is
possible that these  inconsistencies derive from the fact that in our project
problems of"completion” and problems of division of homogeneous quantities'
are dealt with before the other problems of subtraction and division respec=
tively.The inconsistencies pointed out do not have any harmful effect as far
as the ability to solve problems is concerned but they make difficult to pro=
yide the child with a formal description of the way he reasons when he tries
to solve a problem:" 4500—1850 ='..."is a good formula to describe the
choice of operation required to solve a "remainder" problem,but a good de=
scription of the calculation strategy adopted by many children would be :

" 1850 + ... = 4500 " .

3.3. Calculation strategies and calculation procedures- what degree of autono=

my and awareness it is possible for children aged. 7 to 11 to reach regarding
the shift from spontaneous calculation strategies designed to solve particu=
lar problems, to general calculation procedures ?We carried out observations
and'experiments concerning the four arithmetical operations,paying particu=
lar attention to the working out of a written calculation technique for di=
vision.We think we are justified in concluding that in the classroom it is
not difficult to elicit (by proposing suitable‘problems with suitable nume=
rical data) spontaneous calculation strategies which are convenient for ap=
olication in universal calculation procedures;however (at least untll the
age of 9-10) the pupils do not seem capable of evaluating by themselves
which of the resulting strategies is the most suited to being transformed
into a general,efficient calculation procedure Moreover,it sometimes hap=
pens that the procedures developed in this way in the classroom are not in

accordance with traditional standard procedures (see 4.3).

3.4.Verbal language and problem solving: what is the role of verbal language

in the solving of arithmetical problems ? In our classes we have the possi=
bility to influence the development of linguistic skills,since,from the age
of 6 to 11,the teacher is the same.We are thus able to observe how,as far .

as problem solving is concerned,such an influence results in different be—

haviour and performance compared to classes which follow a traditional cur=
Q umof linguistic education.In all our classes each child is normally
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required to illustrate the solution he has worked out.The children are also
advised to write down what they think while they are trying to solve a pro=
blem.In Some classes of children aged 6 to 11,particular attention is paid
to the actlvity of verbalising work produced in class.This may involve di=
scussions of how pocket calculators work,or an explanation of automatic pro=
cesses etc.These verbalisation activities share the characteristic of requi=
r1nq the child to develop an expository language whose logical organisation
is linked to that of external object to which the subject refers.A compari=
son between classes which have undertaken these activities extensively and
classes which have not,reveals a significant difference in the ability to
4produce a written solution to the problem.This applies above all to the more
complex problems or to arithmetical problems without numerical data.Such
differences were observed not only in the guallty of the expository text
nroduced,but also in the abllity to produce such a text, and thus in the a=

bility to solve a problem.However,regarding the use of verbal skills in the
working out of calculation strategles,the differences between the two groups
of classes were much less striking.In classes which engaged thoroughly in
the non-mathematlcal verbalisation act1v1t1es described above,we notlced
that some children use verbal language extens;vely in the working out -of cal=
culatlon strategies too,since they prefer this to the formalism of algebra
or the languaqe of graphs. However many children in these and in the other

) classes seem reluctant to verbalise the worklng out of calculatxon strates=
gies,as if in thelr mind the rythms of reasoning about numbers were "out
of phase" with the requirements of verbal text production.
Experience-of verbalisation in a non-mathematical context in situations of
"bound logic" creates a great difference in the ability to identify and de=
clare which characteristics of a given calculation strategy are suitable

for general adoption.
4.SOME EXAMPLES OF PROBLEMS ANALYSED

Given the limited space at my disposal,it is not possible to give a deta=
iled illustration of one or .more of the problems which were used as the ba=
sis of our classroom observations.Thus I will confine myself to describing,
‘in a very concise way,some problems related to the points considered above.
I must emphasise however,that each of them forms part of a work programme
concerned with the same “"experience field" and that such a programme usual=
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4.1.Subdivision of lengths: the following problems are usually proposed to
nine-year-old children: s

a) the children are required to plan the depiction of a period of twenty cen=
turies along one of the classroom walls,in such a way that for each century
there is available a "space" equal in lengthto that which is reserved for

the other centuries. .

b) the children in the class (usually,between 18 and 25) are required to
spread out at an equal distance from each other around a circle drawn c;m the
floor of the gymnasium,or along a Qall in the gymnasium.

For a) there are two types of solving strategy : in the first one,the
children plan to measure the lenght of the wall,then to divide this lenght
into 20 equal parts,etc. In the second type of strategy,the children plan
to place a strip of paper or string on-the ;dall and then to lenghten it or
shorten it "until it fits exactly 20 times".

For b) (whether one is dealing with a circle drawn on the floor,or with
a wall in the gymnasium;and I must point out that the children have never
measured in the classroom the circumference of a circle before) the vaste
majority of the sﬁrategies adopted involves dividing the lenc_-;'th of the wall‘
or circumference of the circle into as many équal parts as there are chil=
dren in the class.Even the children who have' startéd with the idea of the
“"equal space between one child and another",spontaneously after ask them=
selves "how much space is there for each child"”.

These two prob_lems are presented ,at the same time,to classes which have .
previously carried out very similar activiti\es:the différence in strategies
adopted is'very striking .As we saw in 3.1.,the nature of the problem and
thé way the child perceivés it seem to bé important factors in distinguish=
ing between strategies.As was .made clear in 3.4.,as far as both a) and b)
are concerned,striking differences are to be found between the success rates
of classes which are accustomed to extensive “bound logic" verbalisation

activities and classes which are not.

4.2.Distributive property in multiplicative problems :let us consider the

following two probl'ems which were presented to children aged 7-8 before they
had learnt multiplication (written) technique:
c) the purchase of five objects which cost 310 liras each
d) the calculation of the total length of a strip of paper consisting of fi=
ve pieces,each 310 centimetres long. :
\‘1' se problems are also presented at the same time to classes which have

E lCe most part followed the same teaching programme on word problems.
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In the first case,most of children decide to group. together the hundred li="
ra coins (" which makes 1500 liras") .a‘nd add the five 10 lira coins.Whereas
in the second case,most of the calculation strategies consist of making ad=
dition in columns (or in lines): ."310 and 310 makes 620,add 310,mal<es 930,..
As we saw in 3.1., the calculation strategy seems to be heavily influenced
by the nature of the ‘Lrariables involved ,and by previous experience [practi=
cal and numerical) of problems assigned in the same.“experience field".

The jump from the field of operations with numbers involved in problem a)

_' to the field of "'pu.v:e" numbers (mental calculation) is made spontaneously
by many children. )

‘4.3.From problems of division to the technique for the Qritten calculation

of divisions:when the children in our classes are 8-9 years old,we begin
work which in 3-4 months will lead to a techmque for the written calcula—
tion of diVisions,consciously worked out, by the children themselves on the
bases of spontaneous calculation strategies used in problems o_f division’
with suitable numerical data.Examples of strategies worked out :
e) with sums of money such as 12000 liras to 'be subdivided among, say, four '
’ children,many children spontaneously reason in this way: "one thousand
for the first, one thousand for the second...."(notice that this strate- '
gy is never suggested by our teachemhowever it is present in the chil—
dren's activit'n.es outside the school environment)
f1) successive approximations: being réquired to divide 37500 liras among |
16 children,many children "try for":1000 liras each...2000 liras each...
3000 liras each... (too much!),alright,I'll try 2100 each...2200 each..:"
£2) with thesame sum of money and the same number of children,other chil=
dren (a minority) "try for": "1000 liras each,..2000 liras each...3000
_ liras each...(too much!) ",so they subtract 32000 liras from 37500 liras

and carry on,dividing the remaining 5500 liras among the 16 children,etc.

It is not éasy for the children to realise by themselves' the superiori=
ty of the calculation strategy £2) with a view to a' universal procedure’ )
for the -calculation of divisions. Moreover it must be pOinted out that such
a universal procedure is not the standard one taught in the majority of
countries.It should be noted also how the children handle a typical problelrn'
of "sharing out‘ " by reasoning about "content—container relationship” in the,
moment when they work out the calculation strategy.

REFERENCES : see : LESH,R. - "Conceptual Analysis of Mathematical Ideas and
-1 Problem Solving", PROCEEDINGS P.M.E. 1985.pp.73-96
Q > .
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THE RELATIONSHIP BETWEEN CAPACITY TO PROCESS
INFORMATION AND LEVELS OF MATHEMATICAL LEARNING

Dr. Gillian M. Boulton-Lewis!
(Brisbane College of Advanced Education)

This paper is a description of studies between 1985 and
1987, of the relationship of levels of capacity to process

- information to mathematical knowledge in rural-urban and

urban Australian Aboriginal and non-Aboriginal children,

- aged 3-8 years. .The 1985/86 results for rural-urban .
Aboriginal children are discussed in this paper. The 1987

. data will be presented at the conference. Capacity to .-~
process information was measured by four tasks; two that -
allowed camparison of results with large studies and other
populations and two that assessed the same levels of
capacity but utilized knowledge systems familiar to-
RAboriginal children. Tests were also designed to measure
basic length and number tasks at increasing levels of demand
on processing capacity. In 1987 fommal school mathematics
learning was also measured. Measures of capacity were

. significant predictors of performmance on length and number
concepts. The performance with age of RAboriginal children
on capacity and-basic length and number tasks was camparable
_ with non-Aboriginal children. ' The results indicate that
lower school achievement by these children cannot be
attributed to lesser capacity to process information or to
inability to cognize basic-mathematical concepts. Other
factors that probably affect school achievement are
discussed briefly. :

»

This paper is concerned with one important: factor in learning, that is-

increase in capacity u,)'pmcess information, and the extent to which it

determines the ¢amplexity of mathematical concepts that young Aboriginal
and non-Aboriginal children should be able to cognize.

Cognitive theorists such as Case (1985), Fischer (1980) and Halford' (1982)
have argued, from different theoretical perspectives, that there is an

upper

limit to childrén’s capacity to process information which increases

with maturation and learning. Case (1985) described measures and norms

1 mhe research described in this paper was funded by grants from the .
Australian Institute of Aboriginal Studies and was carried out in

O
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1ford (University of Queénsland).
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for short temm storage space (STSS) and demonstrated that STSS increased
with age. He postulated that increase in STSS would determine the
camplexity of concepts that children could learn. Fischer (1980)
described the construction and control of hierarchies of skills that he
maintained are damain specific and lumted by increasing capacity.

Halford (1982) proposed three levels of thinking that depend on children’s
increasing capacity to match systems of symbols to elements in the
environment. At level 1 children should be able to cognize binary
relations, at level 2 binary operations and integrations of relations such
as those required in transitive reasoning, and at level 3 cmtpositions of
binary operations. Halford has identified examples of thinking at each of
these levels, on the basis of empirical evidence and analysis of demand.
Most of the tasks in this research have been designed or analysed to
measure the first two levels of thinking postulated by Halford.

There have been recurring debates in the literature of culture and
cognition (cf. Laboratory of Comparative Human Cognition, 1983) as to
whether there are cultural differences in cognition as such or whether
culture and cognition form an interacting system which produces context
specific differences in performance. . The hypothesis in this research is
that the latter is the case. It is assumed (cf. Fischer, 1980) that
capacity to process information is applied selectively to specific
concepts within a damain depending on motivation, experience and
knowledge. This should mean that a child in a particular cultural setting
will only perform to capacity on some of a possible set of concepts that
make the same cognitive demand. It should be possible to predict however
that if a child succeeds on cne task at a particular level of demand then

" s/he has the capacity to cognize an isamorphic task, given sufficient
motivation and experience. Boulton-lewis (1983, 1987a) for example found
with a sample of non-Aboriginal Australian children, aged 3 to 7 years
that as capacity to process information increased so generally did
knowledge of camponents of length measuring.

Australian Aboriginal children, including those living in urban
envirbnments, are usually not as successful with formal school learning as
non-Aboriginal children (Bourke and Parkin, 1977; Seagrim and Lendon,
1980; Watts, 1976). It was known that the children tested in 1985 and

@  (Boulton-Lewis et al. 1986, 1987b, paper submitted) did not perform
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as well as non-Aboriginal children on mathematical and other tests in the
final year of primary school. Differences in cognition and school
learning in Aboriginal children have been variously attributed to .
differences in cognitive style (e.g. Watts, 19?6), processing strategies
(Kearins, 1976; Klich and Davidson, 1984) or envirommental factors rather
than intellectual capacity. This research addressed the hypothesis that
Aboriginal children have the same capacity to process information as any
other child but for social or cultural reasons perhaps do not leamn to
apply that capacity to school mathematics.
THE RESEARCH PROGRAM .

Samples .
A preliminary study usmg four capacity measures was carried out in 1985
with a sample of 20 children of mean age 6 years (Boulton-lewis et al.
1986). In 1986 a sample of 75 children from Cherbourg, aged 4-8 years,

. was tested for processing capacity and basic mathematical concepts
(Boulton-Lewis et al. 1987b; paper submitted). Children in both samples
attended school at Cherbourg.

Cherbourg is an Aboriginal cammnity just out of Murgon, which is a large
rural town about 290 km north of Brisbane. The cammnity was established
in 1905 (Koepping, 1977). The population has been described as a high
contact Aboriginal group (McElwain and Kearney, 1973). Most of the
chiidxen in the samples were 3rd or 4th generation residents. The 'people
of the comunity originally came from different language groups but now

" most speak standard English with same local dialectical variations.

In 1987, 60 urban:Aboriginal children aged 4-8 years and a matched sample
. of 60 non-Aboriginal children, all attending Brisbane schools, were tested
with the same measures of capacity and basic mathematical concepts and
with additional tests of school mathematics learning.

Tests
1. Capacity Measures
Because this research was conducted in a cross-cultural situation two
of the capacity tests were chosen to allow campariscn of results with
those obtained with large -samples of non-Aboriginal children elsewhere
(viz. Cucui, cf. Case, 1985, and the Matrix Task, Halford, 1980). Two
Q =r capacity measures were design? nqzeasure levels of capacity
ERICT 20
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process aspects of familiar knowledge systems. The Playing Card
Relations test measured levels of processing of knowledge of playing
cards. The Family Structure test relied on children’s knowledge of
family relationships (usually a matter of importance to Aboriginal
people). All of these tests are described in detail elsewhere
(Boulton-lewis et al. 1986, 1987b, paper submitted). The Famly
Structure test is described briefly below as an example.

The critical feature of transitive reasoning is the ability to
integrate relations. The Family Structure test was designed to

" measure capacity to cognize binary relations and then to integrate
these. For example at level 2 of this test the ability to explain

ERIC
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that, if John is the son of Mary, and Mary is the sister of Jane, then
John is the nephew of Jane, entails integrating relations and measures
the same essential cognitive process as reasoning that if a>b, and .
c<b, then a>c. Thus ‘the cognitive process of transitive reasoning was
measured using a familiar knowledge system. At level 1A of the same
test, after discussion of pictures of a family, children were merely
required to recall names and positions of family members e.g. "That’s
Mary". "She’'s the Mother". At level IR children were required to
describe family relationships, in response to questioning, in temms of '
a single binary relation, e.g. "This is John. He calls Hope his
sister because they have the same mother and father/family."

Length and number, tasks.

Tasks were devised to test knowledge of length and number which
neqm.xed responses demanding reasoning at level 1 (nominal knowledge),
level IR (binary relations) and level 2 (integration or camposition of
relations). Children were asked to name, compare, order and seriate

-lengths. Finally they were asked to determine camparative lengths of

configurations on the basis of the size and number of component

units. Similarly children were tested for ability to subitize sets’
with from 2-4 members (level 1), order pictorial representations of
sets (e.g. 3,4,5,6 objects) by pair by pair comparisons (level 1R) and
to perform the operations of addition, subtraction and reason
transitively (level 2). These tests are all described in detail in
Boulton-Lewis, et al. 1986, 1987b, paper submitted. Finally in 1987
children were tested for written symbolic (generally school learned)
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knowledge of the concept testé described above.
Testing Procedure )
The testing method was a kind of clinical interview. Children were tested
one by one, mostly by trained Aboriginal people. They were asked to
respond to materials and pictorial representations. Practice was included
prior to all the tests. Some of this was quite extensive as in the Matrix
Canpletion task (Halford, 1980). In that test children were given up to
16 opportunities to camplete a matrix with coloured shapes before being
tested at each level. This was to ensure that the child was familiar with
the concepts and task involved so that what was subsequently tested was
the level of capacity to process information.

" RESULTS
Regression analyses were camputed with the four measures of information

" processing, singly, in combination and also with age controlled, as
predictors of success on each of the length and number concepts. The mean
STSS on the Cucui test (Mr. Peanut in this study) the earliest age of
success and the percentage of the sample who succeeded on each of the
length and number tasks were also calculated. Tables for each of these,
and the 1987 analyses will be presented and discussed at the conference.

In sumary the 1985, 1986 results indicated that the Playing Card
Relations test at level 2 was the best single predictor of the following
length and mumber tasks that required binary relations (muber
canparisons), binary operations (addition) and transitive inference
(nunber seriation, length seriation and co-ordination of the size and -
length of units). The Matrix Campletion task was equal or best as a
predictor for three of the tasks (subitizing, nunber camparisons and
subtraction) and was almost as effective as Playing Card Relations as ‘a
. predictor for addition and length seriation.

Regression analyses for all four measures of capacity, in cambination,
showed that Playing Card Relations followed by the Matrix Completion task
made the greatest contribution as predictors of perfommance on length and
number concepts. The Family Relations test made the greatest contribution
as a predictor of performance on number inferences. Further regression
analyses were computed to assess the unique contribution made by each

@ tor variable. The matrix task made a unique contribution as a

E lC‘tor variable on more tasks than any of the other measures.
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On the basis of these analyses the Matrix Campletion and the ‘Playi.ng Card
Relations tasks were the strongest predictors of success with length and
number tasks. Integration of number and length of units was the only task
for which age as a factor increased the variance accounted for by the
capacity measures.

The mean age of the sample was 6.4 years and the mean STSS was 2. This,
STSS was expected on the basis of hypothesised and empirical scores
.proposed by Case (1985:324). The percentages of the sample who succeeded
at Level 2 of the Matrix, Playing Card Relations and Family Structure
tasks were 0.34, 0.64 and 0.64 respectively. It would be expected on the
basis of results obtained by Halford (1980) that more children by age 5 or
6 onwards would perform at Level 2 on the Matrix task. However, success
at Level 2 on the capacity measures that were designed specifically for
this study was as expected for children in ‘this age range.

The earliest ages and percentages for success on length and mumber tasks
were camparable with predictions from the literature for each task. The
only result that was surprising was that for subitizing. Perhaps children
at Cherbourg do not talk about "threes" and "fours" at hame as much as
other children. It is possible that the first real number quantifying
activities for these children occur at school and depend on counting.
DISCUSSION
The results indicated that this sample of Cherbourg Aboriginal children
possess capacity to process information, as measured by the Cucui and
Matrix tasks that is compaorable with non-Aboriginal children at the same
age. Moreover on tasks specifically designed to measure levels of
thinking of concepts based on familiar knowledge systems they performed as
one would expect of other children of the same age with equally familiar
material.’

Capacity measures were significant predictors of performance on basic
mathematical concepts for length and number. In addition performance with
age on the length and number tasks was comparable with results obtained in
other studies. These children are cognizing concepts basic to length and
number learning. If their cognitive style (cf. Watts, 1976), strategies
(),Cf." Kearins, 1976) or processing modes (cf., Klich and Davidson, 1984)
LS .
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are differenﬂ they are apparently nevertheless effective. It is known
that the children at Cherbourg at a later stage in their schooling do not
achieve as well in mathematics as their non-Aboriginal peers. The results
of this study show that the lack of achievement cannot be attributed to

lack of capacity or inability to cognize basic mathematical concepts.
Lower achievement by Aboriginal children in school mathematics is probably
a function of educational and environmental factors. Learning school
mathematics may also be affected by thé fact that there are variations
from Standard English in the language spoken by children at Cherbourg.
Same of these variations cause the children to talk about and probably
odgnize mathematics concepts inaccurately.

Employment opportunities at Cherbourg are limited. In order to gain
employment outside the commnity children must succeed in school. The
challenge that faces teachers of mathematics is great. School mathematics
mist appear to have real world meaning and language differences must be
dealt with explicitly. In addition curriculum content should be analysed
for demand on capacity and sequenced accordingly.
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MATHEMATICAL VULNERABILITY

Linda Brandau

The University of Calgary

Autobiographical in form and theory, this paper relates views
of mathematics of pre-service elementary education majors to
the historical development of mathematics. That is, their
growth, similar to the history of mathematics, has been marked
by the themes of _certainc&, uncertainty, and vulnerability.
Central to this paper is the effort to discuss mathematics
(usually a cognitive subject) and vulnerabili.ty (usually an
emotional subject) in a way that does not perpetuate the

separation between the two.

~In one view of its historical development, mathematics has shifted
away from the certainty of Euclidean geometry towards the uncertainty
proved by Godel in 1930. This mathematical uncertainty has been marked
by vulnerability, thl:‘S leaving mathematics open to attack. In another
view, particularly that of Imre Lakatos, mathematics has always been
uncertain, vulnerable, and has grown through such attack.

In this paper, these views of mathematics will be related to what I
have noticed in students studying to be elementary school teachers. That
is, certainty and unceitainty have been manifested in their process of
questioning, reflecting, and examining their views of mathematics, a
process resulting in enriched and expanded views. Investigating this
process is important. If students studying to be teachers can expand and
enrich their views of mathematics, then the way they teach mathematics
will be expanded and. enriched.

Also important to this paper 1is the autobiographical form it w_ill
take. Since fall, 1986, I have kept fieldnotes, journals (both personal
and professional), and other important data related to my teaching of
university elementary mathematics methods courses. My interest in doing
such research stems from the realization that I think very differently

O
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about mathematics and its teaching since I was a junior high school .
teacher. My views about mathematics and mathematics teaching have also
expanded and this process will be an integral part of this paper.

Therefore the theoretical basis lies in the assumption that coming
to know one's self, (exploring one's own behavior), is a way of
understanding the external world (exploring other peoples’ behaviour).
In fact, this self knowledge includes understanding one's observations of
others, since one cannot separate self-understanding from all
understanding. 1 This last idea, especially concerning separation, is
important because the mathematical vulnerability theme is one that brings
together two themes (one usually thought of as cognitive and one usually
thought of aé emotional) commonly studied separately.

Understanding my use of the conceﬁ: of separation is crucial to the
theoretical basis of this paper. That is, I can make distinctions
between emotion and cognition but this is not the same as saying that
they are separate. When they are viewed as separate, an artificiality is
created. The difference between distinction and separation needs more
discussion.

Where do I begin? - With a conference in June 1988 sponsored by the
School of Education and the Department of Women's Studies of the
University of Haifa. The theme of the conference is "Private Women -
Public Work". My talk is titled, "On Being a Nurturing Mathematics
Educator: Connecting Professional and Private Lives'".

When I was planning my paper, the theme struck a chord. My
professional work in autobiography (in terms of studying my university
teaching) was also my private life. In fact; using the word "connecting"
in the title of the talk was misleading. It implies that there are two
separate worlds to be connected, an implication that didn't bother me
until discussing the paper with a colleague.2 He mentioned that I might
say that my mood will color how I learn or teach mathematics. But there
is no uncolored knowledge. (See Heidegger, 1962.) So instead, I need to
say that my mood cannot be separated from how I learn or teach
mathematics, although they can be distinguished. This difference
(between separating and distinguishing) is important in that it is often
assumed that if I can distinguish, then those discernible things are also
separate. But in the process of separating we often forget that

understanding 1is holistic in nature. Categories 1like emotion and
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cognition (or professional and private) are helpful in making
distinctions as long as we do not also assume that they are separate.

When I used the word "connecting" in the title of my Israel talk, I
was concerned about making a connection that was already made. Thinking
about professional and private as separate was artificial. These same
points relate to the interest I have had in the interplay between emotion
and cognition. Since finishing my dissertation (Brandau, 1985&); I have
been étruggling to find a way to study that "interplay" (e.g. Brandau,
1985b). I have also watched, with excitement, while other researchers
(McLeod, 1987, for example) were doing work involving the same theme.
But perhaps my thinking about emotion and cognition as separate has been
underlying my struggle. ‘As the point was made about professional and
private lives, emotion and cognition are not separate at all. When you
gtudy one, you also study the other. We can make distinctions between
emotion ‘and cognition but when we make the assumption that they are also
separate, we create artificiality.

There is also an important connection here to mathematics teaching
and learning. If we want students to see that separating mathematics
into discrete pieces is artificial, then we need to recognize that other
separations, particularly ones made in research, are also artificial. We
may need to make distinctions between the topics of geometry and algebra,
but when we also separate them, and continue to separate them, students
come to believe they are separate. Similarly, in research, when
distinctions between emotion and cognition evolve into assumptions of
separation, then they are studied as separate, are thought of as
separate, and continue to be studied as separate.

I have been stressing the artificiality of separation because of the
theme of this paper, mathematical vulnerability. Even though we may need
to distinguish between the words mathematics and vulnerability, to think
of them as connoting separate images (cognitive and emotional ones) is
artificial. So that the impression of separateness is not perpetuated, a
form of doing and reporting reseafch is needed; I hope that "this paper
can move towardé accomplishing this.

) Ak kkk

A television program on NOVA titled "A Mafhematical Tour" dealt with
the theme of mathematics developing from a field concerned with certainty
to one recognizing wuncertainty. When non-Euclidean geometries were
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created, the certain world of mathematics was shattered. Fuclid's
"truths" were seen as self-evident and went unchallenged until the mid or
late nineteenth century (Davis and Hersh, 1980). Since Euclidean
geometry.was seen as the foundation of a certain mathematics, when that
went challenged, all of mathematics went challenhed. Was mathematics now
resting on a foundation of quicksand?

Set theory became the new foundation with Bertrand Ruséell-spending
much of .his life trying to reformulate set theory into certainty. He
wrote, vI wanted certainty in the kind of way in which people want

* religious faith. I thought that certainty is more likely to be found in
mathematics than elsewhere."(quoted in Davis and Hersh, 1980, p.333)

The search for certainty continued until 1930 when Godel showed,
with his incompleteness theorems, that certainty was impossible to
achieve.

A way of dealing with this uncertainty was brilliantly shown by Imre

Lakatos 1in Proofs and refutations (1976). Lakatos showed that

mathematics and even the history of mathematics was fallible. He showed
them to be dynamic processes, growing through the search for
counterexamples to existing theories while simultaneously proving these
theories. So proof occurs through a clash of views, and mathematics is
vulnerable, yet growing because of that vuinerability.

In a world of ;hifting certainty and uncertainty; there would need
to be less worry about control. In recognizing the uncertainty of
mathematiqs. we have had to release the concern for control. We have had
to accept the anxlety that can accompany uncertainty. That 1is, 1if
mathematics can be uncertain, then we can never known when an "already
proved" problem can be "disproved'", or when a well-established theory can
be challenged. ' What can be anxiety provoking is never knowing when our
world will change.

These ideas have surfaced in university courses I have taught. 1In
one class, when we were discussing the interrelationship between
mathematics and philosophy, one student verbalized a sudden awareness
with sadness. I had removed the last area in her 'life which she felt had
certainty. To her mathematics clearly had had right and wrong answers.
Another reaction, which was filled more with anger than sadness, occurred
in an early childhood methods class where I gave a guest lecture. I had’
asked the students to do a problem for which several right answers can be
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obtained, depending on how you interpret the problem. Students were
angry and confused. Many of them said, "if there are problems in
mathematics with more than one right answer, then the next:thing you'll
be telling us is tbaf 2 + 2 = 511" Their reaction indicated a loss of
control. If mathematics is not certain, then it is chaos.

Facing this loss of control and uncertainty occurred in another
methods course I teach. As part of the requirements, I have students
keep a weekly journal. One purpose of the journal is to have a place to

work mathematics problems, ones in Thinking mathematically by Mason,

Burton, and Stacey - (1985). This book promotes the learning of
mathematics as a process, one similar to the one promoted by Lakatos.
Problems in this book cannot be done in a few minutes. Students learn
thatvdoing mathematics is uncertain; sometimes answers to problems are
not given; sometimes there may not even be an answer. Students learn
through argument and counterargument, .mostly with'themselves. For all
the students, working thfougﬁ this book is a very different mathematical
experience, and one that leads to growth. I share some reflective
thoughts from one of these students.3

Thinking back to those first few lectures way back in
September, ... I thought of math as a series of steps that followed
one after the other. If the steps were taught well, math was easy.
If a teacher skipped some steps than math was hard. I had a very
‘narrow idea about math and my own personal fear further restricted
that view. I always felt that a person could either do math well or
couldn't do it at-all and that when you did math it was either right
or wrong. This course certainly changed my mind!

First of all I was intimidated by how "pérsonal" you made the
math. Not only did you let us do the math ourselves but you
encouraged us to openly discuss feelings, and how we tackled certain
problems... ) ’ ’

My first attempts at working from the book Thinking
Mathematically were disastrous and frustrating. "I can't do this"
was my common complaint and I began to experience again the agony of
math classes. It wasn't until well into the course that I began to
put one and one together... By personally attacking the problems it
became clear that there were no right or wrong methods. Math was
personal and I could use which ever approach suited me best. Often
problems were not solved with a straightforward answer and usually
involved some thinking, figuring out and reattacking the problems
from a different angle...

To help our students gfow, it is also important to show ourselves as
vulnerable human beings. In the Lakatosian sense, show that our ideas
about mathematics (and about teaching) are open to argument. Two

'1n01d9nts have’ elicited the student reaction, "it made me feel so good to
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see you, a mathematics professor, struggle and show us that struggle".
One incident involved a student presenting a problem her grade 7 son had
to do for homework. We worked it together, as a class, with me at the
overhead projector. At first I tried to do the problem by working
backwards, and then switched to trial-and-error. Her comment, related to
my struggle, meant that she saw that I did not know how to solve the
problem at first. Perhaps implicit in her comment was the thought, "I
always thought professors knew everything." The other incident involved
‘discussion of the division concept. A student tried to help me
understand her interpretation of division, one which I did not understand
at the time. During coffee break she explained her view to me again;
this time I understood it, and shared my new knowledge with the entire
class. Here, the student referring to my strugglé, was referring.to my
willingness to acknowledge my own growth as a learner, a willingness to
relinquish control of what students often see as "expert authority".
T okkkk

The issues of control, resistance, and vulnerability are ones
dominating my life these days. A letter arrived from Kathryn, a student
of mine last year and now a close personal friend.4 It was in resﬁonse
to my lengthy letter describing a recent conversation with a man, one who
I have not known for a long time (in terms of weeks, months, or years)
and yet one to whom I told a great deal about myself. My letter to her
was filled with feelings of vulnerabilityr It agked: How could I tell
these personal intimacies to someone I didn't know? Could I trust him
with this information about me? And what does "really"‘knowing someone
mean anyway? Kathryn wrote back "about risk taking, vulnerability,
intimacy, responsibility, freedom, resistance, and insecurity. She wrote
that she admired me for the risks I was taking. I didn't feel admirable,
just scared and vulnerable.

Reading Kathryn's letter made me aware of how much this
vulnerability permeates my teaching. The way I teach is risky. I'm
trying to create a certain atmosphere in my methods courses, one that
allows for honesty, risk taking, and freedom. The atmosphere needs to be
a safe one that allows students to express their fears about mathematics
honestly. This makes them vulnerable, with me and with other students.
And yet such expression gives them the freedom to move beyond their fears
and to learn the mathematics they feel they never learned.

O
ERIC 215

Aruitoxt provided by Eic:



E

- 199 =

It is difficult to Be honest, not only with others but with one'é
self. When I'm honest, I'm vulnerable and admitting to a side of myself
that I may not like or want to know exists. And yet being truly honest
and vulnerable feels 1like freédom, and hence growth. Recently I was
honest (and hence vulnerable) with a male friend. It was difficult and
yet I now feel free--free of all the bottled-up emotions that I've been
afraid to acknowledge openly with myself and with him. And I feel that I
have grown; growth occurs when we risk and show vulnerability.

"It is important that students be aware of my growth. I have
discovered that they hear my beliefs about mathematics, and assume that I
have always held these beliefs. But my school training, similar to
theirs, was one that emphasized mathematics as computational skills,
where problems had one right answer and one right way to do them.
Theories in geometry were memorized, as immutable truths discovered once,
only to be regurgitated for all time. It wasn't until graduate school
that I began to view méthematics differently. My training in sociology
(and theories of multible realities) led me to question the idea of one
truth and led me to reading more about mathematics, especially as written ’
by Davis and Hersh (1980, 1986). And my fraining in ethnography started
me asking thé question: Why is this occurring the way it is? Becoming
aware of the research into children's strategies of thinking helped me
become aware of individual differences even in university students.

In my teaching, I try to get students to think critically about the
teaching and learning of mathematics. The uncertainty that accoﬁpanies
such constant questioning can be frustrating. Students want a list of
the ten steps to being a successful teacher. They want certainty and
control. I want them to see that teaching means constant questioning and
learning. I 'want them to see teaching as similar to the process used by
Lakatos,‘involving uncertainty and vulnerability. .

In conclusion, to grow we must take risks and place ourselves in
vulnefable positions. As this has occurred in the growth of mathematics,
it can occur in the teaching and learning of mathematics and in research.
But to do so, we must admit to the artificial separations of emotion,
cognition, subject matter, professional, and private lives. By keeping
these areas separate we are concerned with controlling them. By

loosening the boundaries, perhaps even cutting them, we become open to

O
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enriching our learning about ourselves and otheré——about mathematics,

teaching, learning, and research.
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COGNITIVE PSYCHOLOGY AND MECHANISTIC
VERSUS REALISTIC ARITHMETIC
- EDUCATION |

Jan van den Brink

Summzry . )
vognitive development psychologists hold widely difiering

‘opinions with regard to learning addition.

hccording to Coob (1987), these differences huve an in-
fluence on education. We will enumerate nlne controverelal
iss ues, give our standp01nt on. each one,- und substantlate
a number of these standpoints with examples taken tfrom our

own educational res edrch.

Nine controversial issues

1. Children's ideas were not included in.all theories. we
feel that the theory.should therefore ve altered in order
to include children's ideas. o

2. dhether nlsconceptlone and mistakes should be av01ded?
se feel that children learn from using their mlsconceptlone
2s.a conflict. 51tuat10n. : o

3. The influence exerted by contexts. In our oplnlon, pe0ple
contexts' should be given priority over '‘object contexts'
in ear%& education. . T

4. The role ¢of the student - as actor or. as observer - in
the research. In our opipion, it is important that the

. students (and researchers) tuke on the roles of both zctor
znd observer. B '

5. whether learning is an accumulation of knowledge. we re-"
gard 'learning' rather as a growing avareness of certain
actions - & reaction to conflicts with, as a result,]

a reorganlzatlon of existing 1deas.]

6. The emphasis on bare arithmetical symbols devoid of ‘further

a meaning, controlled by the rules of arithmetic. wWe empha-
size symbols which are linked to contexts and which nay

13+ar form & r1ch bare structure (arrow-le ngumge)
Q¢
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7. Placing of the unchanged equal-sign between numbers and between ob-
jects. We feel that symbols of artificial languages may well
be ornamented.

8. Arriving at aovstractions through znalogies and metaphors.

we attach a great deal of importance to the referential

arrow-lunguage and to conflicts. We consider the carry-

over of structures from one context to another to be

characferized by:

a. blurring of the meaning of symbols (Von Glaserfeld,
oteffe & Cobb) .

b. transparency of symbols (Polanyi)

c. flowing exchange of real-life and symbolic worlds
(Freudenthal)

Thelnéggssity of practice in order to establish the arti-

<
.

ficial similérities betveen bare sums znd arithmetic
material and in order to memorize the arithmetic facts.
In our opinion, other activities uare also important for
practicing arithmetic fucts: application, calculating

through reasoning, one's own productions.

Our resezsrch :

ve had developed = nev. introduction to zddition wnd sub-
traction in first grade based on the so-culled 'bus zrrovi-
language'. we wanted to xkxnow whether this introduction would
be 'bettep' then the traditional approach, keeping in mind
the nine issues mentioned awvove.

e decided to set up a lmng—term.(1 year) comparitive re-
search project betﬁeen the first graders at two schools: the
Jreesschool (D) and the Nie@wlundschool (N). Present here
were two extremely different approaches to education: realis-
tic arithmetic education «t D and traditional mechunistic
education at N.

Research organization

In this research project we compared, on the one hand, the
instruction as given by the two teachers wt D wnd N und, on

the other hund, the leurning results of the students involved.

{his was curried out by meins of tuking regular notez on
© s
Ez l(j daily in.truction (for inutince in i journal) and on the
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learning achieévements (through testing tae children in con-

versation) throughout an entire school-year.

itesearch object and criteria

The arrow-languege wasu the resesrch osject vihose influ-

ence on learning zddition and subtraction we wished to knov.
In order to measure and compare learning results from both
schools we chose three subjects to be used as criteria. These
viere tests on general arithmetic skills, the assignment of
making one's own arithmetic book and tests on missing addend
sums. The children at both schools were given the szme assign-

ments and tests. .
At each school thé children wefe divided into a group of
test-students and a group of control-student: in order to mea-

sure the influence of the testing conversations on how they

learned.

Research results

-e will now discuss certain results of this research against

the background of some of the § issues.

a. Children's ideas should be included in the theory
The phenomenon that chiluren invent divergent images and
activities during arithmetic and mathematics lessons hus
long been confirmed by various researchers (Holt, 19&0;
Tall, 1980; Hart, 1961; Jonaldson, 1879; larpenter c.s.,
1981). The theorists differed with rezard to vhether edu—
cation should link up as closely as possible with the chil-
dren's ideas. Through lack of « formslizztion of the chil-
aren's ideas it was not possible to get a grasp on this .
coint and it was therefore necessary to avoid it in the the-
ory forming (Anderson, 1981). Our research indicated,
however, that children's ideas con be used in early educa-

tion in & productive and guick fashion way when,e.g. !

introducing zddition and subtraction. whereus.N first prac-
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ticed addition for seven weeks before introducing subtractim,
both addition and Subtraction were directly introduced and
understood at D.

b. People, animal and toy contexts should be given priority
ovey object contexts. )
The children's research rebulfs showed that the mental ac-
t1v1t1es of addition and subtraction could be introduced much
more qulckly in contexts in which children could play
rather than in purely 1llustrat1ve object contexts. People

and animal contexts were ev1dently of much more 51gn1i1cance
to children. Later in the year it became apparent, too; tha
the rate of success in solving a particular type of problem
depended upon the context in which the problem was placed.
Diffieuht sums of the type: P-b=c and c=a+? were solved hy
all children when described in bus arrow-language. solutions
of one and the same bare arrow-sum varied greatly ahd de-
pended upon the type of context under consideration (people,
animals, toys, etc.).
€. actor's role and observer's role should alternate

The combination of the role$ of actor and observer wes

- realized in the arithmetic play-acting. Our results ingi-

cated how suitable this manner of working indeed wes: .

- the ch11dren~remembered the play-acting contexts accur-
ately for = long time (3 to 5 months); these contexts -
therefore formed a strong basis for later arithmetic
applications. .

- -one of the productive hints whlch could be given when -the
children made a mistake in the arrow—sums Was to suggest
that they tell the story step by step.

Here one can see, too, the importance of play-acting.

It would appear that the permanent role—exchange between

actor and observer, which is characteristic of arithmetic

play-acting, provided extremely suitable circumstances for

learning arithmetic. .

d. Arrovi-language: the symbols are not sacred

Many researchers presented arithmetic languages to children

in a simple fashion. The uoe of diagrams and notatiors vas

primary importance, not the designing of them (Gagné,
[: l(;neS, Gal'perin, Resnlck)..1he,mdthemat1cql symbols
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(+,—-,=) were not 'embellished', but rather pléced unzltered

between numbers and between objects. On the other handa,

research was conducted to see whether children could be

induced to develop their own arithmetic language by, for

example, making drawings of situationS$. Aside from the value

which the illustrations had for each individual student,

the researchers. were disappointed by the results: the chil-

dren spéht a great deak¥ of time and effort on unimportant

aspects énd the illustrations were not suited for general

use. .

In between these two extremes is the afrow-language which

we have chosen. .

Our research produced the following:

-~ an arrow vias the pre-eminent symbol for evoking in young
children the image of a directed movement.

- embellishment of bare arrows contributed to bestowing
a variety of significances to one and the same chain of
arrows. '

- 3 to 5 months after the bus-play, arrow-chains still
brought to mind the bus-context.

- arrow-language directed the attention °nd called Fhe
childrén attamlontollmportant relations within a story problem,
so that they were then able to solve the sum. '

- arrow-language was used as a subsidiary to the bus during
reglstratlon of class bus rides.

- by altering the embellishment of the arrows, the lan-
guage assisted the children in dealing with all sorts of
significances. Arrow-lanéuage.was used as an intermediarx
for moving from one context to another. .

- the arrows themselves were used as embellishment in bare
equabmums‘ by which means these sums acquired an explana—
tory 31gn1flcance.

- f1n411y, the arrows separated from the 31gn1flcance. The
original meaning began to blur. This was evident from the
fuct thut children developed entirely nev. symbol combina«
tio.is,.

ERIC 222

Aruitoxt provided by Eic:



- 206

Lbymbols in arithmetic languiiges (+,-,=) should not be regar-
ded as.sacred cows. Embellishment of the arrovs and use of

the arrows as embellishment$ in other languages are meaning-
ful activities. The function of'arrow—language when dealing

more abstractly must also be mentioned here. The trencition

from context to-context is péssible via arrow-language, .as
became apparent from the following phenomena:

— ihen given the assignment of inventing as many different

4rrow-sums as possible, the chilaren designed examples
both from real life and fro. the bare world of arrows

(Preudenthal),

- Addition of contéxtual embellishment made the arithmetic
language moretransparent: the meaning was recognized

(Polyani).

- The original significance became blurrea when children
invented their own symbol combinations (Von Glaserfeld,

steffe, Cobb).

These viere the three characteristics of the carry-over of \

structures from orgcontext to another: flowing exchange

of real-life and symbolic worlds, transparency of symbols

and blurring of the original significencat

In conclusion

The opinions of cognitive development psychologists, which
ditfered greatly from - other, formed the background for
each of the extreme educational forms. Bach form of education

led to varying lezarning achievements,

Literatuur

{1) Anderson, JR. (ed). Cognitive skills and their acquisition. Hillsdale N.J., Eribaum, 1981,

[2) Brink, FJ. van den. Murual observadon. In: For the leaming of mathematics,
2(1981)Nov.. pp.29-30. .

(3] Carpenter, TP., J. Hicbert & .M. Moscr. Problem structure and first-grade ehildren's ini-
tial solution processes for simple oddition end substraction prodlems. In: Journal for
rescarch in mathematics education, 12(1981)ar. 1, pp.27-39. .

[4) Cobb, P. Information processing psychology and math

. perspeaive. In: Journal of mathematical behavicr, 6(1987) pp. 340,

(5) Donaldson, M. Children's minds, Glasgow, Collins, 1979, -

(3] H ing bif Aet wisk: derwijs: geraomite en gereedschop. 1n:
Panamapost, 5(19872111_1. PP 4-15.
(7] Glasersfeld, E. von' & P. Cobb. Xnowledge as envi ! fis. ln: M

systems, 1H{1983)nr. 5, Sepr. .

[8) Glasersfeld. E. von & LP. Steffe. Composite Units and the Operations that eonstitute
them. In: Proceedings of the tenth International Conference Psych. of Math. Education
PME 10, 1985 (July), London, Univessity of London, pp. 212-216.

(9] Hart, K. Children's undersianding of mathematies: 11-16. Loodon, John Murray, 1981.

(10) Holt, ). How ehildren fail. New Yok, Pitman, 1980.

\‘1 Personal knowledge. Chicago, Univ. of Chicago Press, 1962,
~athematical intultion, with special reference o limiting processes. In: Pro-
E l C % 4th Insemational conference for the PME, 1980, nug,, Berkeley, pp.170-175.

- 223



- 207 -

PROOF 'AND MEASUREMENT: AN UNEXPECTED MISCONCEPTION 1
Daniel Chazan

Harvard Educational Technology Center

This article begins by prov1d1ng background information about
ongoing research into students' understandings of the differences
between measurement of examples and deductive proof. This research
uses the microcomputer programs, the GEOMETRIC SUPPOSERS,
environments where both measurement and proof play important roles.
The article then goes on to describe an unanticipated misconception
about these two methods of verifying statements. This
misconception is discussed as it arises in the work on one high
school student. . .

INTRODUCTION

" The GEOMETRIé SUPPOSER software environment is & series of
microcomputer programs which allows students to create diagrams, explore
them using measurement, ‘make conjectures, and test these conjectures
empirically before beginning to prove "them deductively. Learning
Euclidean geometry with the GEOMETRIC SUPPOSERS forces students to think
about proof differently than they would in a traditional.course. i
Students confront the issue of the relationship. between measurement and
proof. From a mathematician's perspective, it 1s very important that
students understand that examples~with confirming measurements .do not a
proof make. For example, to prove that "An altitude from the. vertex
angle in an isosceles triangle divides the trianglé into two triangles of
equal area.”, it is not sufficient to show three examples with
measurements which support this statement.

One way to emphasize the difference between measurement and deductive
proof 1is to nighlight two important characteristics of measurement. With
measurement; one can only check a finite number of’cases.with limited
precision. If a statement has a universal quantifier and is about an

infinite number of objects (e.g. all isosceles triangles), then by using

1 -The oroofs ‘discussed in this paper are typical high school )
Euclidean geometry proofs. They do not include proof by construction or
proof by mathematical induction.
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measurement one can never be certain that all examples will support the

statement. Maybe there exists a set of cases for which the conclusion is

. not true though the premise is satisfied. One can never check all cases.

Second, measurement involves tools that by definition must have a
margin of error. All statements based on measurement must be qualified
(implicitly or explicitly) by the limitations of the tool. Thus, in
measuring lengths with the GEOMETRIC SUPPOSERS, one can say that the two

measurements are equal to one one-hundredth of a length unit. The

‘'segments may not be equal if measured with a more precise instrument.

Thus, even a statement of equality which holds for only one triangle
cannot be proven, in a mathematical sense, by measurement.

These characteristics of measurement are complicated by the role which
counterexamples play in mathematics. While measurement cannot prove an
universal assertion about an infinite set of objects, it can disprove
such an assertion. Sufflciently large measurement discrepancies (beyond
the precision and accuracy limitations of the tool) which contradict a
statement which begins "For all triangles,..." prove that the statement
is false. Thus, there is & lack of symmetry between the power of
measurement to disprove universal statements about infinite.sets and its
lack of power to prove such statements.

Deductive proof has three important characteristics which help
distinguish it from empirical reasoning. First, deductive reasoning
guarantees that its conclusions are true for éll members'yf the given
set, even if that set includes an infinite number of elements. Second,
if the results of a deductive argument indicate that two quantities are
equal, then these quantities are exactly edual no matter what scale is
used. Third, deductive arguments can also provide an element of
illumination, or insight into why the statement is true (See Bell, 1976).

An initial concern expressed about teaching students with the
GEOMETRIC SUPPOSERS was that students would not appreciate the
differences between measurement and proof, that they would treat
measurement as mathematical proof. These concerns led us to focus on
GEOMETRIC SUPPOSERS students' ability to write proofs (Yerushalmy, 1986;
Yerushalmy et.al., 1987). In fact, a corollary of the concern about work
with the GEOMETRIC SUPPOSERS mentioned above is that students using the
GEOMETRIC SUPPOSERS will no longer see the need for deductive proof and

O
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will therefore not learn how to write proéfs as well as studgnts in
traditional classes. From our first two studies, this does not seem to
be the case. Students in GEOMETRIC SUPPOSERS classes produced more
formal proofs on posttests (see Yerushalmy, 1986 and Yerushalmy et.al,
1987). However, these results do not necessarily indicate that students
" understand the differences between measurement and deductive proof. '
Instead studénts may have become more interested in proof because they
are invested in conjectures which they have devised on their own and
therefore want to prove them. Alternatively, the desire to complete
their conjectures by proving them may be motivated purely by the
teachers' insistence that conjectures are not true until proven.

This article presents one story from ongoing research into students’
understanding of the differences bétween proof and measurement as ways of
ascertaining truth. It presents an unexpected misconception exhibited by
a student in 'a typical, non;SUPPOSER classroom. Before presenting
Larry's work, a quick descriptién of ghe research background, thé unit

and tests used to evaluate the unit, will be provided.
THE UNIT

The unit on the differences between measurement of examples and
deductive proof provides teachers with problems for student exploration
in a computer laboratory setting, or for whole group exp{?ratidﬁ, using
the GEOMETRIC SUPPOSERS. The teachers were provided with materials which
explained the arguments that coild be made about the differences between
proof and measurement and which suggested ways to lead discussions. The
provided materials were anticipated to require two weeks of classroom
time. This unit was piloted during April and May of 1987 in two
experimental classes. One of the experimental classes had not used the
GEOMETRIC SUPPOSERS before doing the unit, one had used them all year.
There were two comparison classes which were matched classes taught by
the same two teachers. One of the comparison classes had not used the
GEOMETRIC SUPPOSERS at all. The other.used the SUPPOSERS all year and
did the problems in the proof unit without discussing them.
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Used Supposer Did Not Use Supposer
All Year . Prior To Unit
Experimental Classes Did unit Did unit
v Comparison Classes Did problems, . Never used
no discussion .the Supposer
THE TEST

To investigate the students understanding of proof; pre/posttests were
constructed to ascertain if students felt that empirical verification
constitutes a proof. The tests had three petts. Part A presented a list
of statements about proof and solicited students' views asking them to
agree or disagree. Part B asked students to write their own’proofs.

Part C of the test was patterned on work done by Martin and Harel (1986).
It provided a statement with eight different arguments for one given
statement. Each argument was on a different page. After readiné the
argument, students were asked to decide whether the argument was a

convincing ‘argument or not and whether it was a good argument or not..

v

They were then asked to justify their opinions.
-0f the eight arguments, four were inductive arguments and four were

deductive ones. Below, we outline each argument,
INDUCTIVE ARGUMENTS

* f#f1--An exémple for which the conditions are satisfied and the statement
holds, and an example for which the conditions are not satisfied and the
statement does not hold.

#3--Four examples for which the conditions are SBtiSfled and the
.statement holds.

#5--An extreme or complicated example in which the statement holds."

#8--A repetition of the statement.

DEDUCTIVE ARGUMENTS

'

f##2--A deductive proof of ‘the statement in two columns for a subset of the
described objects (a proof for a square with a diagonal, when the’
Statement is about squares with any line through the square).

O
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jib--A complete deductive proof of the statement in ‘two columns.
#6--A circular deductive proof in two columns.

#7--An informal argument that is deductive and correctly done.

After giving the tests to the four classes, students' answers were
classified as "correct” or "incorrect." A sample of students including
students who had given each of these kinds of answers was selected for
interviewing. The purpbse of these interviews was to check whether
students undérstood the questions asked in the test and to check whether
students' answers had been correctly categorized.

The following story is taken from the interview of a student from the
compafison class which did not use the unit and which had never used the
GEOMETRIC SUPPOSERS. Initiélly, Larry was interviewed because his
responses to the inductive arguments were "the right answers.'" It turned
out that he had a pernicious misconception about deductive proof; He .
thought that deductive proof is as limited as measurement, that it can
only shed light on an individual case. Not all students share Larry's

" misconception, but his misunderstanding emphasizes that students’ .
understandings of similarities between measurement (scientific
verification) and proof (mathematical verification) is very important,

even in non-SUPPOSER classrooms.
LARRY

According to Larry's teécher, Larry is a poor student, yet a ve.ry
bright boy. In his geometry class, he received a D for the year. In her
words, "if he just would have applied himself, he could have done well."
ﬁe; feeling was that conceptually he understood the material in the
course, but that he did not take the time to practice the skills that he
needed to do well in the course.

On part A of the test, Larry had answered on both pretest and posttest
that he did not agree that three examples make a proof. In part C, he
foﬁnd none of the empirical, example-based arguments on the pre or
posttest convincing, though #3 (four examplés) and #5 (a complicated

example) on the posttest were considered "good". Furthermore his
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comments on the posttest on three of the four empirical arguments seemed
appropriate:

(Examples for and against)- "This doesn't tell me what happens in
every other possible case. Appearances are sometimes deceiving."

(Four examples)- "These could be the only cases where the statement
is true." ’

(Complicated example)- '"Might be something special about these
squares to make it true here."
When interviewed, Larry's definitions of "good"” and "convincing" were:

"I thought cénvincing meant that it would be always true--that it
[the argument] proved that the statement would always be true...
[Good means that] they went about trying to prove it quite well."

Thus, it was surprising to hear him explain his written comments on
the posttest deductive proofs (He had not written explanatory comments on
the pretest). On the deductive proof where the line through the square
was a diagonal, Larry read very.carefully and saw that there was .a
mistake in the correspondence.of the two congruent triangles on the test
form. He chose "not convincing" and "not good" and wrote, "The triangles
named in statement 3 are not congruent. Doesn't tell me what happens in
every other case." The last sentence seemed appropriate because the
proof was a proof of a special case, fhe line contains a diagonal.  1In
explaining his comment Larry said, "I was just thinking of other
squares.” The interviewer asked, "This proof only shows you if it [the
statement] is true for this particular picture?" Larry answered, "Yes, I
don't know for sure about other things."

" Curious about this last exchange, the inter&iewer went on to the other
deductive arguments. For the correct, deductive argument, Larry had '
chosen "not convincing” and "good" and wrote, "This may apply only in

' For the circular, flawed deductive proof, Larry made the

this case.'
same choices and wrote "Might just be this case."” ~In the interview,
Larry indicated that he made these choices because he felt that each
argument was a good way to go about proving the statement, but he was not
sure if the arguments applied only in the pictured cases or in many
cases.

Larry, on his own, raised another piece of evidence that made it clear
that he did not think that deductive proofs held for cases not pictured.

The diagram accompanying the last argument showed three squares of equal
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size sharing the same center E and a line through E. The argument was
that "No matter how you turn the square around the center E, the areas of
the two regions formed by the cut FG will always be the same.” Larry
said "The last [argument] I said it was convincing, the’ last one.... I
said it was convincing in all cases." The interviewer, "Because it says,
no matter how your turn it, that it will always be true?" Larry, "It

' Larry chose-"not good" since the argument wasn't

wasn't very clear.'
clear and "convincing" since it took all cases into account.

One final indication that Larry thought that deductive proofs are
ﬁroofs of specific cases is that at the end of part C when asked what he
now knew about the statement that he didn't know before, he wrote "I

think that it is probably true." According to his conception the
"probably" is warranted, he has seen evidence for a numberlof specific
cases, But no genéral proof.

How would Larry react. if he was given a deductive proof of a statement
complete with a diagram and theﬁ-Qas given another diagram that satisfied
the conditions of the statement (e.g. an isomorphic diagram with
different labels)? Would he consider it necessary to write another proof
with the exact same statements? The evidence-from our interview suggests
that hé would. nyortunapely, we Were'noF able to test out this

hypothesis.

CONCLUSION

As pointed out in the iqtroduction,_oﬁé of the'key differences between
measurement and deductive proof is that deductive proof can prove
statements which hold for infinite sets, while measurement can only
verify a statement within certain bounds for a finite set.- It was

,anticipé;ed\that some students would not qnderstand that méasufement is
only effecti&e in’a finite number of cases. It was & surprise to find
" students who do not un&erstand that deductive  proofs hold for all
diagrams which satisfy the initial coﬁditions. Larry's views make it
clear that the issue of generality and specificity is a fruitful one to
study. ° Future research will investigate whether iarry's conception is
held by many high school geometry students.

The GEOMETRIC SUPPOSERS encourage the user to construct more than oné

e
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diagram for a statement. For students like Larry, the SUPPOSERS are an

especially valuable tool. It would be harder for his conviction to

. survive a GEOMETRIC SUPPOSERS classroom than a traditional classroom

where it is rare to find two different drawings for the same statement.
Work on "diagnostic teaching” (Bell, 1983; Bell, 1986) also suggests
that classroom activities which challenge students' misconceptions about
measurement and‘proof (like Larry's) and conflict-discussions which
examine the similarities and differences between these two methods for
Qerificstion may be effective in eradicating student miscpnceptions.
These sorts of activities may also promote long term learning which is

more successfully transfered to new mathematical domains.
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'DISCRETE' FRACTION CONCEPTS AND COGNITIVE STRUCTURE

M.A (Ken) Clements and G.A. Lean
Deakin University . P.N.G. University of Technology

Data obtained from investigating the 'discrete’ fraction concepts of 59
students in Grades 4, 5, and 6 in three Papua New Guinea Community
Schools are analyzed. These data derive from three different kinds of
tasks, namely 'sharing' tasks, 'discrete’ tasks involving formal fraction
language, and 'symbol manipulation'fraction tasks, all concerned with the

fractions 1/2, 1/4, and 1/3. While all 59 students were confident and
accurate when performing the 'sharing' tasks, they were much less
successful on corresponding tasks in the other two categories. It is
concluded that, in the teaching of fractions, reality-based 'sharing'
concepts should be linked with formal language, and both of these with
the symbolic manipulation of fractions. These links need to be firmly
established in the learners' cognitive structures.

1. INTRODUCTION

In November and December 1987 the authors administered three paper-and-pencil tests to 283
children in Grades 4, 5, and 6 in three Community Schools in different villages.in Papua New
Guinea (PNG). We also interviewed, on a one-to-one basis, 59 of the children who had taken
the tests, the aim being to map the children's cognitive structures with respect to fraction
concepts, and especially concepts for the fractions 1/2, 1/4, and 1/3.

During the interviews children responded to a wide range of fraction tasks. This paper,
however, is solely concerned with analysing data pertaining to 'discrete’ fraction tasks. (An
example of a 'discrete' fraction task would be to show a child 12 objects and to task him/her to
pick up one-third of them; by contrast, asking a child to shade one-third of a rectangle is an
example of a ‘continuous' fraction task - see Clements & Del Campo, 1987.)

Hunting (1986, pp.212-213) has pointed out that traditional approaches to the teaching of
initial fraction ideas have been based, almost exclusively, on the partitioning of continuous
material (e.g. apples, cakes, and pies), and sections in school textbooks on fractions
incorporate mostly graphic material which shows regions partitioned into various fractional
units. This is probably true of the situation in Papua New Guinea (see, for instance, the
section on 'Fractions' (pp.65-72) in the PNG Department of Education's (1986) Community
School Mathematics 4A). ' :

&) together with the fact that, while we were observing mathematics classes in the
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Community Schools which we visited, we noticed that children in Grades 4 through 6 were
often expected to be able to find the value of expressions such as '5/11 of 792', made us
wonder whether the children's cognitive structures included the verbal knowledge, the
imagery, and the memory of relevant episodes (Gagné and White, 1978) which would enable
them to make sense of the symbol mariipulations which they were struggling to perform.
Therefore, we decided to attempt to map the cognitive structures of samples of children in the
sehool with respéct to fraction concepts, and to include within the investigation a special study
of the children's responses to discrete fraction tasks. '

2. METHOD

Sample: 24 of the 59 interviewees constituted the only Grade 5 class at a small Community
School. Nine of the 24 students were female, and 15 male. Data from the pencil-and-paper
tests indicated that while these 24 students were spread across a wide spectrum of mathemafial
ability, on the whole the class was above average in mathematical performance for Grade 5
students in Papua New Guinea. The other 35 interviewees (20 female, 15 male) were in
Grades 4, 5, énd 6 (8 in Grade 4, 16 in Grade 5, and 11 in Grade 6) at two larger Community
Schools (which were in the same PNG province, but in a different province from the first
school). Again, while these 35 students were spread across a wide range of mathematical
ability, the two schools which they attended are recognized, within PNG, as having high
academic standards.

The interviews were mainly in English. If the interviewers suspected that a child was havmg
difficulty in understanding the basic instruction for a task then an adult (usually a teacher) was
called on to present the task in the child's first language. In each of the three schools English
is the language of instruction. :

The Discrete Fraction Tasks: The five different kinds of interview tasks which could be
regarded as 'discrete’ (or in the case of the Equilateral Triangle Perimeter task, having both
'discrete’ and 'continuous’ aspects) are now described.

1. The Array Tasks, and the Coffee Lid Task: These tasks were based in the five
sets of objects shown in Figure 1. For the 4 x 3 array of blocks in Figure 6(a) interviewees
were asked to give the interviewer one-half (then one-quarter, then one-third) of the blocks;
similar requests were made for the objects in Figures 6(b) and 6(c); for the 2 x 4 array (Figure
6(d)) interviewees were asked to give one-half (then one-quarter) of the blocks; and for the 2 x
3 array (Figure 6(c)) they were asked to give one-third of the blocks.

O
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Fig.1:The an.fay and coffee lid task materials

2. The Cups of Water Task Interviewees were shown the three identical clear plastic
containers in Figure 2(a), with one container full with water and two empty, and asked, ‘What
fractions of the cups have water in them?' Then they were shown the situation in Figure 2(b),
and asked the same question. Depending on_responses, the interviewer could ask further
similar questions (eg. with three containers full with water and one empty).

(a)%ﬁg (b)% %D
Fig. 2 : What fraction of the cups have water in them?

3. The Equilateral Triangle Perimeter Task: Interviewees were given an A4 piece of
paper on which three equilateral triangles, each with vertices labelled A, B, C, were drawn
(see Figure 3). They were told that Mary wanted to move around the triangle, starting at A and
going through B, then through C, before arriving back at A again. While these instructions
were being given the interviewer demonstrated the meaning of what was being said by
pointing to a triangle. Then the interviewee was asked to indicate on the triangle where Mary
would be when she had moved 1/2 (then 1/4, theén 1/3) of the way around the triangle.

cUn.ec‘:t(c;n f
c f
o : : Fig. 3 : Moving around the trian£ 3 ‘ﬁ
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A}

This perimeter task has both discrete and continuous aspects : continuous, because it involves
the continuous quantity, length; but discrete because the triangle has three sides.

4. The Symbol Manipulation Tasks: Interviewees were asked to work out the answers
to the following three sums, which were written on a piece of paper.

Loof12= 1 x12= x12=

Sl

[

5. The Discrete Sharing Task: Interviewees were given 12 marbles and wére shown
four stick-figure pictures of 'friends'. They were asked to share the marbles amoung the four /
friends so that each got the same number of marbles. The task was then repeated with two . /
(then three) stick-figure pictures of friends. ) '

3. RESULTS

1. The Array and Coffee Lid Tasks: Table 1 shows the percentages of interviewees
giving correct responses on the five tasks, for each of the fractions 1/2, 1/4 and 1/3.

Table 1 Percentages of Correct Responses on ‘Expressive Discrete’ Array and Coffee Lid
Tasks (n = 59, children in Grades 4 through 6)

Task V2 74 3 ,,-"
1. 4x3armay (12blocks) - 44% 17% 29%
2. 12 marbles in coffee lid 41% 10% 17%
3. 4 x3 array (8 blocks, 4 marbles) 39% 12% 17%
4. 2x4armay 41% 25% . -
5. 2x3amay - - 11%

*means the task did not apply to the fraction

It can be seen that most interviewees did not demonstrate an expressive understanding of the
request to give the interviewer 1/2 (or 1/4, or 1/3) of a small set of objects. The most common

error was for students to"give 2, 4, and 3 blocks in response to the request for 1/2, 1/4, and

1/3 of the blocks, respectively. In fact, 25% of all requests for 1/2 of a set of blocks yielded

\)the response '2'; 62% of all requests for 1/4 of a set of blocks yielded the response '4'; and
ERIC
235"
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65% of all requests for 1/3 of a set of blocks produced the response '3'. The concepts of 1/2,
1/4, and 1/3 are inexorably linked with the numbers 2, 4 and 3, respectively, in many
children's cognitive structures.

2. The 'Cups of Water' Tasks: Table 2 shows the percentages of interviewees giving
correct responses to the two set tasks in this category. Interviews suggested that children had
difficulty trying to reconcile the displays of cups and water with their concepts of fractions.
For most interviewees this was a novel, and confusing idea. Many students just guessed an
answer. They were asked to name a fraction so they said '1/4', or '1/2', or whatever first
came into their head.

Table 2 Percentages of Correct Responses on the two 'Cups of Water' Tasks (n=59)

. Percentage ~ Most Common’
Task Correct Error(s)
1. One cup of water, and two empty cups: : 1/4 (37%) of interviewees.
"What fraction of the cups have water in 33% gave this response)
them?" (Correct response:1/3)

2. Two cups of water, and one empty cup: 1/3 (20% of interviewees
"What fraction of the cups have water in fnve this resgonse)
them?" (Correct response : 2/3) 23% 2(13%) 1/4(13%)

3. The Equilateral Triangle Perimeter Task: The percentages of correct responses on
this task for the fractions 1/2, 1/4, and 1/3 were 14%, 5%, and 7%, respectively. Even when
correct responses were given, in almost all cases they were obviously guesses. The cognitive
structures of the interviewees clearly did not link the perimeter of a triangle with fractions.
One might have reasonably expected that on this task a fairly high percentage of correct
responses would have been given for the '1/3' task, but this expectation was not realized.

4. The Symbol Manipulation Tasks: Table 3 shows the percentages of correct
- responses for the three tasks in this category, and the most common errors on the tasks.
Written transcripts produced by the interviewees on these tasks often revealed a desire to
‘cancel’. Usually, however, what was done suggésted a serious lack of understanding. Thus,
for example, a Grade 5 boy wrote:

/-},of}él%ls _ %,x}d”:lS }x;z“:m

)
E TC knew he had to cancel, but he had no idea of what cancelling meant.
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Table3  Performances on Symbol Manipulation Tasks (n=59)

Task Percentage ’ Most Common
S Correc% Errors ’
Lof12= 519% ‘6" (7 students gave this response
. ‘8" (3 students gave this response;
‘4" (3 students gave this response

1 x12= 48% " "3' (S swdents gave this response)
3xl2= 20% 3 25 students gave this response;
4 . '48' (4 students gave this response;

‘5. The Discrete Sharing Tasks: When asked to share 12 marbles equally among four
‘stick-figure' friends all 59 interviewees quickly gave the correct answer.-Thirty used a
‘one-for-one' procedure, building up piles of marbles on the pictures of the friends, and the

" other 29 immediately picked up three marbles for each friend. No mistakes were made on the
other two sharing tasks (involving sharing 12 marbles among 3, then 2, ‘stick-figure' friends).
Usually, if an interviewee used a ‘one-for-one' procedure for the first sharing task, among
four friends, then he/she used the same procedure for the other two sharing tasks.

4. .DISCUSSION

The preceding data analyses indicate that the reality-based sharing concepts which all the
interviewees possessed were rarely linked in the children's minds with the formal language of
fractions or with the symbolic manipulation of fractions; also, formal language of fractions
was.not linked with symbol manipulation. Students in Grades 4, 5, and 6 were spexiding
large amounts of classroom time working with fraction symbols but did not link what they
were doing with reality or the formal language of fractions. .

This realization prompfed us to carry out the analysis shown in Table 4. This Table shows,
for both 1/4 and 1/3, those who (1) correctly performed symbol manipulation tasks and both
the first 4x3 (with 12 identical blocks) array task and the Coffee-Lid task; or (2) correctly
performed one, but not both of the symbol manipulation and the two.12-object tasks; or (3)
performed neither the symbol manipulation nor the two 12-object tasks correctly.

Clearly, from Table 4, hardly any of the 59 interviewees associated the symbol manipulation
. tasks (which were much easier than those they were being asked to do in class) with tasks °
E T C«'hich required them to identify 1/4 ( or 1/3) of a set of 12 objects.

- 237
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Tabled Performance on Symbol Manipulation and Two 12-Object Tasks (n=59)

1/4 . 1/3
Comparison Number in Comparison Number in
Category R Category

' 4‘101501'%l = congtlzl:. . ) ! ’l‘x}t.%l: ' comect,
any corresponding and conespondm 1
12- object tasks correct. : 12- object tasks comec%.
*lof I%m f'(-:horrect but eg.lher - "$x 112)0—'-h fcorrecl. but either

one or of the corresponding one or of the correspondin, 27
12- object tasks incormrect. 12- object tasks incorrect. g
‘b‘ Olfo lu% = mcglrrect 3 ! l x12='incorrect,

ut corresponding but both correspondin 8
12-object tasks correct. 12-object tasks cornectg
*1of12= ‘incorrect, '3 x12= incomect,
and elmme (ir2 boll;h of the 27 and either g:e ({r2 Pgbﬂl of the 23
corresponding 12-object . corresponding ject
tasks incorrect. tasks incorrect. ! .

TOTAL - 59 TOTAL . 59

Almost one-half of the interviewees correctly stated the values of * +of 12=" and ' -;-x 12="
yet did not respond correctly to the corresponding array .and coffee lid tasks. A few
interviewees performed the latter 12-object tasks correctly, but gave mcon'ect answers to the
symbol manipulation tasks. Many coulddo reither. Significantly, all had no trouble sharing 12
objects equally among 4 (or 3) ‘friends".

We believe the implications of our analysis represent a powerful indictment of prevailing
pracnce in the teaching of fractions. And we would be more than naive if we thought that what
we have found in three PNG Community Schools is not more or less true around the world,
wherever schooling occurs.

Teachers, textbook writers, and mathematics curriculum developers must plan programs which
link familiar real-world concepts (e.g. ‘sharing"), with corresponding formal mathematical
language (c.g. ‘one-quarter of’), and with symbol manipulation (e.g. ' of 12="). Thisis
illustrated in Figure 4. We would comment, too, that the ideas implicit in Figure 4 certainly do
not apply only to fraction concepts (sce Lean, Clements, &'Del Campo, in press, where the
ideas are applied to arithmetic word problems).

Providing classroom experiences which assist students to make the cognitive links indicated in
o } requires some understanding of children's minds, and knowledge of the effects on
I: l lren of previous learning experiences.
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Familiar
real world
concepts

Fig.4 : Establishing links in cognitive structure
While in this paper we have concentrated on the 59 interviewees' knowiedée of discrete
fraction concepts, in fact our data base contains more information on their continuous
fraction concepts than on their discrete fraction concepts. We aré cu.rren;l'y preparing a larger
report covering all the data : however, we should say, here, that our overall picture indicates ’
that, as a result of their schooling, the 59 interviewees did not associate formal fraction-
language with_ discrete sets of objects. This became clear when we asked them to draw a
picture: of ‘one-half' (then ‘one-quarter', then 'one-third.'). Fifty-eight of the 59 students
“chose to represent each fraction as a sub-area of a circle or a square - the other student chose an
egilateral triangle. The idea of representing a fraction as a subset of a larger set of objects
apparently did not occur to anyone This is the kind of knowledge which program developers
and teachers, need to have : .
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ALGORITHMIC TH[NKING OF bEAF PUPILS °
- REPORT ON A THREE YEARS CURRICULUM PROJECT

Elmar Cohors-Fresenborg, Universitidt Osnabriick

Abstract:

In the following we report on the curriculum project
"Algorithmisches Denken im Mathematikunterricht mit
Hérgeschidigten” (algorithmic thinking in mathematics
lessons. of deaf pupils), which has been run under our
scientific supervision by the ministry of ‘education and the
- ministry of social affairs in our state. Divergent from the
usual role of research we were in charge of the inventing
of didactical situations and teaching methodology. In a’
smaller amount we made some investigations on the pupil’s
process of algorithmic concept formation. We did this in‘a .
close cooperation with "Forschungsinstitut fiir Mathematik-
didaktik e.vV. Osnabriick”. We are obliged to this research
institute for mathematics education for an importand
progress in the theoretical framework (Schwank 1986).

INTRODUCTION
k4
! .
The curriculum project with‘deaf pupils, which we are presenting 'in the
fbl{owing paper, has two roots: one in mathematics education and one in
'cognitive science. . ) )
In mathematics education we have a long tradition in deVeioping
materials and lesson courses by which even pr;mary pupils get an insight
into the understanding of fundamental ideas. concerning automatxcaly
running processes and programming computers
In cognitive science we had a hypothesis on the value of nonverbal forms
of representing mathematical concepts arrising from the theoretical and
‘experimental analysis of pupils’ concept formation processes. This led
us to the idea of testing the theory with'deaf pupils as a kind of ~
cruéial experiment. )
Concerning the research on deaf pupils one may find in qognitivé science
(€] : '
ERIC T oan .

research on language acquisition of deaf but not on their
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mathematical concept formation processes. Similarly, there is no

;esearqh }eported in the field of mathematics education concerning the
deaf, as far as it can be seen for example in the abstract book of the
International Congress on Education of the Deaf held in Hamburg 1980 or

in the recent volumes of international journals in mathematics education.

Therefore the curriculum project on which we are reporting is an
exception (Cohors-Fresenborg 1987b).

Since 1979 there haé been done research concerning the question of
algorithmic concept formation of deaf pupils by the group 'foundations
of mathematics and mathematics education’ at the university of
Osnabriick. The investigations with primary pupils led to the result that
deaf pupils .

-are able to construbt and analyse algorithms using the didactical
material 'dynamic ﬁazes’ (which is explained below) on a considerably
high level compared with healthy pupils of the same age. The
investigations were extended to the field of the fundamentals of
computer programming using the model computer registermachine. As a
consequence of this successful work the ministry of science of Lower
Saxony has supported a pilot study from 1981 to 1983. One result was the
hypothesis that the remarkable high level of the deaf pupils in
constructing and analyzing automata networks was based on their
experience in the organizing of actions, so that by a consequent
developement of those abilities there could be an intuitive basis for an
understanding of fundamental mathematical ideas (Cohors-Fresenborg/
Striiber 1982).

HYPOTHESIS

The following hypothesis was presented as the basis of a three-years-

curriculum project:

By changing the philosophy of mathematics lessons using the intuitive
basis of algorithms it is bossible. that deaf pupils are able to
Q understand complex mathematical concepts from which they are excluded by
[E l(:fhe kind of mathematics curriulum which is‘used today.

241
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We were convinced that the reason for this can be seen in the fact that
the philosophy of pure mathematics is - from a philosophical point of
view — based on a languagé;orientated way of mathematical concept
fbrmation.

Our -curriculum project should show that it is possible to teach the
.usual contents of school mathematics (algebra and functions) using
algorithms as a fundamental idea so that deaf pupils can reach a
performance which is comparable with that of healthy pupils in a
middle-range of ability in secondary schools.

Using the deaf pupils’ understaﬁding of fundamental algorithmic concepts
it should be possible to teach programming of a high level language like
PASCAL. This should open to themlbetter chances in finding more
qualified jobs than they could find up to now.

The center of our research was the qonstructing of curriculum elements
using the idea of algorithms. We were convinced that we could only reach
our high level aims, if we gave preference to the constructing of
suitable mental models (Johnson-Laird 1983) for algorithms, and not by

teaching mathematical facts. .
CURRICULUM PROJECT

From 1984 - 1987 there was made a curriculum project in the center for
the education of deaf pupils in Osnabriick. Our job was the scientific
consulting. We understood our job as the task to develop curriculum
elements and the suitable teaching-methodology.

During our project there have been taught two classes:

One class beginning with grade 8 (up to the end of grade 10), and one
class_beginning with grade 6 (up to the end of grade 8).

Didactical material

The use of the material 'Dynamische Labyrinthe’ (Dynamic Mazes) and the
model-computer 'Registermachine’ played an important role . Both of them
?:fn been used before in other curriculum projects in primary and
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secondary schools, so that-there existed quite a lot of experiences
concerning the healthy pupils.

In 1974 we started to develop a didactical material "Dynamische
Labyrinthe" (DYnamic Mazes) with the aim to give'pupils even at primary
level an understanding of the fundamental ideas which are necessary to
understand automatiéaly running processes and programming computers. The '’
mathematical analysis of toy railway networks, in which only one train
may run which itself changes all the poxnts automatically on his run,
leads to the idea that such a railway network may be regarded as a
sequentxally running network of simple automata. The points are regarded
as a finite automaton with two states (left and right). The box
"Dynamische Labyrinthe" contains such mechanically working pbints,
flip—flops and counters which can be fixed on a board and can be
connected by simple bricks (straightes, curves, crossings, junctions) to -
a network (Cohors-Fresenborg 1978). ’

We have constructed a lesson course (Cohors-Fresenborg/Finke/Schiitte
1978) ‘consisting of about 16 le#sons, in which pupils learn to build
networks as concrete representations of the mathematical idea of
periodically counting automata. Those are used in daily life in sorting
machinés or in selling machine;'for tickets and stamps. These curriculum -
‘elements wére tested with several thousand pupils mainly of grade five.
It was really astonishing, how successful quiet a lot of these young

‘pupils were in constructing and anylyzing such automata networks.

The registermachine was invented as a microworld to understand
imperative programming languages like PASCAL (Cohors-Fresenborg 1987a).
It fits to the idea of computing networks cons}ructed with the material
dynamic mazes. The registermachine has been used to introduce the
concept of function on the basis of algorxthms (Cohors Fresenborg/Griep/.
Schwank 1982).

" Textbook

During our project we have worked out a small textbook for the pupils

and a detailed handbook for the teacher (Goldberg 1987). Both are use

our experience teaching the concept of function on the basis of

algorithms (Cohors—Fresenborg/Griep/Schwank 1982). A deeper insight into
[: f(:|e valuue, which play the different forms of representations for the
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construction of suitable mental models in the deaf pupils’ mind, can be
got from the design of the two clinical interviews (Cohors-Fresenborg
1987b, appendig page U3-U32).

SCIENTIFIC EXPLANATIONS

In the following we will try to explain the pupils’ success in our
curriculum project. The research on algorithmic concept formation has
worked.out three dimensions: the role of different forms of
represent}tion (Cohors- Fresenborg 1986) as well as the existance of
individual different cognitive structures (Schwank 1986) and cognxtxve

strategxes of pupils (Kaune 1985, Marpaung 1986).

The material 'dyﬁamic mazes’ plays an'important role as a non-verbal‘
communication déVice'in the sense of Lowenthal (1982). The non-verbal
aspect of mathematical concépt formation is one important reason for the
pupils’ success. A remafkable contribution to understand the role of
language in the process of algorithmic ana mathematical concept .
formation is the work of Lowenthal and Saerens with an aphasic child
using dynamic mazes and formal systems (Lowenthal 1985). Our work in
curriculum éons;ruction was supported by first attempts ;o explain the,
pupils’ process 6f'concept formition_by research in the field of
éognitive science. . A
In the meantime the different forms of representing algorithmic concébts
"are further analysed'(Cohors-Fresenborg 1986). Eépecialiy after ‘the
investigations of Kaune (1985).these forms are now not regarded to form
a hierarchy as it has be seen before. The use of dynamxc mazes for
‘concept formation is not oﬁly expléned by its non-verbal approach but
merely by the fact, that constructin§ computing networks wi&h the
dynamic mazes implements a phllosophy of thinking which fits in a very
’ . good manner to the cognitive structures of some pupils (Schwank 1986)
The dynamic mazes support a thinking in the terms of functioning
(functional reésoning),'on.the contrary a succesful use of dynamic mazes -
needs a certain ability in this kind of thinking. Only by this it can be
explained that there are some pupils which could’nt solve debbuging-
O
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were able to solve the analogous problem.which was presented in the form
of formal compuier programs for the registermachine. These individual

" preferences can be developped in such a manner that pupils by themselves
start a procedure to translate the problem from the computing network
into a fprmal program, solve it in this representation and translate it
back to the world of computing networks. That means, those pupils are>
mofe successful in solving problems using the formal representation of a
computer program, which fits better to predicati?e thinking than the
computing networks, allthough they had to organizé twice a translation
process. For the first time such a phenomenon was reported by Marpaung
(1986, page 98).

Mathematical concépts are defined and learned inside a framework of
concepts which occur in an axiomatic system of mathematics as free
varibals and for which there must be decleard meaning by interpretation.
From the psychological point of view there must be given evidence for .,
these fundamental concepts. In the usual way of constructing mathematics
ihese fundamental concepts aré of predicative or set theoretical nature;
the other mathematical concepts, for example the ‘concept of function,
are then introduced by explizit definitions. Concerning the field of
teaching and learning concepts the verbal orientated predicative way of
concept formation fits to this kind of introducing mathematical concepts.
On the opposite the concept of function is fundamental in a constructive
foundation of mathpmatic§ which from its philosophy fits to the use of
computers in mathematics. In this case the basis of evidence is a
thinking in the terms of organizing actions and of functioning.
Concerning the enumerable mathematics both approaches are equivalent by
principle. But this does not mean that they are équal from the
psychological point of view. These different possibilitys of foundation
of mathematics show, that it is very naive but often found that there
exists a unique mathematical kernel of a concept. It may be quite useful
inside a given framework of mathematical foundations but it is of no
value if one is concerned with a new orientation of the fundaments of

mathematics curriculum.

From the cognitive science point of view Schwank (1986) has pointed out
fhat corresponding to these two different mathematical approaches there
[E l(:‘st analogous differences in the cognitive structures of human
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beeings: the predicative versus the_funciional structure of thinking.
Casestudies with 9 of the deaf pupils have shown, that the destinction
between pedicative aﬁd functional cognitive structure is useful to
explain the observed individual differences in the process of concept
formation (Cohors—Fresenborg 1987b, apbendix page U39-U42). In a
casestudy with the deaf boy Dietmar it could be shown by.Schwank (1986),
that there exists a deaf, who preferes extremely ghe predicative -
cognitive structure, allthough language seems to ﬁe the natural tool to
use it. This boy therefo;e was all the more handicapped,because his
cognitive structure nqeds an elaborated language. The teachers regarded
him as not so inielligeni. And in our actioﬁ qrieniated course using
‘dynamic mazes he was not successfuli (because ,as we know now, we used
them according to functional thinking). But in the casestudy it could be
shown, that this boy could really understand the programming language of
the registermachine, when this was introduced in a way accbrding-to his
predicative cognitive structure. In the following it, was possible to
leed him to a remarkable understanding and success i% algebra by a
sophisticated use pf denominations and formal symbolﬁ.

This example shows, that the role of languﬁge in matﬁematical concept

formation processes, especially of deaf, must be further analyzed.

|
\
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THE EFFECT OF ORDER-CODING AND SHADING OF GRAFHICAL
INSTRUCTIONS ON THE SFEED OF CONSTRUCTION OF A
THREE-DIMENSIONAL OQRJECT

Martin Cooper
University of New South 'Wales

|

l

There are many situations, both in the classroom and in
real life, in which a three-dimensional object must be
constructed from diagrams. ' |

In the present research, the efficiéncy of high school
students was examined as they constructed a SOMA cube from its
components, using instructions consisting of different types
of isometric drawings. (The SOMA cube puzzle consists of
seven polycubical pieces which fit together to form a cube.)
The graphical instructions consisted of an ‘exploded view’' and
& equenced set of views, each showing a rew component being
added to the structure. Each type of instruction was
presented in a "clear” form, so that all faces, edges and
vertices had the same prominence, and in & form in which
drawings were "shaded” .in such a way as to suggest depth. [}
cue consisting of a clear exploded drawing, which was coded
for order of operation, was provided also. ’

The sample comsisted of 48 Year 7, 42 Year 9 and 27 Year
11 boys, subjects being examined one at a time. The proportion
of Year 7 subjects who were able to complete the task
successfully was so small that no comparicsobs among the mean
times to successful completion were made fof this age-—gr.oup.
For the other years, the results suggest that sequenced
drawings are more effective than exploded views that are not
coded far order. For Year 9, all order-—-coded illustrations
taken together (whether exploded views or not) were found to,
tie more effective than both illustrations that were not coded
for order. Again, for Year 9 but not for Year 11 subjects,
the clear exploded view that was not coded for order was not
as efficient as the clear, order-coded exploded view. For
neither age—group was any difference in effectiveness found
tetween clear illustrations and shaded illustrations.
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THE EFFECT OF OﬁDER ~CODING AND SHADING OF GRAPHICAL
- INSTRUCTIONS] ON THE SPEED OF CONSTRUCTION OF A
THREE-DIMENSIONAL OBRJECT

1
i
i
/ Martin -Cooper
Unidersity of New South Wales
{

. -
BACEGROUND /

There are many situations, both in the classroom and in
real life, in whith a three-dimensional object must be
constructed from  diagrams. Such diagrams may be in the form
of plans or elevations ("orthogaonal views" or "sections") ,
they may be perspective or isometric drawings, or they may
take the form of "exploded views" of the sort found in
automobile handbooks.

In the construction 1ndu5try, plans and elevations are
common formats: for transmission of information about the
object being manufactured, and in Geography, maps which
represent elevation as well as layout are used extensively.
In Mathematics classes dealing with topics such as mensuration
of three-dimensional objects and solid geometry, however,
isometric oy perspective drawings tend to be used most often
(Goddi jn | and Kindt, 198%5). Instructions which accompany -
household “assemble-it-yourself" articles, also, frequently
use isometric or perspective drawings as illustrations;
sometimes’ such drawings are coded so that the user knows the
order in:which the parts are assembled.

Recent research (Cooper and Sweller,_in press) has shown
’ . that Grade 7, Grade 9 and Grade 11 students find it much

" easier to assemble.cubes into simple polycubical structures
when ,following instructions which include prototypes or
isometric drawings than from instructions which use plans or
elevations. Furthermore, they found no difference in
efficiency between the use of isometric drawings and
prototypes of the structures to be assembled. This finding is
in accord with Metzler and Shepard (1974) who suggested that
isometric drawxngs are internalized in the same way as the
structure itself.

In the present research, we examined the rpeed with which
high school students could construct a solid from its
polycubical components, when using different types of
instructions based on isometric drawings. When employed with
instructione for the assembly of an object, such drawings may
carry an indication of the order in which each component is
put into position. Although such "order coding"” provides
additional informatidn, and may therefore increase cognitive
load, it seemed probable that the format would be more

. efficient because such additional information allcws better
© management of the task and thus reduces the need to empl oy
trial-and-error methods. Exploded views are, 0of course,
isometric in pature. It was conjectured that instructions
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using aorder-coded exploded views would be more efficient than
those in which the diagrams were not coded in this way.
Another type of inetruction, in which both isometric
‘drawings and order coding are combined, takes the format of an
ordered series of views, each showing a new component being
added to the structure (see Figure 4). It was conjectured
that this type of instruction would be more efficient than
‘that using the exploded-view type of isometric drawing.
Isometric drawings may be "clear” in the sense that all
faces, edges and vertices have the same prominence (see, for
example, Figure 4); on the other hand, they may be "shaded" in
such a way as to suggest depth (as may be seen in Figure S).
Shading of this sort was used by Gaulin (19835) and by Izard
(1987). As there appears to be no research evidence that
either shaded or unshaded drawings are the easier to
interpret, one may ask why such & device is employed at all.

METHOD

Materials

The materials consisted of the seven components of a
standard SOMA cube and five cards, each bearing an
illustration. (The SOMA cube puzzle consists of seven
polycubical pieces which fit together to form a cube.) Each
illustration was designed to accompany the following
instructions:

These wooden piectes fit together to form a cube. Can
you put this puzzle together? The drawings on this
card are provided to help you.

The respective cards and the format of their illustrations
were as follows: -

Clear, uncoded euploded view (see Figure 1)

Card 1:

Card 2: Shaded, uhcoded exploded view (see Figure 2)

Card F: Clear, order-coded exploded view (see Figure )

Card 4: (Ordered sequence of cumulative isometric drawings:
clear format (see Figure 4)

Card S: Ordered sequence of cumulative isometric drawings;

shaded format (see Figure 9)

Frocedure

Samples were drawn from grade 7, grade 9 and grade 11
classes in a large high school. Subjects were examined one at
a time. EFach subject was cseated at a table and presented with
the seven SOMA cube components and an illustrated instructions
card which was randomly selected from the five -available.

The researcher recorded the time taken from the instant
the subject viewed the material to the instant when the task
was completed. A time of 10.00 minutes was recorded for
subjects who had not completed the task by that time.
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RESULTS

For .each grade-type combination, the number and
percehtaqe of subjects who were able to complete the task
correctly in a time not exceeding ten minutes is shown in
Table 1.

Table 1 Numbers and percentages able correctly to complete the task

. qgrade 7 . grade 9 grade 11

card type of illustration N n 2 N n % N n %
1 exploded view (clear) 8 &6 75.0 7 77.8 7 7 100.0
2 exploded view (shaded} 7 3 42,9 9 7 77.8 & 4 6b6.7
3 order-coded exploded view 8 2 25.0 9 8 88.9 6 & 100.0
4 sequenced drawings (clear) ? 5 5.5 8 7 87.5 6 4 66.7
S sequenced drawings (shaded} 8 3 7 9 9 100.0 6 6 100.0

N: number attempting task
n: number succeeding at task

Hecause the proportion of Grade 7 subjects who were able
to complete the task successfully was so emall, it was decided
not to make any comparisons among the mean times to successful
completion for this sample.

The number of subjects in Grade 9 and Grade 11
successfully interpreting each type of illustration and the
mean and estimated standard deviation of their times to
completion of the task are given in Table 2.

Table 2 Means and'estimated standard deviations of times to
successful completion

Grade 9 Grade 11
card. type of illustration .nh o mean sd N mean sd
{ exploded view fclear) 9 5.7t 2.5% 7 . 0.96
2 exploded view (shaded) 9 4.75 2.22 4 4.16 1.78
3 order-coded exploded view 8 3,20 2.38 6 3 1.79
4 cequenced drawings (clear) 7 2.80 1.83 4 2.1 1.42
5 9 3.74 2.58 [ . 1.07

sequenced drawings (shaded)

n:  number succeeding at tésk
sd: estimated standard deviation
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It was expected that

1. sequenced drawings would be more effective than
: exploded views;

2. iliustrations indicating order of operations
would be more effective than those not showing
order: .

. ‘shaded”’ illustrations would be more effective

than clear illustrations;

4., the order-coded clear exploded view would be
.more effective than the clear exploded view
bearing no indication of order of operations.

Contrasts corresponding to the above planned comparl sSONs were
therefore defined as follows:

contrast 1: average of means for Cards 1 and 2 (non-order-—

coded exploded views) minus average of means

for Cards. 4 and 5 (sequenced drawings)

average of means for Cards 1 and 2 (non-order—

coded exploded views) minus average of means

for Cards %, 4 and S (order-coded esploded view

and sequenced drawings)

cantrast 3  average of means for Cards 1 and 4 (clear
exploded view and clear sequenced drawings)
minus average of means for Cards 2 and O
(shaded exploded view and shaded sequenced
drawings)

contrast 2

contrast 4: mean for Card I (non-order-coded clear exploded
view) minus mean for Card I (order-coded
exploded view) s

The contrast estimates and their estimated standard,
errors are presented in Table 3.

Table 3 Contrast estimates and their estimated standard errors
~

Grade 9 Grade 11
contrast estimated contrast estimated
contrast estimate std. error estimate © std. error
1 1,964« "0.81 1.49+ 0.63
2 1.98+ . 0.73 1,03 0.56
3 0.01 0,81 -0,55 0.63
) 2.51+# Y | -0.54 0.78
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The estimates of contrasts 1, 2 and 4 are significantly
different from zero at the 0.05 level for Grade 9; for Grade
11, only contrast 1 shows significance.

The results of the above statistical -analysis suggest
that instructions using sequenced drawings of the type
illustrated in Figures 4 and 5 are more efficient than thuse
using exploded views that are not coded for order. For Grade

‘9, all order-coded illustrations taken together (whether

exploded views or not) were found to be more effective than
both illustrations that were not coded for order. Again, for
Grade 9 but not for Grade 11 subjects, the clear exploded view
that was not coded for order was not as efficient as the
clear, order-coded exploded view.

For neither grade was any difference in effectiveness
found between clear illustrations and shaded illuctrations.
This result may be explained ir terms of Metzler and Shepard’'s
statement that isometric drawings of threc-dimensional
polycubical structures are internalized-as if the structure
itself were being viewed - if a clear isometric drawing is
as effective as the structure, then a shaded.isometric drawing
can hardly be more effective. This finding may not hold, of
course, for illustrations of more complex structures.
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NEW CONTEXTS FOR LEARNING IN MATHEMATICS.
Kathryn Crawford
The University of Sydney.

This paper presents a work in progress report of an
exploratory study investigating the initial responses of 25
four year old children to a modified version of LOGO and the
relationships between learning behaviour and the social
context in which learning occurs. The research forms part
of a wider study, involving 450 families, of the social
context of mathematics learning in early childhood. A
description is given of the patterns of response by the
children and gender differences in interaction with
computational medium are discussed. The results of the
study indicate that the effects of socio-cultural factors
are heightened in. informal learning situations where self
directed activity is encouraged. Also, that computational
media are a potentially powerful educational tool when used
to structure incidental learning.

In developed countries, increased computer use has resulted in both
qualitative and quantitative changes in the information available to all
sections of the population. Computefs and computational media provide
new objective and social contexts in which young. children may acquire
mathematical knowledge and use it in purposeful activity. There is a
need for careful investigation of the changing contexts in which
learning in mathematics occurs.

An interactive approach to cognitive activity.

There is increasing acceptance among cognitive theorists that
children construct their own knowledge through reflective activity
associated with their experience of the objective and social
environments. Constructivist theorists (for example, Cobb (1986) and
Duckworth (in press)) have recently described this process in some
detail. Cobb (1986) describes the interaction between perceptual
information and prior knowledge as an individual observes mathematical

aspects of reality as follows:

Mathematical structures are not apprehended, perceived,

intuited or taken in, but are instead reflectively abstracted

O
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from sensory motor and conceptual activity. Consequently the
adult observer who "sees" arithmetical knowledge "out there"
is consciously reflecting on structures that he or she has

imposed on reality.

“Cobb and Duckworth, like Piaget (1953), view cognitive development as a
generative process in which a child adaptively responds to experience of
the objective environment.

’ Some soviet psychologists ((Lurié (1973), Vygotsky(1978),

Leont 'ev(1981)) and.Olsen (1987) have placed rather more emphasis on the
relationshipé bétdeéﬁ cognitivé and social acts, particularly in
relation to the development of abstract coﬁcépts such.those in, science

"and mathematics, Luria (1973) and Leont'ev (1981), in particular, have
explored the ways in which cognitive activity is constrained by the
social contexf as well as physical asbects of the environment. Crawford
(1986), in a study of.children's mathematical behaviour, found some
evidence supporting their position. It appears that differing cognitive
functions are used to pfocess information according to how an individual
perceives his/her needs and interprets the goal of a task. For example,
if a task is perceived’ as involving self directed, creative activity,
then metacognitive processes are likely to be ﬁsed io direct conscious’
reflection and critical evaluation of efforts to "make sense of" a '
situation. In contrast, if the social context is interbreted as’
requiring the following of directions, an individual concenﬁfates on the
use of cognitive processes associated with accurate imitation. The
latter processes are not normally available for conscious reflection.
Luria (1982) states that the use of different functions results-in
qualitatively different epistémological outcomes. Conscious reflection
is associated with concept development. Careful and repeated imitation

. results in well automatised routines that are not eaéily accessable for’
conscious review. . : '

. The subjects in Crawford's,(1986) study were flexible about
adapting their behaviouf when the social context for mathematical
problem solving was expligitl} redefined. However, in many elementary
school classrooms in Australia there is an implicit (and often explicit)

. réquirement_to follbw the directions of the teacher. Such a social
O
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context mitigates against purposeful cognitive activity.in mathematics.

New contexts for learning. .

- Booth (1984) has described how the spontaneous pattern making of
young children with paint and paper is influenced by the physical
-constraints (e.g. paper shape) of the activity. Technological
environments now make‘possible-new contexts for learning and also imply
the need for new kinds of knowledge. Routine procedures are
increasingly a function of machines. There is less demand for humans to
accurately perform highly automatised skills. Higher order thinking - ’
planning, trouble shooting, and creative problem solviag - are necessary
for future purposeful use of ;echqology. Computational media also
provide new kinds of information.’ For example the dynémic visual
representations of abstract mathematical ideas available in ELASTIC
(developed by A.Rubin BBN laboratories) have not been available to
students of the past. Computers also provide new social contexts for
mathematical éhquiry. Now a machine rather than an adult sometimes
serves as a source of information. Also, ideas represented on a screen,
as occurs when children use LOGO, are available for public scrutiny and
discussion. Finally, and most important, computational media are highly
structured and provide new constraints as the baéis of incidental

_ learning during use.
Learning and computers at pre-school.

As part of a larger study of the social context of mathematical
learning in young children in 450 families, 25 pre-school children were
observed during their iniéial contact with a modified LOGO progf&mmé
(Little Logo). At the beginning of the programme the children's ages

"ranged from 54 to 60 months. l

The time-spent at the computer was described td the children as |
"drawing on TV" in an effort to encourage association with otber-
activities .in which free expression and-creativity were encouraged. The -
éhildren were explicitly ehcouraged to explore the new medium freely.

In keeping with the rest of the informally organised pre-school
programme use of the computer was not mandatory but during the twelve
weeks all children were encouraged to.use.thg computer either singly or
in small groups. All but one child used the computer on a weekly basis.
An adult in atﬁendance kept running records of the interaction for the
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first half of the twelve week programme and assisted when technical
difficulties were encountered. Technical information about the
programme was présented in three stages. First children were
introduced to the commands of the modified LOGO programme (R L F C then
BDUTH ?). After four weeks experience of using the commands and
observing the effects produced on the screen, children were encouraged
to use the same commands to direct a turtle robot on the floor. After
two sessions with the robot the children reverted to "drawing on TV".
Records were kept of the time spent by each child, knowledge of
commands (use of left and right were noted separately), evidence of
planning, whether the child initiated or followed ideas. Printed
records of the children's "drawings" were also kept. Under such
informal conditions the following consistent developmental sequence

emerged:

1. 1Initial random and impulsive experimentation with the
commands. In the new medium this stage appeers-similar to the
scribble stage described by Booth (1984).

2. 1Initial attention in purposeful investigation of the new
medium centred around the two features most obviously
different from the topogical constraints of paper and pencil.
These were: attemps to predict where the "turtle" was after
using the H (hide) command and also experimentation with
continuous use of F (forward) until the "turtle" reappeared on
the screen.

3. A gradually increased focus on the horizontal and vertical
axes. Horizontal and vertical lines usually represented the’
children's first attempts to control direction. The terms
quickly became part of the vocabulary used to discuss the
effects obtained on the screen.

4. Isolated geometric shapes. Usually rectangles, squares,
triangles and "circles" (closed curves). This stage generated
considerable discussion about the repetitive use of the F
(forward), L (left) and R (right) commands. Methods of

producing shapes of different sizes were exchanged and
discussed.

RIC

Aruitoxt provided by Eic:



[E

- 243 -

5.Planned filling of the available space. For boys this

stage often involved use of geometric patterns in a manner
similar to that descfibed by Booth (1984), for girls there was
less interest in repetition and more interest in detailed

representation of people and events.

The sessions in which the children used the turtle robot were of
interest. All children were initially startled ‘and delighted when they
discovered that the commands they had learned could be used to move the
turtle on the floor. The new experience was clearly associated
(particularly by the girl;) with experience playing with soft toys and
dolls. A "house" and "shops" were quickly constructed with cardboard
boxes and the robot was moved about. There was a marked increase in
imaginitive play and planning with work on the video monitor-after
children had had experience in contfolling the turtle robot on the °
floor. The robot was slow-and cumbersome and most soon got bored with
it. However the experience.was very effective as a means of shifting
the children's use of the medium from experimentation to more planned
and extended activity. '

There were several differences in the wafs that boys and girls
approached the use of the computer. Sperber & Wilson (1986) would _
describe the differences as differences in the "cognitive environments"
that boys and girls brought to the task. These can be summarised as
follows:

1. Greater initial enthusiasm for computer use by boys.

2. Boys were eager to explore the limits of the new medium by
themselves whereas girls ihitiallz requesteﬂ assistance more
often. (girls showed greatly increased planning béhaviour and
initiative when left without supervision.)

3. Once competence in controlling the medium had been
attained, there were qualitative differences in the kinds of
representation by boys and girls. In general girls attempted
to represent people and activities in as much detail as the
medium allowed, boys were more interested in exploration of

and rearrangement of the shapes they had created.
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By the end of the programme there were no overall differences between
boys and girls in enthusiasm for computer use or in knowledge of
commands. Most children were able to competently discuss their activity
in terms of distance, direction, horizgntal/veftica1,~left/right, shape
and ‘size. However, the qualitative differences in the use of the medium
resulted in different expressions of frustration with the limitations of
the restricted LOGO programme. Boys. were most interested in the
‘possibilities for translation (and in some cases rotation) of shapes and
repetition of procedures. In contrast, the girls were able to clearly'
articulate their frustration with limitations imposed by the L and R
commands (set at 30 degrees) and their need for more precision in
forming angles. The results support Leont'ev's notion that cognitive
activity is defined by the needs and goals associated with a subjectivé
interpretation of a task. Thé gender differences described above were
.consistent with signifiﬁant differences in parental expectations and
activity choice found in .the wider study. ‘

An adult was in attendance for all sessions of the computer
activity for the first half of the programme. Although explicit -
instructions were given that children should freely explore the medium
with a minimum of adult direction, it was clearly difficult to resist
the temptation to "help". Many children, girls in particular, actively
sought help and felt most comfortable in dependent learning situations.
The situation remained unresolved until illness resulted in the children
managing the computer activities by themselves for a week. There was an
increase in active discussion about the activities and in the planning
and complexity of the resultant "drawings". From that time, adult

assistance in the programme was reduced to one session per week.

Conclusions.
The results of this small exploratory study should not be
generalised. However, the study has highlighted the significant

influence of socio-cultural experience on learning in informal settings
and the way in which computational media provide new and influential
contexts for incidental learning in young children. It is clear that
purposeful creative activity with computétional media incidentally

' Q N
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direct children's attention to mathematical aspects of the environment.
However, the socio-culturai associations and perceptions of
"appropriate” behaviour strongly influence the course of self directed
learning. Even at four years of age, gender differences in the
"cognitive environments" that children brought to the activity were
evident. Boys and girls incfeasingly used the medium to achieve
different goals and to explore different interests. As a result, they
paid attention to and discussed reflectively different aspects of the
medium. .

The study raises a number of questions for future. research. Soﬁe

of these are:

Are the socio-cultural effects associated with achievement in
mathematics exacerbated or ameliorated by less formal settings

and self directed mathematical enquiry?

Can computational media be used to enhance mathematical
understanding while individuals persue their different goals

and interests?

How do the structures of a computational media influence

incidental learning during use by students?

With the increased use of micro-computers in schools and new
developments in educational software changes in both the social and
physical contexts of learning in mathematics seem inevitable. However
if these chnages are to have positive educational outcomes, there is an
urgent need for research directed at increasing our understandiﬁg of the

above questions.
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QUELQUES DEVELOPI.’KHEITS RECEETS DES RECHERCHES
' SUR LA DISCUSSION AUTOUR DE PROBLEMES

Jean-Philippe DROUHARD
Héldne LYMBEROPOULOU-FIORAVANTES
Hélani NIKOLAKAROU
Yves PAOQUELIER

.‘U.E.R DE DIDACTIQUE DES DISCIPLINES, UNIVERSITE PARIS 7.

' DISCUSSION ABOUT PROBLENS :
RECENT TRERDS IN RESEARCH AND ANALYSIS

This study refers to the conception, the realization,
the observation and the analysis of a teaching approach
for mathematiocs, we called “Discussion- About Problems”
(D.A.P.), and which- vwas experienced for two years (from
‘85 to '87). It is based on the direction (by the teacher)
of a discussion among students - (adults) about the
statements they make regarding a problem they must have
yet prepared. : o '

- The ongoing research focuses oh analysis of video-
registered observations, and aims at determining
characteristice of D.A.P. and discovering some rules of
dotion and interpretation the teacher uses when conducting
a discussion. s s

“One of the results we obtained is that a proocedural
description based.on “parenthesis” (sub-discussions) is
irrelevant. Hence, we are vorking on a nev “theatrical™.
point of viev, which is based on mathematical contents and
communicational side together. : "

0. INTRODUCYION

Comment penser une démarche didactique qui puisse favoriser .
1'aquisition ‘d'un dertain nombre de connaissances en mathématiques
(de divers niveaux), ‘par 1'intériorisation (individuelle) d'un débat
{collectif)? La conception théorique, la mise en place, 1’'observation
et 1'analyse d'une telle démarche (que noue avons appelé "Discuesion
“Autour de Problemes” - D.A.P.) sont 1'objet d'une recherche menée
dans le oadre des eéances de travaux dirigés d'un- eneeignement de
remise A niveau pour adultes. A titre indicatif, le programme débute
avec les calouls sur les puieeances et les fonctione affines, et ee
termine par les coniques, 1'intégration et les nombres complexes (1)~

(1) -Le lecteur pourre se faire une idée de ce que peut #tre une séance d6 D.A.P. en se référant
@  lescriptionschématique qui figure enannexe (R°1). :
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Un des soucis fondamentaux de notre recherche sur la D.A.P.
oonsiste & gviter, autant que possible, gue nos constructions
théoriques (a priori) n'altérent notre interprétation (a posteriori)

ions. Toutefois, on ne peut faire un tel travail d'inter-
prétation comme si 1l'on 6tait vierge de tout a .priori. Il importe
dono d’élucider au mieux notre théorisation initiale et son influence
sur la oconduite de 1'expérimentation et sur 1'interprétation des
observations recueillies. Pour éviter de “prendre nos désirs pour des

réalités”, [] 8 no O
(initialement) gu'il se produise, et ce que nous pensons (maintenant)
qQu'il est arxive.

Par ailleurs, la soientifioité d'une expérimentation didaotique
nous semble dépendre, entre autres, du gtatut acoordé a 1'analyse des
déoalages entre "intentions” (telles qu‘on peut les reconstituer) et
“réalisations” (oonnues par les observations et les analyses).
Considérer oes décalages ocomme une “"dérive” inévitable, qu‘il
s'agirait de réduire par approximations successives, nous parait
risquer de tirer 1'étude vers le domaine de 1'innovation pédagogique.
Ce n'est pas un mal en soi, mais cela correspond A un affaiblissement
de la vigilance épistémologique (1) et gort du domaine de la recherche
didactique. Au ocontraire, nous oconsidérons 1’ interprétation de oes
déoalages ocomme un moyen privilégié d'en oonnaitre autant sur nos
intentions que sur les ocontraintes externes (institutionnelles) et
internes (didaotiques) de la situation mise en jeu.

Enoore faut-il disposer dee moyens de prendre connaissance, de la
maniére la plus objective possible, du déroulement effectif des

séancee ; ou, s8i l'on préfére, pouvoir passer [ i
' » ©'est & dire & la oompréhension de 1la “logique” des
discussions. . ’

La recherche d'une telle méthode d'analyse a commencé dés 1la
deuxidme année de 1'expérience (1986-1987) et n'est pas terminée.
Toutefois A& 1°'ooccasion de la phase initiale de ce travail d‘analyse,
consistant & "déoouper” les déoryptages, les problémes rencontrés et
les solutione envisagéee nous indiquent quelquee résultats oonoernant
les interprétations des situations de type D.A.P.

1. DESCRIPTION PRQCEDURALE

Nous "avions voulu tester une méthode d’analyse. des séances de’
D.A.P. reposant sur le principe “procédural” suivant :

Une D.A.P. peut &tre oonsidérée ocomme une prooédure
complexe de résolution d'un probléme, procédure dont 1le
déroulement néocessite d'accomplir des taches dont certaines
sont elle-mémes des procédures complexes de résolution d'un
.sous—probléme, et ainsi de suite.

Ce prinocipe pourrait se schématiser comme suit :

)
E \[C‘ln prenant ce terms dans 1e sens o 1 emploient Bourdieu et al. (1983)



Probléme : P '
( - S
Prapositions des étudiants.: Pr Pr Pr Pr Pr
Sous-problémes.: SP  SP Discusston du
s probléme P, au
a4 N cours de laquelle
P Pr Pr apparaissent des
5P (Pr Pr Pr) sous-problémes
MR SP
Pr PrpPrfr Sous-discussions
C) des sous-problémes
etc...
L J

Qevgn conggxt\_xgx gj;anc;pg degcg;p if permettant de représenter
schémat iquement (comme ci-dessus) les D.A.P. sous forme arborescente.
.En d’autres termes, dans cette desoription, pour gérer la discussion
(ce qui. est la téche de 1'enseignant) il fallait ocontréler la
profondeur des “parenthéses” (c.a.d. des sous-discussions de
résolution de sous-problémes). Ce terme de «parenthése» avait pour
origine, entre autres, 1’'interprétation spontanée des difficultés
réellement ressenties pendant la gestion pratique des séances.

Lorsqu'une discussion devenait "“illisible” pour le maitre et pour
les é6léves, A cause d'un trop grand nombre de questions imbriquées
les unes dans les autres, il était tentant d'interpréter cela comme
1'“ouverture” (par 1'enseignant) d'un trop grand nombre de
"parenthéses” .

Un tel schéma reste & peu pré¢s vide de sens tant qu'on n'en a pas
6lucidé les mots-clefs ("discussion”, “probléme”, ‘etc...) La place
manquant toutefois ici pour le faire, nous ne pouvons que renvoyer le
lecteur & DROUHARD et PAGUELIER (1987) (ainsi qu’aux publications du
Groupe de Recherche sur la Didactique de 1'Enseignement Supérieur-
-cf. bibliographie- pour une présentation des situations de "Débat
Scientifique”, qui présentent des points commns avec celles de
D.A.P.). Toutefois, figure en annexe (A2) un rappel de quelques-unes
des positions théoriques qui sont & 1'origine de notre démarche.

Or ce schéma descriptif, qui refldte assez fidélement un stade
antérieur de nos conceptions de la D.A.P., s'est révelé mal adapté &
la desoription du déroulement des séances.

1) Lorsqu'on essaye d'analyser un déoryptage selon ce schéma, on
se trouve devant un certain nombre de discussions ne correspondant &
aucun sous-probléme explicite. Pour sauver la description, on est
amené & supposer 1'existence de sous-problémes hypothétiques.

2) Plus fondamentalement, cette premiére conception de la D.A.P.
était ocaractérisée par une relative “étanchéite” des’ niveaux
(mathématique, métamathématique, méthodologique, eto...) Elle
supposait, en effet, plusieurs types de D.A.P. : discussion sur les
solutions mathématiques d'un probléme mathématique, discussion sur

\) sthodes proposées en réponse a un probléme méthodologique,
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De fait, 1les problémes soumis au é&tudiants étzient censés ne
comporter qu'un -ordre de difficulté a la fois (}). Cette premiére
.conception ne - prenait- donc pas en compte la possibilité
d'interventions A plusieurs niveaux au cours d'une méme discussion.

Or, une remarque de méthode, énonocée A un moment donné d'une -
discussion portant. sur un probléme mathématique, peut d'un  coup
rendre sans objet toutes les propositions de solutions qui 1'ont
- préoédée, - et donner un ocours nouveau au débat, en posant des
contraintes sur toutes celles qui suivront. ibili i

oug 8g

., B BI) i A 5 & ] s, o ) Ba OI) (1 gl - & 88 .
goug-problémes, - basée sur une analyse “"proocédurale”, qui voulait
qu'une fois résolu le sous-probléme SP,. on. "remonte”, mni de la
solution de SP (qui ferait alors partie du savoir du groupe), au
probléme P, lequel serait resté "en plan”, sans modification, dans
» 1'attente de ocette solution de SP . ‘ .

Cette inadaptation de la desoription aux observations éolaire du
coup le décalage entre les préparations des séances (analysges a
priori suivant un tel. gohéma desoriptif, alors implicite) et leur
déroulement. Nous avions observé ce décalage, mais en le mettant au’
compte de la mise en oeuvre inadéquate d'une analyse correcte.’

Par ailleurs, nous avons longtemps continué A concevoir 1 analyse
des séances de D.A.P. suivant lo schéma initial, alors que celui-oi
avait ocessé de oorrespondre .aux observations, et méme A 1'évolution
de la théorisation. Ce fait.nous parait une excellente illustration
de la nécessité de porter son attention sur la réalisation effective
deés dispositifs didactiques. ' -

!

Dire que toute intervention peut influencer toutes oellées qui
suivent, revient & signifier qu'on ne peut réduire la cléture d'une

" .disoussion A une “"fermeture de parenthése", dont le contenu entier
- pourrait &tre oublié -au profit de la seule oonnaissance - visée.
Contrairement’ (peut-étre) au "Débat Soientifique", la-D.A.P. ne nous
parait pas &tre essentiellement un simple moyen d'«aborder les
problémes réellement posés sur les concepts enseignés» (G.R.D.E.S..
-.1987, ocommunication & PME XI).. i i ! i

QUD 10 : S, ad  CONNALZOAD

stitutive d sens que BS ;”‘._._
érieurement) A oette oonnaissance.

.Autrement dit, nous sommes amenés & ‘penser que les gmm'(dé'-
‘divers niveaux) ! "hi ry— ;

ris ult

‘.

. C'est ioi que nous retrouvons
la problématique générale de 1'“intériorisation du débat”. Pour nous, .
ce n'est-pas le seul savoir établi lors du débat qui est intérioriseé,
" mais 1'unité formée du savoir et de son histoire. . )

(1) "Par exemple, certains énoncés portaient sur des objets mathématiques ;)artutemont connus .

Q Yotionde multiple, ouéquation dupremier degré), mais posaient des problémes de logique ;
Jur d' autres énoncés, c'était 1' inverse. L
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Toute réflexion didaotique sur 1'institutionnalisation des savoirs
en situation de débat, doit A notre avis tenir oompte de cet aspect
des ochoses. ’

Ceoi dit, tout oe qui préodde est présenté en “forgant le trait”,
aussi bien en oe qui conoerne la sohématisation des situations de
D.A.P., que leur opposition aveo ocelles dé "Débat Soientifique” (1),
En particulier, oe qui vient d'é&tre dit sur 1'intériorisation des
oonnaissances doit @&tre modulé en fonotion de leur niveau:
mathématique, métamathématique, méthodologique, etc. ..

Maintenant, comment analyse}.' de tels énoncés "A histoire” et
rendre oompte de la logique des séances ?

Les difficultés d'une interprétation prooédurale d'une séance de
D.A.P., liées au constat qu'il n'est pas possible d'analyser
séparément le ocontenu d'une séanoe et son fonctionnement
commnicationnel, nous ont amenés, entre autres, & explorer la voie
d'une analyse que nous qualifions de "dramaturgique”. Nous cherchons
ainsi A justifier le découpage des séances en “actes”, “scénes”,
"moments” et “transitions”, en repérant les changements selon ‘deux
niveaux, qualifiés de “problématique” et “dramaturgique” (qui
oorrespondent, dans un oertain sens, au plan du “contenu” et A ocelui
des phénoménes de communication}.

4. PERSPECTIVES

Dans la mesure o) un tel travail consiste & “"objectiver” au
maximum 1'analyse des observations, on prendra ?arde 4 ne pas
substituer au sens opératoire des mots employés (2) (sens que nous
sommes précisément en train- d'établir), wune signification
métaphorique dérivée sans contréle. Ainsi, le déroulement d’'une
D.A.P. s'apparente plutdt, par sa forme, A& une improvisation
collective sur un sujet .donné, qu'a la représentation d'une piéce
déja écrite.

Cette remarque vaut également pour une autre piste de recherche
que nous explorons & 1'heure actuelle, consistant & penser la gestion
d'une D.A.P. aveo oertains ooncepts tirés des recherches en
Intelligence Artificielle (3). De ce point de vue, déorire la gestion
d'une D.A.P., c'est mettre en évidence quelques «ragles»
(d'interprétation et d'action) de 1'enseignant considéré oomme un
«expert» (et ensuite, analyser en quoi une telle description se sera
écartée des observationsz !)

(1) Ladémarche deD,A.P. concerne les Travaux Dirigés, tandis que le “Débat Scientifique” porte
essontiollement sur les cours : ce qui est valable pour 1'un ne 1'est pas forcément pour
1’autre. L' étudede cosdi fférences fait d'ailleurspartiede notrerecherche.

(2) "Actes."scdnes” ,"dramaturgie”stc... ’

“‘\j“ -articulier, nous pensons que les descriptions de D.A.P. gagneraient & 8tre envisagées
3 forme "déclarative” et non pas "procédurale” (ce qui est & rapprocher de la différonce
E l C ensentre lesmots «géror» ot «organiser» se rapportant d une discussion).
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Enfin, 1'analyse des D.A.P. pourra-servir A déterminer un “profil"
différentiel des séances, oce qui permettra d'expliciter ce qui est
caractéristique de cette démarche d'enseignement, par rapport A tout
autre type de situation ol “les éléves participent”.

En résumé, cette recherche pourra permettre d'expliciter les liens
entre les choix théoriques effectués, les dispositifs d’enseignement
retenus et les pratiques effectivement adoptées, tels que nous
pouvons les connaitre par 1'interprétation des données d'observation.

ANEREXES :
(A1) DESCRIPTION SCHEMATIOUE D'UNE SEANCE DE D.A.P.

Cette description schématique est tirée.du déoryptage d'une séance
qui a eu lieu le 14/02/1987.

.

q

(seuls les éléves y ayant

effectivement réfléchi avant la séance proposeront des énoncés ; par
contre, d'autres éléves participeront aussi & la discussion).

ion.Il est A note
niveaux différents :

- solution au probléms,

- remarques méthodologiques sur la manidre de le résoudre,

- questions complémentaires,

eto ...

L'enseignant intervient pour reformuler (ou faire reformuler) les
propositions, signaler les rapports entre elles (équivalence,
contradiction, etc...), mais pe laisge 5 transpara N avig s

ptue pIeD goompaanées g o{:)s!
r que o

e8 interventions se situent A des

3 ) Le maitre go

&S ANGOIVEIItA R H RAQVED
. De méme que ces derniéres,
interventions se situent & des niveaux divers :
- autoréfutation d‘une proposition par son auteur,
- énoncé d’'une nouvelle conjecture,
.=~ oontre-exemple A un autre proposition,
- contestation de ce contre-exemple sur un point de caloul,
~ questions de technique mathématique posées & la cantonnade,
- proposition d'une méthode pour résoudre une diffioculté,
eto. ..

POUL AL qQuUor
les nouvelles

Durant cette phase, le maitre donne la parole, transcrit au
tableau, reformule .ou fait reformuler certains arguments. Il met aux
voix certaines propositions afin d'amener le plus grand nombre
d'éléves A prendre parti personnellement. Il lui arrive d'intervenir
directement, en tant que participant au débat - et non pas en tant
que maitre dont la prise de parole serait le signe d'une
institutionnalisation. A oce propos, vouloir que le maitre soit
réellement “neutre” au niveau du contenu est une exigence sans doute
irréalisable, et peut-&tre méme dénuée de sens ou non pertinente. En
tous cas, la -“"neutralité” du maitre est une composante variable de
‘Q ituation : le vrai travail didactique nous parait consister a
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comprendre comment le maitre “triche"”, consciemment ou non, avec son
statut d'animateur “neutre”.du débat. -

A d'autres moments, il récapitule, et ocommente un point de
mathématiques ou le cours que prend la discussion. Enfin, il peut
proposer lui-méme un nouvel énoncé a la collectivité. )
4). la (aoua;) discussion -d'une -propoa:ltion se c©l6t généralement
loraque personne ne conteste plua une réoap:ltulauon propoaée par le
maitre. :

-(A2) A L°ORIGINE DE LA DK!IARCHE

(d aprés le Cahier de Didaouque des Maths 49)

« Moins qu'un comportement acquis et consolidé par des années

‘d'études, nous. pensions que c'était un certain état d'esprit qu'il
nous fallait modifier. Cela supposait d'agir sur 1’

systéme relationnel (maftre - élave - savoir) propre & toute
situation-didactique. C'est ce que nous avons défini par le triple
déplacement d'attitude suivant :

Faire pagser 1la comeu icutio mitre—éla .}

e - bves \ eq Bt : ne B i A BONH
BOII!AINAIS aun reglatre rat:l.onnel VRAI ! AIIX.

L'objectif de 1'étudiant, lorsqu'il communique une solution A
1'enseignant, est davantage de gatisfaire ce dernier dont il attend
un jugement de valeur (la note) que de le convaincre (of. ALIBERT et
al. 1986, G.R.D.E.S 1987). Ceci 8'exprime, notamment, dans une
attitude "juridique" (LACOMBE, 1984, 1987, DROUHARD, 1987) par
rapport & 1'activité mathématique (ce qu'il “faut” faire/ce.qu'il “ne -
faut pas" faire) (PAOUELIER 1986).

Dés lors, il n'est pas étonnant que le fait de prend.re la parole,
pour proposer ou défendre une solution, apparaisse A 1'étudiant comme
une activité vide de sens et dénuée d'enjeu, puisque c'est le maitre
qui prend en charge la question de la validité de cette solution.

Trés souvent 1'étudiant aborde la recherche d'un’ probléme avec une _
mentalité de “victime", viotime d'un jeu dont - les régles 1lui
échappent et dont 1le dénouement sera son appréciation - par
1'enseignant. Dans cet état d'esprit, il s'agit donc pour 1'étudiant
de se “protéger”, en ayant recours a des astuces, des recettes, des
automatismes (cf. CHASTENET et al., 1987), -qu'il applique dés qu'il
croit identifier le danger (exemple : calculer le discriminant das
qu'il y a du second degré...).

Le déplacement que nous souhaitions favoriser visait donc
1'acquisition dune certaine “autonomie” par rapport au texte du
probléme : dire s8'il est claanue ou insolite, reconnaitre, le ocas
.échéant, s'il est ‘ambigu, mal formulé, en\uaager des prolongements, .
des oconjectures permettant de 1° enrichir. En un mot, parler -
'mfhé"\atiquement ou métamathématiquement) “du probléme, .dans un

8 recherchant ou exposant sa résolution.
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L'idée, paradoxale en apparence, qui est sous-jacente & oe
troisidme point, est que 1'éléve ne peut aocoéder au jugement de
vérité (vrai/faux) tant qu'il reste & un niveau formel, tant qu'il
n'a pas 6té intimement oonvainou, & un moment donné, que oe qu'il

prétendait é4tait vrai (ou faux).

3 212 L LY b QAL QA . 3 DRLBONNAALEGS ) .
ette personnalisation passe, A& notre avis, par le débat
oontradiotoire : lorsque 1'éléve prétend. que tel énonoé est vrai
tandis que son voisin lui soutient mordious qu'il est faux.
En bref, les trois points évoqués oi-dessus oonoernent :
1 : le rapport de 1'éléve au maitre.
2 : le rapport de 1'é¢léve au (texte du) savoir,
3 : le rapport de 1'éléve a ses condisoiples.»
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ON HELPING STUDENTS CONSTRUCT THE CONCEPT OF QUANTIFICATION
Ed Dubinsky, Purdue University

Abstract

This paper describes a genetic decomposition of the
mathematical concept of quantification; that is, it gives @
description of whet could be the nature of & subject’s
understanding of- this concept in terms of schemas consisting
of objects and processes, and also suggests what specific
reflective abstractions could be used in constructing it. The
genetic decomposition is based on & general teort}; of
nowledge and its acquisition, the researcher’'s mathematiical
urderstanding of quantification, and an analysis of protoccls
and other observations of students in the process of 1earning
this concept.

we also discuss an approach to helping students learn
queniification based on our theory and making use of
computer experiences with the pro?ramming tanguage ISETL.

Finelly, 'we indicate the type of problems that students
were given ang the success that they had in solving them.

Iniroduction

Quantification of logical propositions over finite or infinite sets is a
critical concept underlying & number of mathematical idess from the
elementary, such as the difference between en identity thet holds for all
values and an equation with particuler sclutions or the difference between
8 proof and & counterexample, to tne advanced, such as the definition of
the limit or the axioms for & group. Many students have serious difficuity
in constructing this concept and this may help to explain their lack of-
success in understending methematics at several levels.

In the work described here, we have attempted to understand the
psychological process of constf’uctihg guantification and use it o design
instruction, especiaily using computers, that can foster the deveiopment
of this concept hy students. Thus there are two kinds of activity to be
reported. The first is 8 theoretical enalysis of the concept of
quantification and how it is acquired. The second is & description of the
instructional treatment along with the results sbtained.

Pﬁéf nf this'work was done jointly with F. Eiterman and C. Gong.
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Theoretical analysis

Our analysis of quantification is based on & general theory derived from
Piaget's concept of reflective abstraction {3,5,8]. Wwe have used it to study
mathematical induction [4,7]) as well as quantification [6] and we are
presently working with it to study functions, sequences and limits {the
last two with B. Cornu). ~ According to this theory [5], mathematica!
knowledge and its acquisition is described in terms of schemss
corresponding to specific mathematical concepls.- A schema is & more or
less coherent collection of (mental or physicel} objects and internal
processes which are applied to these objects. A schema is constructed by
means of certain cognitive activities called refiective sbstrsctions
These activities include: Jnlericrization, which is the construction of an
internal process relative to a series of actions that ‘can be performed or
imagined to be performed on objects; coardinstion,  which is the.
construction of @ new internal process by combining two or more existing
processes; reyé?)'sal, which is the creation of a new process'bg-inverting
an existing process; eﬂmpsula(iafz which converts a process into an
object by seeing it as a total entity; and geners/iration, in which an
existing process is applied to an object for the first time.

Our theory hypothesizes that all objects and processes in logical
thinking are constructed in this vay, beginning with physical action
.schemas present at birth and continuing on up through the construction of
new mathematlics at the research level. Figure 1 describes our notion of

schemas graphically.
: interiorization

actions : : coordimtion
. reversal

ge.neralizaﬁori '
-Figure 1. Schemas and their acquisition

G.
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A description of the schemas concefning a particular mathematical
concept along .with the refiective abstractions by which they may be
constructed, is called 8 genetic decampasition of the concept. -1t is derived
from three sources. The first is the genersl theory. The second is the
mathematical knowledge that the researcher has about the, concept. Third,
the most important source .is .the information obtained from close
observation of students in the process of learning the concept. The
observations can take the form of clinical interviews, analysis of student
errors in performing mathematical tasks related to the concept, etc. The
researcher attempts to express the concept in terms of objects and
processes. The next step is to look at the difficulties which the students
are having and try to see if other students have overcome these difficuities
by appearing to make particular refiective abstractions. The processes,
objects, and reflective abstractions are then organized -in a8 form that
expresses the observed devetopment of the concept by the students.

The resulting genetic decomposition is then used 8s ' guide-in designing
instructional treatment. In our work we heve relied heavily on setting the
students to perform various tasks usmg computers because it seems to us
that certain computer activities ere very similar to the refleciive
abstractions and that students who engsge in these activities may be more
llkelg to make the refiective abstractlons in their minds. ~ As ‘we proceed
through the instruction, the same sort of observations are made continually
end the. genetic decomposition is revised accordingly. Thus at any point in
time, what we use is only an approximate description of how some students
may construct & concept along with computer activities d951gned to foster
the constructions in that apprommetlon

we feel that this approach is very much in the same spirit as the
Tesching Experiment of L. Steffe (es described in [8]) end .the D/gsctrc
£ngineering used in France [1}. Our genetlc decomposition of quantification
is'the result of several years of theoretical anaiysis together with teaching
expenments extensive observations of students "and analyses of these
observations. Here, we concentrate on the resultmg decomposition. Its
relation with the theory and the mathematical notion should be clear. Space
limitations prevent more than brief examples 0} how interview protocols
" {» 1ced the genetic decomposition. Full deteils will appear elsewhere.
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A genetic decomposition of quantification

The construction begins with cognitive objects that are simple
declarations that may be true or false. These are made more complex in
two ways: by linking severa! with the standard logical connectors (and, or,
etc.); and by introducing variables to obtain proposition valued functions. 'In
both cases these are actions on the objects -- the linking and the function
action -- which must be interiorized to obtain processes. ) :

The single-level gusntificetion is constructed by coordina't_ing these two
processes to obtain the single process of iterating through the domain of 8
proposition valued function, checking the truth or falsity of the resulting
proposition and applying at each step conjunction or disjunction according to
whether it is a universal or existential quantification. :

In order to move on to two-level gusntifications. which are two (usually
different type) quantifiers applied to & proposition valued function of two
variables, the subject must encapsulate the above process to see that a
single-level quantification has the effect of replacing the function by a
singlie proposition. If the original proposition valued function involved two
variables, the effect of this encapsulated single-level quantification is to
replace it with a function involving one veriable to which & second
single-level quantification can then be applied: Thus the two-level
quentification consists of parsing the originel statement into two
quentifications and then coordineting two applications of single-level
quantification with an intervening encapsulation.

For three and higher 1evel quantifications, the 8bove procedure is iterated.
when there are more than two quantifications, the parsing is non-trivial
because there are several ways to group the statements. Since some of them
make more sense than others, this provides one way to gauge the students’
understanding.

Our observations usually begin with non-mathematical examples in order
to minimize the difficulty. As the students develop their concept of
quentification, mathematicel content is graddang introduced. Also, our
initial examples do not refer to familiar situations because we do not.want
Q ’ .
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the students to rely on remembered experiences, but rather to conétruct
objects and processes that might be new for them and must be imagined.

For example, consider the protocols of three students who were asked
what they would do to determine if the following statement is correct. They
are teken from & course teught by the asuthor at & western US. state
university in the preliminary stages of the study.

Amongst allll the fish flying around the gymnasium, there is one for
which there is, in every computer science class, 8 physics major who
knows how much the fish weighs.

This statement requires, inter alia, the interiorization of three processes
of iteration of & variable over its domain --- fish, ciasses and students. The
foilowing student résponse indicates an iteration of the fish, but his
confusion suggests that it may be an action not yet internalized. It is not
clear if he is iteréting over students and the classes are ignored compietely.
Also, he does not succeed in applging quantifications.

STUD1. | would collect all of the fish in the gym and if one of
them..(pause)...| get one fish..you know, | go through each of the fishes
and then all of the computer science students know how much that fish
weighs..for each of the fishes..no, for one of the fishes.

The second student does seem to have int.eriori'zed iterations over the
classes and the students, but perhaps not the fish.

STUD2. Okay, you take all this -- you take the set of fish that are in the
?gm and the set of students that are in computer science -- you would
ake the set of all the computer science classes and the set of all the
students that are in those computer science classes and check to see if
there was a student in one of those -- yeah, at least one student in
every one of the classes that knew how much ore of those fish in the
?gm weighed. And if that were true you wouid return true, and if it
ound one case where thet failed it would be -- if there was one class
with no students... .

{NT. Okay, wouid ?Ou do it exactly the same &s...

STUD2. I'd protiably go class by cless and ask in esch class if there wes
some}?ogg who didn't know how much any of the fish in the gym
weighed. '

}NTHgSg you would have skipped the first set -- you skip the set of
ishes? ’

STUD2. Yesh. | think I'd probably try and prove it felse, rather than
trying to prove it.true. ,

STUD2 applies quantifications to the two processes that she does seem to
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have, but cannot incorporate the fish, even with a prompt from the
interviewer. This may be because she has not encapsulated her two-level
quantification to see it as a single proposition valued function whose domain
variable is fish. -Compare this now with the following student who seems to
have encapsulated the two-level quantification as a proposition valued
_function of the fish and then, with hesitation, seems$ to iterate the fish over

its domain and possibly appligs the final quantification.

STUDZ';. Okay, | would look at a set of fish among the set of all available

fishes and [ would have to iterate over that and of course the condition

is that as soon as | find the first one for which the rest of the long

expression holds, | stop right then and there.

INT. Can you explain to me what would be the rest of the whole

expression? How would you check that? _

STUD3. Yeah, that was just the first step. | got..I'm picking a fish and

then | have to start iterating over a set of available classes. Here ']

have to go through every one of them for that fish. And then | would

have to go through 8 sel of students in the class. Here we're dealing’

with an exists so that as soon as we find the first one that matches

the rest of the conditions, its fine. And then | would run that function

on the student. ' i

INT. What would ycu ask about the student?
STUD3. | would ask if the student knows the weight of the fish.

The above discussion involves only the object -proposition that results
from a quentification. There are many other aspects to 'the genetic’

~ decompaosition of -quantification. ‘These include "a schema for negating @
quantified proposition and the action of reasening.about a proposition. There
is not space here to go into these matters so we refer to the paper which -
describes the analysis more completely [6).

Instructional treatment

The instructibnal treatment makes use -of the programming - language,

' “ISETL which ié an interactive language that supports most of the standard
constructs of mathematics in standard mathematical notation. Gtherwise,
the prbgramming syntax requirements are minimal &nd students spend
almost 811 of their programming effort on issues of mathematics as opposed
to programming per se. Beginners tend to have little difficuity learning the
language and in a short time are sble to construct fairly vcomp}icate'd
mathemstical objects and processes. The way in which the langusge is used
is 1o ask the students to write programs chosen so that thinking sbout them
Q - : '
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will tend to inluce the student to make the appropriate reflective
abstractions necessary to construct the schemas for the concepl of
quentification.

For full details on the use of ISETL in this and other methematicel
contexts, the reader is referred to [2]. In this paper, there is only space for
some general illustretions. For example, the linking of declarations with
conjunctions or disjunctions can be progreammed directly and the student can
write procedures to implement proposition valued functions. The quantifiers
are invoked by using the keywords exisls and forall. it is possible to write 8
procedure that will accept a proposition velued function and a finite subset
of its domain and return true or false as the result of a quantification. The
use of these procedures cen be iterated .to obtain higher-level
quantifications. For each step of the genetic decomposition described above,
one or more types of tasks with ISETL are used to help the student take the
step. All of this treatment has been integrated into a full course in discrete
mathematics [2].

Results

Again, there is only room for a representative semple of results. The
following data is a selection from 8 single ciass of 19 students, average age
about 20, taught by the author at a small private engineering and science
university in upstate New York. This approach has been used by the author
and several colleagues at a number of schools in the United States. The
- results seem to be generally consistent with whet is reported here. It is
necessary to view these results in light of the fact that, in the United States
at least, students do not usually succeed in gaining much understanding of
quantification. The 10 representetive questions eore grouped in four
categories.

A, Express the follovinq ststement in formal language.

1. Thereis & year in the 19th Century during which in Potsdam it snowed ot lesst one day in
every month.

2. For every book in the Yibrary, there is o number of days (less than1000) such that if the
book is tht number of days overdue, then the fine is $10.

3. Same as fish statement used in the protocols.
B. Negate the following stetement.

4. For everu cityin Yermont, there is & city in New York which has the
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same name.
S. fhere i3 o positive number Q such that for every posmve P and for every x in [c Q,c*ﬂl

- < — i fx-c] @ then F(x)-Fle}ePr—— ~m —~-

E

6. Some 83 question 3.
C. Describe how you would deter mine if the following statement were true or false.
7.Same a3 question 1.
8. Seme as question 5.
D. Reasoning about the fish statement used in the protocols.
9. What can you say if you know there are no mmputer science classes?
10. What con you say if there are computer science classes, but none has @ ‘physics major?

Here are the results for the 19 students.

Question: 1 2 3 4 5 6 7 8 9 10
Percent Correct: 69 47 84 95 55 71 75 76 82 82

Questions were either given for the students to do in class or as home
assignments. Note that both relatively low scores (Questions 2 and 5) came’
with statements involving implication. The only other implication occurred
in Question 8. on which the students did well. One possible explanation for
the diffeence is that students can work through an implication but, at least
‘in the presence of a guantification, have difficulty expressing or negating an
fmplication. The results do not suggest any other difficulty.
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CHILDREN'S LEARNING IN "A TRANSFORMATION GEOMETRY MICROWORLD

Laurie D. Edwards
Graduate Group in Science and Mathematics Education
University of California at Berkeley

Research in mathematics education has in recent years focused on two
important areas: the development of fine-grained models of leaming, and
the explication of principles and practices in the design of effective
instructional environments. This paper discusses an ongoing research
project which investigates in depth children's mathematics learning in a
particular kind of instructional environment, a computer-based microworld.
The domain chosen for the microworld is transformation geometry. This
domain is both mathematically rich, and also connected with children's
everyday experience with motions in space. The purpose of the research is
to document the process of meaning-construction that takes place as
‘middle-school students interact with the microworld, and to use this
empirical data to engineer a more effective leaming environment.

Instructional environments for mathematics created in the past decades have in many
cases been characterized by a concern for making connections with children's experience. For
example, the Logo environment ties computer operations to children's "personal geometry"
(Papert, 1980); we also see an increasing use-of manipulatives, for instance Cuisinaire rods, ‘in
mathematics instruction. Such manipulatives and concrete computer environments allow
students to build models of mathematical concepts from the bottom up, basing their
understanding on experiences under their own control (for examples of computer learning
environments, see Schwartz, 1987 and Thompson, 1985). This paper describes an iterative,
principled design for a curriculum in transformation geometry wl_ni,clirisﬁntered on an
interactive graphical computer microworld. A microworld is an inétantiatipn of the central
objects and relations of a domain into a concrete form which is accessible to new learners.
This microworld instantiates three Buclidean, or distance-preserving transformations:
translation, rotation, and reflection, as well as scaling and shearing. '

The domain of transformation geometry was chosen because it is both mathematically-
rich and at the same time grounded in everyday experience with motion and imagery. Thus,
students bring to the learning situation antecedent conceptual structures, strategies, and
expectations. The primary research problent has been to investigate the interactions betweeri
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the learners’ prior knowledge, and the new domain of mathematical experience presented in
the curriculum. Information about these interactions, including misconceptions, successful
transitions, and conceptual change, is used to build a model of the typical "learning path”
through the domain, and to modify the microworld and the curriculum.

OBJECTIVES

The objective is to create a plauéible model of the way children construct meanings for
the new mathematical entities in the microworld, and to use this model to refine and improve
the pedagogy. A specific focus of the research is on the children's use of qualitative, visual or
imagery-based strategies as well as quantitative and symbolic methods for problem-solving.

. The primary analytic frame is genetic task analysis (diSessa, 1982; Kliman, 1987), in which

empirical observations are employed to create a model of the learner's changing conceptual
structure. This paper presents preliminary results from two rounds of pilot-testing of the
curriculum with fourteen-year-old students, as well as a description of questions to be pursued
during expanded use of the microworld in the near future.

THE MICROWORLD

The microworld presents the leamer with a computer screen, representing the plane, a
grid showing the origin at the center of the screen, and a simple plane figure shaped like the
letter L. Transformations available include: slide (translation), rotate, and reflect (all of
which preserve distance); scale (which changes size but preserves shape); and shear (which
changes shape but preserves area). There are also simple, "local” versions of several
transformations, namely, pivot, flip, and size. These simple versions transform the shape "in
place,” rather than using the whole screen, and are intended to correspond to children's initial
conceptualizations of these operations. .

One functional activity programmed into the microworld is the Match game. The useris
asked to enter a sequence of transformations to move the center shape until it is superimposed
onto a congruent shape placed randomly on the screen. The purpose is to give students
experience with the individual transformations, and with decomposing a complex mapping
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into simpler operations. It is also expected that students will begin to understand and.
generalize about the properties of the various transformations, as they use them strategically to
achieve the goals of the game.

METHODOLOGY

There have been two rounds of pilot-testing of the microworld, with the final data
collection to take place in a middle-school this term. In the initial field test, 65 seventh and
eighth grade students (age range twelve to fourteen) used the microworld in pairs. Half the
students had completed a two-week unit in their mathematics class on transformation
geometry, and the other group were novices. Both groups enjoyed using the microworld,
particularly the Match game. The two groups differed somewhat in their strategies for the
game. The group with previous-domain experience tended to use the whole-plane versions of
“rotate” and "reflect,” while the novices used the simpler "pivot” and "flip." Several students
discovered a fool-proof game strategy which involved sliding then pivoting and/or flipping
the shape.

In the second round of piloting three students were videotaped using the microworld
with the investigator. None of these subjects had previous experience with transformation
geometry, although two (Charles and Joanna) had Logo experience.

THE TASKS

Joanna, Charles, and Lee spent from 1 1/2 to 3 hours using the microworld and doing
paper-and-pencil tasks. The sessions included time for free exploration and playing the Match
game, as well as for simple problem-solving. The tasks included:

1. Identification of transformations:
Five transformations were illustrated on paper, and the student was asked to name
each and give the correct Logo command. ’

O
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2. Execution of transformations:
The student was given six sheets showing ‘the starting figufe and a Logo
command, and was asked to sketch the result.

3. Finding inverses: !
Working on the computer with the investigator, the student was asked to find the
transformation which would "undo" an operation.

4. Combining transformations (composition):
Student was asked to predict the effect of two transformations performed
sequentially. Then he/she was asked to find a single equivalent transformation.

RESULTS

1. Identification task:

The students were least successful on this task.- Out of the 14 attempts (one of the 5
problems was not given to Joanna), 9 were eventually correct. Four of the correct responses
were arrived at following multiple attempts, using either sheets of tracing paper or the
computer for trial and error.  The most difficult of the identification tasks was finding the
center point of a rotation. Out of 51x attempts, three were successful.

There were two interesting stmtcglcs used in the unsuccessful responses. Joanna when
trying to find the center point of a rotation, tended to select the midpoint of an imaginary line
connecting the starting vertices of the two shapes, as illustrated in Figﬁre 1. In choosing this
point, the subject seemed to be ignoring some of the constraints of the problem - her "center
point" would map the two vertices onto each other under a 180° rotation, but the rest of the
figtires would not match. She also did not seem to see that the figures differed in heading by
90°, not 180°. She did not use tracing paper or any other methods to check her answer, and
when I asked her, "Is there any way you can figure it out?," she justified her answer by saying
"Well, because there's an equal distance bctwcc_n there [from the "center point" to each
vertex], so it could use this point and turn around that." This résponse suggests that the
midpoint chosen by Joanna was visually salient, but-distracted her from seeking the correct
center point. It also highlights the utility of having concrete or other methods to check one's
answer.

O
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Pigure 2: Joanna 's Incorrect Center of Rotation

A second strategy used in the rotation tasks reflects what I believe 1s a naive conception
about transformations. Several students, including Lee, interpreted a rotation pot as choosing
an arbitrary point and then turning the whole plane around it, but instead as a composite
motion which moves the shape 1 a specified point and then turns it around its starting vertex.
This misinterpretation of rotation is consistent with a conceptualization of transformations
which does not think of the plane as the object being transformed. Instead, it is the figure
which is being moved about or changed with the gnd being used to say how much or where.
Some students found imagining a fotation around a point not on or in the figure itself to be
difficult. This might be because of previous experiences with rotations, such as record
turntables, door handles or the hands of a clock, in which the center of rotation is always
within the bounds of the object. A "bridging activity" was used by the investigator to help
students who had this "local” conceptualization of rotation. The students were asked to think
of a string or stick between the figure and the center point of the rotation, and then to imagine
rotating the string plus figure through the specified angle. A more concrete version of the
activity was to have the student perform the rotation with tracing paper, first "pinning down"
the center point with a pencil. Both of these activities allowed the child to think of the figure
plus string, or figure on paper, as one object, and thus were consistent with prior conceptions.

A possible modification of the microworld would address the more general issue of the
students' awareness of the plane as the object undergoing a transformation. The plane may
not be inferred or constructed as a'conceptual object by the students because they see only the
"motion" of one shape, and so the idea of the plane as a span of infinite points or locations
may not occur to them. Adding another object to the screen, which is mapped under the same
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transformation, should allow the student to realize that both figures, and any other set of
points, are part of a larger plane, and the transformation applies to all the points in that plane.
This modification will be tested when the microworld is used with the next group of children.

2. Execution task:

The students in the pilot group were much more successful at the execution task.
Sixteen out of the seventeen solutions were correct. Strategies used included visual
estimation, paper folding, rotating and tracing, and use of rulers.

3. Finding inverses:

The investigator worked individually with the students for this task and for combining
transformations, and the specific problems varied from subject to subject. The students were
all successful at predicting the operations which would "undo” various transformations. One
interesting error occurred when Charles spontaneously tried to find the inverse of a slide. He
entered "Slide -120 -123" and then said "I'm seeing if I can get it back.” His first try was
"Slide -123 -120." That is, he reversed the order of the inputs. When this did not have the
desired effect, he thought a bit more and realized he would have to change the signs of his
original inputs ("I have to have it positive"). His first impulse is interesting, though; because
it suggests a kind of shallow "symbol-puéhing" of the numbers, rather than a precise
understanding of how the Logo commands are used to represent motions of the plane.
Charles corrected himself by making use of the visual feedback from the microworld, and
other students were observed trying various inputs to commands and watchmg the results in
order to disambiguate their undcrstandmgs of the operations.

4. Combining transformations:

Again, the students were in general successful in performing such tasks as predicting the
outcome of two slides, and finding a single expression with the same effect. The most
difficult combination was two reflections in parallel axes. The outcome is a slide, and though
itis not expected that students will come up with an algebraic formula to find the displacement,
they can read it off the screen. Joanna and Lee used the screen information to do so. Charles
once again seemed to focus on modifying the Logo commands, at first adding the parameters
of the two reflects and then trying to take the average. After several tries, he noticed with a
little surprise that two reflects don't make a reflect, but instead a slide, and found the correct
parameters.

O
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DISCUSSION

The preliminary results from the piloting highlighted a number of issues which will be
investigated further in the next phase of the research. This phase will consist of expanded use
of the microworld with a larger number of students. The tobic of transformation geometry
will be introduced to a 7th grade class at a local middle school, using paper folding and
tracing, the microworld, and class discussion. Five pairs of students, reflecting a range of
mathematical ability, will be selected to continue working with the microworld for about six
more sessions, which will be videotaped. In addition to the think-aloud protocol data, the
students will also be given paper-and-pencil 'measures; such as an adaptation of the

 transformation geometry séction of Hart's mathematics tests (Hart, 1981).

The issues to be addressed in this phase include the students’ understanding of
transformations as whole-plane operations, and as conceptual objects in themselves. That is,

" it may be that students start out by seeing the transformations simply as ways to get the shape
to behave as they desire. The inverse-finding and composition tasks are intended to encourage
the students to consider the transformations as objects which can be combined, and to see that
certain combinations form systems with interesting properties. To further this aim, a new task
will involve selected sets of transformations which make up groups, for example, groups of
rotations around a single point, or the reflections and rotations of a square. The pairs of
students will be asked to explore these special sets of tmnsfom'\an'dns, by answering such
questions as: How many ways can you transform a square so that it stays in the same place?
What happens when you perform two reflections in perpendicular axes? and so on. In using '
the microworld to answer these questions, the students will be encouraged to look for
patterns, to generalize, to test hypotheses on different examples, and to document the results
of their explorations in written form . ' '

* A second new task will involve using the transformations to generate or match
symmetric patterns, such as wallpapef designs. . This activity gives the students more scope to -
use the tran;formnn’oné for projects of their own choosing, and should provide information on
how they think of the transformations once they are beyond the initial leamning phase.

The results pxeseinted here provide the first sketchy elements of a more complete learning
path through the domain. The computer microworld gives the students an arena in which to
explore the u'ansforbiations, starting with single operations and working towards a non-formal
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understanding of groups of transformations. It also provides the researcher with a modifiable
tool for probing the learner’s changing conceptualizations. The next phase of the research will

“continue the iterative process of building a model of the learning and using this information to

improve the leaming'envimnment.
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SOME COGNITIVE PREFERENCE STYLES IN STUDYING MATHEMATICS

Dr. HAMDY EL-FARAMAWY

Abstract

The present study was sorted to explore the cogni-
tive styles concerning the "study of mathematics. Cogni-
tive styles were focused are Field- 1ndependcnce depend-
ence and impulsivity-reflectivity.

Samples:was chosen from College Students in Menou-
fia University-Egypt, they devided into two groups.
according to their achievement in mathematics. FFT and
MFFT were used to assess the student's cognitive styles.
Results indicated that-high-achievement students in

~ mathematics are more field independent and more reflec-
tive than low achievement students.

Introduction .

it became clear that rudents of approximately the same aptitudes
do not always perform equally well in the classroom. The researches
in that field showed that the style which student brings it to a task
treating with the information,_might be behind that ‘differences in
performance. The style which person brefer to deal with infoymation
or response called "cognitive style". Witkin et gl:'(1977)-define
cognitive style as follows:. ", ..... the characteristics approach the
-person brings with him to a wide range of situations - we called it
his Jstv]e ,» and because the approach encompasses both his perceptual
and lntellectual activities - we spoke of it.as his-"cognitive style"”

(P 10). . . : : -

Coqn]r1ve style develops in_the form of cognitive structures wthh
become mare dlffOIGntldted with tlme and experience and Whlch become
increasingly stable as they devlop . Also, it could be said that the

cognitive styles indicata the form of cognitive activity ‘not its content
. - .

* Thig point was treated by the present researcher in paper (in arabic)
L1tcleu 'Lognxt]ve styles and psy(hnloglcal differentiation-Theori~
tlcal study” (in) The Second Annual Canference "of Egyptian Psvcholo-

_Society, 1986. :
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Tt has béen establikhed by.researchers that the cognitive-sﬁyle
is not as the ability. As Messick (1976) argues that abilities and
cqgnitivé style are linked by the concept ot per}ormance. since ahility
implies-'the measurement.of capacities in terms of‘maximum.herformance.
while cognitive style ihplies the measu{gment of charaéteristic modes
of operation in terms of typical performance. Further, he sees that
:\Irhdup;h abili i;~.~< are mipolar while '(:nguiil ive styles are hi-polar

both range from one extreme to oppnsite extreme.

~Th many instances the investigators claim to have discovered bi-
polar dimensions, and Messick (1976) lists these dimensions together '

“with other cognitive styles categories, as follows:

- Field independence vs. Field dependence.
~ Field articulation.

- Conceptualizing styles.

~ Breads of categofizatﬁon.

- Conceptual differentiation.

- Compartmentalizatibn.ﬂ

~ Conceptual articulakion;

- Integrative complexity.

- Cognitive complexity vs. Simplicity.

- Léveling vs. Sharpening.

- Scanning.

- Reflection vs. Impulsivity.

. Risk taking vs. Couti ousnéss.

- Tolerance for unrealisticuéxperience.

- Constricted vs. Flexible control:

- Strnng.vs. Weak automatizationm.

- Conceptual vs. Perceptual—ﬁotor dominance.
- Sensory modality performances.

- Converging-vs. Diverging.

In spite of the claims made by the respective authors for their
dimensions, there does remain a big confusion surrounding so many of

them, however some of them became most clear or more determined 1ike
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"Field dependence ve. Field independence”, and “Impulsivity_vs. Reflect-

ivity", which the present study is concerning.. .

Furthermore, the researches indicated that cognitive styles has
a potentially. important relationship with educational performance

: generally. and a student's academic choice especially.

Statement of the problem: -

If cognitive ‘style is the mode of organizing or categorizihg the
environment, therefore,.it must -be manifest as a factor in ‘school learn-
ing. However, there are acumulated researches related that field,
attention should be given to more systematic researches trying to investai-
gate the cognitive styles influence in leatqing each of sﬁbject matter
in which lead to high achievement. Such.researches.enables»us to esta-
blish map of cognitive styles represent a picture of the variety of
profiles the student uses in his-education. .Then we could translate
educational and psychological research on cognitive styles into prac-
tice. Accordingly, the teacher ables to consider the individual in'

" terms of this map, and he could match the student to appropriate task.

The present study however, trying to demonistrates cognitive styles
which should be used by students studying mathematics to achieve a high
level in that field. ’ '

Previous attempts:

There are a lot of researchs which examined the relationship bet-

ween academic achievement and cognitive style._ Haskins and Mckinney

(1976) found. concurrent relationships between the performance on match-
ing familiar figures test:-(MFFT)-and TOWA achievement- test scores in
elementary school children, but they did not explore informatioh about

- the -predictive capacity of the MFF with respect to academic achievement.

Also, the differences in achievement between reflectives and impalsives-

" children identiried as reflectives in grade 4 had significantly higher

achievement test scores in grade 5 and 6 those identified as impulsives
(Barrett, 1977).

O
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~ Moreover, there are a number of researchs examined_thié-re}ation—
ship with different cognitive 'styles and other educational fields such
as, Tamir (1976) who examined the relationship between achievement in
biology and cognitive preference styles (Analytical, Relational and .

Inferential).

In high school students with-results that show that levels of
cognitive style and achievement are related to four independent varia-
bles, namely sex, school environment, the nature -of the/curriculum and
the attitudes of teachers toward-in inquiry-oriented curriculum. Simi-
‘larly, McNaught (19822 has studied the same cognitive styles of secon-
dary school chemist}y student and he established a signifitant corre-
lation between these cognitive styles and differential achievément in

particular tasks in an achievement examination.

Recently, howeter attention has been given to matching between
teacher's cognitive styles and student's ach1evement. For ekample
Saracho and Dayton (1980) have examined this relationship for 2nd and,
Sth graders, 36 teachers and 132 children were administered the -embedd-
ed Figures Test (EFT) to measure field-independence versus field- depen--
dence cognitive style. Ch)ldren and teachers with similar cognitive

styles were considered matched, whercas chitdren and teachers with

different cognitive styles were considered mismatched. Results indicat-
ced significant effects on achievement duc to leacher's coguitive styles,
.but there was no significant outcome associated. with the matching -varia-

.H]e.‘ However, cnildred with.field-independent . treachers irrespective of

‘their own styles showed greater achievement gains than children with °

- field dependent teachers. ' Also, the'bresent researcher (El-Faramawy,

1984) explored’ the relationship between students' and teachers' cogni-
tiVe stvles and. the influence of this relatlonshlp upon student's
academic ach1evement in biology and. academic tendency toward the subject
matter. The dimension 0f cognitive style in which the study focused

was kagan' ."Inpn]sivity—Reflectivity" cognitive style. Results indicat-
ed that level-of student achlevement appears to he related most closely
to the variable of teacher cognitive’ style, however the correspondence

in the case of impulsivity does not appear to increase FlganICantly

O
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expectations ‘of high student achiévement but may contribute to medium

achievement and medium tendency.

Definition of terms:

It is essential at che out set that the basic terms used in the

study are clearly defined:-

Cognitive styles:

The present study would he concérn two cognitive styles called .
impulsivity versus reflectivity and field dependence versus field in- -

dependence.

The firt style was.defined as the tendency to reflect over alter-
native solution’bossibilities (reflective) in -con trast to the tendency
to make an impulsive selection of a solution in problems with high

respohse uncertainty (impulsive) (Kagan, Rosman, Day and Phillips;1964).

The style operationally, is defined by Kaggnn-and.his associates
(1964) as two dimensions, namely latency (tiﬁes) to first response and
accuracy of choice or total errors.’ These two dimensions are both
assessed by the Matching Familiar Figures Test (MFFT)." This style
would ‘be assessed also in the present study by MFFT which established

by the present researcher.

Hnwevor: Lhe” other style called Fjefd debcndcnqe versus ficld in-
dependence was conceptualized by Witkin et al. (1962) as the tendency
to p‘rceivv and restructure ' a stimulus field in order to scparatc_iteﬁ»
from that field and view the field in "parts" field;[ndépendent people
are analytical in their'perceptions of a field and can separate out
discrete objects. Field-dependent people perceive 'a field in more- -
global fashion and are less likely to dis émheH_Lhe discrete objectsA
within the field. This style would be assessed in the present stuay
by Embedded Figures Test (EFT). -

Hypothesis:

The present studv however -trying to realize the following hypo-

thesis. There are significant differences between student's per formance

O
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in cognitive styles tests and their abhievementfle&els in mathematics,

as follows:

a) High'achievement students are more reflective than']ow achievement
students. ’
b) High achievement students are field-independent than low achieve-

ment- students in mathematics. -

Procedures and resulté

Samp]e chosen in the present study are 325 students (male and
female) representing the fourlh gradc in the College of Fducat ion-

Menoufia Univérsity,_Egypt..’Theiflmean age is 21.5 years.

According to mean achievgmeht in mathematics‘of'each student in
-his last year, two groups. were chosen as follows:
- 277 of. the whole sample (n = 88) achieved higher level in mathe-
matics. ) -
- 27% of the whole sample (n = 88) achieved lower level in mathe—

" matics.
Table (1) shows the two groups by mean-of achievement and t value.

Table (1): Classification of groups by mean of achievement, standard

deviation and t value.

Achievement

Sample
. n. m. : s - t value
Higher Ach. - 88 9.06 . 1.16
272 ' 25.48""
Lower Ach. 88 5.63 L 0.48
27%

= Significant at 0.01 .level.:

The f1nd1ngs in Table (1) indicate that there is difference in

achlevement between .the two groups where higher achlevement group has

O
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mean reachs to 9.06 and lower achievement group 5.063 and that difflerence
is significént at 0.01 tevel (r value = 25.48).

“Thereaflter, the two groups were administered the "Embedded Figures
Test" (EFT) and "The Matching Familiar Figures Test" (MFFT) to measure
the two cognitive styles (Field dependence-independence and Impulsivity-

Reflectivity, respectively).

The following tables shows results:

Table (2): The two groups by mean of independence, standard deviation,

and t value.

- (EFT) independence

Groups
n. m. . SD : t. value
Higher Ach. 88 10.16 4,38 5.48**
Lower Ach. " 88 6.58 - 4,24

o Significant at 0.01 level.

Table (3): The r@p groups by_mean of latency, standard deviation and

S r. ovatue.
Groups ‘ MFFT latency
n. — ) : t. value
Higher Ach. - 983.09 33705 .
2.29

Lower Ach. " 88 | '862.52 - 357.45 P

* = Significant at 0.05 level

Table_(é): The two groups by mean’ of errors, standafd-deviation'and

t. value.
Croups "MFFT errors
n. : m. sSD t. value
Higher Ach. 88 . 21.16 11.03 . )
- . . 3.5

.Lower Ach. 88 .~ 28.81 17.18

snificant at 0.01 level.
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Discussion

The present study was designed to lind out the cognitive styles
contributing to a high achievement in mathematics. The finqings emerg-
ing fram the study reveal that rhe hypothesis of the study is supportéd.
Overall, there are differences hctwoon high nrhiovcmvul alndvnl and
low achievement students in 'their performance on -cognitive styles' tests

as we see in Tables 2, 3-and 4.

Table (2) indicates that higher achievement students are more in-
dependent than iower achievement students (mean in@enendence = 10.16,
6.58 respectively) while t value between the l;n groups is é.AS whéch
sigpificant al 0.0i'levei. . .

That finding is relating the cognitive style called "Field depen-
dence vi. Field independence’. However, the findings in Tables 3 and 4
are relating'Impquivity—Refléctivity copnitive style which is assessed

in terms of . two dimensions, they are latency and errors. the'Findings

of 1atencv and errors indicate that high achievement st dentq are more

'ref1ch|vc Lhan lower achievement <tudent4, Tables 3 qnd A that

mean latencis = 983.09, 862.52 respectlvely and mean errors = 21.:16,

28.81 rcspectjvely, where the two t values are qxgn]flcant at 0,05 and

0. Ol level for la atency and errors respect1Ve])

Uverall, it could be said that high achievement students are more
field independent and reflective than.low achievement students in

mathematics.

The present study, however, suggests that if students studying
mathematics are {ield independent and reflectivosllﬁhen, they would be
high achievers in mathematics. These result is expected hecause the
field of mathemaltics (Applien and pure mathematics) requires analylical

and genhetrixc treatment with the content ol that field.

Also, this result suggests that much further-studies are required
to e;plore other cognitive styles influencing the field of mathematics
and otner fields of education, such researchés enables us to detect
possible trend data concerniung cognitive styles mapping to be benifit

in matching student with the suitable field of education.
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'EXPLORING CHILDREN'S PERCEPTION OF MATHEMATICS THROUGH
LETTERS AND PROBLEMS WRITTEN BY CHILDREN

Nerida F. Ellerton
Deakin University -

Frequently, a direct questionnaire approach is used to explore the affective
domain. In this study, however, an indirect task was used to explore
children's perception of mathematics. A total of 94 Grade 6 children were
asked to write a letter to a friend (who had been ill) and explain what
mathematics had been covered while the friend was away from school.
Through their responses to this task, children revealed their perception of
the mathematics they had recently encountered at school. The results show
that the teaching style encountered by the children is reflected in their
letters. The lack of detail in many of the explanations is interpreted as
either a lack of understanding on the children's part or as closely linked
“with the children's low self-esteem and interest in mathematics. .

INTRODUCTION

Children's perception of mathematics is influenced by interaction with others - parents, peers
and teachers - in the home, the playground and the classroom.

Just as children are engaged in constructing mathematical meaning from the sets of experiences
and intetactions that confront them (Bauersfeld, 1980; Labinowicz, 1985; Cobb, 1986), so
they are constructing and establishing mathematical perceptions in the affective domain. As
McLeod (1987a) pointed out, new approaches to research in the affective area are needed, and
he suggested that techniques used in constructivist research in the cognitive domain could be
applied in affective studies.

Increased emphasis on children's use of language in the mathematics classroom has paralleled
the recognition of constructivist approaches in mathematics education. For example, Geeslin
(1977) used writing about mathematics as a teaching technique, while Kennedy (1985)
introduced several forms of writing to his mathematics students, including writing letters about
what they were studying, keeping regular logs and devising mathematics problems about a
specific topic. Ellerton (1980, 1986a,b) and van den Brink (1985) have introduced creative
writing in mathematics by asking chi_ldren to make up mathematics problems while Mett (1987)
has usedjournal_ writing, writing in class and project writing as learning devices in calculus.
o . :
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Children's expression of mathematical ideas through the creation of their own mathematics,
problems demonstmtés not only their understénding and level of concept developr;xent, but

 also reflects their perception about the nature of mathematics (Ellenoh, 1986b). In contrast, a
direct questionnaire approach ‘tests responses to researchérs' pre-formed notions about the
affective domain (McLeod, 1987a), and there is little, if any, opportumty for students to
express their own ideas about mathematics.

. As individuals, we reveal our attitudes towards a particular area of human endeavour through
our facial expression, our body language, what we say, what we write and what we do. These
actions reflect our thoughts and our feelings. Some tasks provide more useful mirrors for our
thoughts ‘and feelings than others. Actions that are well rehearsed (involving an automatic
response, for example) will elicit less affective response than actions which stem from novel
tasks or situations that need interpretation before they can be translated into action. This is
consistent with Mandler's (1984) analysis of mind and emotion which interprets affective -
responses as arising mainly from the interruption of plans or of planned actions.

- Thus observing a student who has been asked to solve a page of symbolic problems will
provide limited affective data if this is the type of activity the student encounters every day.
However, by providing a task which is more open-ended, and by allowing students to apply
their own interpretation and emphasis within thie task, students reveal more of their perception
of mathematics and of their attitudes towards the subject.

WRITING LETTERS ABOUT RECENTLY STUDIED MATHEMATICS
In the study reported here, the following task was given to 94 children who were in their final
year of primary school (Grade 6) and who were all about 12 years old. The children were in
four classes in a school set in a low socio-economic suburb of the provincial city of Geelong.

Imagine that you-have a friend who has been ill and has missed about 3 weeks of
school. Your friend has sent a message to you, asking you to explain what the class
has been doing in mathematics so that he or she can'do some extra work at home to
catch up. .

Write a letter to your friend describing what mathematics you've been doing in class.
In the letter, don't forget to give examples of some of the mathematics questions that -
your friend would need to be able to answer so that he or she could catch up. Make
sure you explain how to answer these questions.

Table, 1 summarises the children's responses. Some children described only one mathematical
mﬂ:‘r“ ~thers described several areas. Each topic or area listed by each child has been recorded
]: l C ble. Thus the-number of topics listed by the children will equal or exceed the number
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of children. Brief background details concerning the four mathematics classrooms used in this
study are given in Table 2. Note that the teachers were not present at any time either while the
children were given the task or while they were working on it.

Table 1: Mathematics topics described by children in this study

i1f Fl.le 53
g a ] ga B 28]8%T
% a 8 4 8 |g o E.
: IR RERE AR RRRE R HI
= 5 g ] g =1 8 8
i £ p- 2k
Miss C 1 2 15 3 2 1 1.1
MrE 4 9 8 6 3 13 4 22
ML 7 25 2 1.2
MruU 2 12 8 2 1.0
Table 2: Background -details of mathematics classrooms
a
AE g s
Blal sl 8 |5 & g,
e .g E K 3 & < S .E - topics S _'vg
5z | g 3 g 8 g covered |G o
£3) ¢ 18 $
[
Miss C 6 v rarely often no w‘f.‘ikimw,“& 5 long division| 2t
parent
MrE 6-7|varies] often i lzhrlwk often 13 graphs 21 -
MrL 6 v |somctimes| rarely . no sometimes| 14 fractions 28
i i 1 i revision
MrU alv Lhewi 15 | s 2

Of the four teachers listed, Mr E had intentionally tried to integrate mathematics across all areas
of the curriculum. When he saw the write-a-letter task, he felt uncertain about whether the
children would be able to identify mathematics from the contexts in which he had presented
different topics. Pie graphs, for example, had been introduced in geographic and expenditure
settings. Some children in this class initially responded to the write-a-letter task by telling me
'We don't do maths', to which I responded ‘Just think about what maths you've done".

The most striking aspect of the data presented in Table 1 is the spread of mathematical
‘examples given by children in Mr E's class in contrast with the narrower focus of responses
by children in the other classes. This suggests that, not only were the children able to identify
as mathematics the topics presented in other areas of the curriculum, but they were broader in -
their interpretation of the task than their peers in the other three classes. They did not restrict
"iemselves to only one specialised aspect of mathematics. Most children in Mr E's class
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identified at least 2 topics, and only four children listed just one area. This contrasts strongly
with Mr U's class in which each child described only one mathematical topic in the letter.

Except for two children, all those in Miss C's class described either long division, area or
percentages as one of their topics. One of the two exceptions described tables practice and this
could be interpreted as being associated with estimations and calculations for long division.
The other exception was a boy who listed 'addition sums' as the topic. His achievement on
other mathematical tasks was low, and may indicate a reluctance on his part to describe long
division, a topic in which he had little conﬁdence

Similarly, in Mr L's class, only three children did not include fractions as one of their topics.
The exceptions (2 boys and a girl) achieved very low success rates in simple mathematical
tasks, and found it difficult to express themselves in their letters. The girl, for example, wrote:
'We have had some maths but not much maths. We have been doing sheet nearly all the time'.
She continued by (cleverly) avbiding a description of the maths on the sheet by writing: T will
ask Mr L. if he could get some of these sheet and I will give them to you on Friday'. Both
boys gave multiplication examples. The letter Mark wrote is reproduced below.

Dear, Lonne
\“@\ombun:‘sdmr% s of
o P O s |
Wy Good. Fom Mok bxb=36 ooz g

X = YKLyl
X8 b \BX5Z75

Again, one gets the impression that the children were being careful to keep their letters within
the limits dictated by their own skills.

Mr U. placed less emphasis on mathematics than the other teachers, spe;ding about two hours
less per week on the subject than his colleagues. He had been revising different areas over the
weeks prior to the task described here, and the children's responses were consistent with this.
In general, the letters written by the children in Mr U's class were very brief and contained less
descriptive detail and more symbolic notation than those written by children in the other three
classes. On the other hand, letters written by childrén in Mr E's class contained more
descriptive detail and less formal algorithmic process description than those composed by other
children. The letters written by Miss C's and Mr L's children concentrated on describing the
nrn:.fsses involved in the calculations.
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CHILDREN'S LETTERS REFLECT CLASSROOM EXPERIENCES

The children's responses have echoed their experiences in the mathematics, classroom. Where
algorithmic detail has been emphasised, this is reflected in the children's responses (Miss C's
class), and where mathematics has been consistently presented as short episodes on one topic,
this, too, is mirrored (Mr U's class). In sharp contrast are’ the broader mathematical
experiences of children in Mr E's class in which mathematics could come into the discussion in
any subject area. The children's letters mirror this; they are more general and cover a broad
topic range. Mr E's children have perceived mathematics to belong to more broadly defined
areas, with no single topic standing out in importance for attention in the letter, although

graphical representations (which had been encountered most recently) were referred-to by more
than half the children.

SOME EXAMPLES OF LETTERS WRITTEN BY THE CHILDREN

From Mr E's class To Werzisnome,

L a‘ . OW Ds:fs. ou &h'_’ o\&+ Ove
Spean O s on \on
_subiraction Mud:j|m+‘on and -on

SH3FIL.

Rent50%=180" ?r‘ am

Biess%90° - e 12
Faqm:.‘:'° -90° . \/\/o\ Zmdmm,

RS wrre o&o;\h.

(O (riend N 4“(’6 hove b!ef) o . (‘ew

i puton
H\I_Z/#\cd youve m:SEG' " Iike fhe.e
pro eMs €or &Ou to work °U+

: '—52,:0 ngg-.qg .. and we have beoen

LK
Kkey 90 Kg, 1Y,
doing graphs of o(gsl'ﬂ“"s e I

and  alot  oF wrillen o ot beo problerns
thot we had o : C“a/ye into Aum em/'g 5
in SW‘.’\S.. " .
Q 3. Jscer
ERIC ~ . . o



- 283 -~

From Mr L's class s) Br‘5"3”6*:” ’ e b
e ST R
. | E’ Bl o %@k%ﬁmﬁ
dan I 1w going Fuuy ¥ ,,gf froch: i d
B MY mstnaags S oihe 52 Tl Hle oy s,

. Wi, horh e Sy |
hean, Lun dz'\f-\'a Sousqoe c\:!o ’;\:m (ﬁhe Y SO o losk
Screot - A M Wl Shew

h\,‘g\,\. O“\Ls:iﬁ‘ e Cose

From Miss C's class-

Deee Fﬂend,
' T\'\e week we rove  been doing
s A&.(Q" A"QO\ Yoo hove Yo vie the Forrola of
: an S e
\.‘e‘-‘%*\%\))kd“'\( A\r\ece s @ exonple |
Ard Wren YOV Rowe QEVC onsWer vEo
Pt e 2 ofer . The 2 Sonds for

SQuored. So I¢ YU onsuke WOS \Sheen %ou'

would write \Qe,c,,;_ % P\\,\(‘ “:j
eSS o v
Tcous

\PZLaN

Da‘_ ‘r‘ﬂa&’
A Penennatics Nord oy, weve oaen
\a\:::ﬁ \O\’%. A'\'..\J\‘;lc)r\; \\'s ere\\:-eex$~§ onee u&ou\srot...)
bsdg T NWaks an exampe K \nows youdo'a!

AN oo QP o'\ omesT & Murvrioe )
| 0N memes W ol Men, of ek evec
3a >

nNarmlo, o AT

e SIS oy T
o T m_«\‘»\ex'\:m\ Yo 0.
B Voot 252 Ton 223,
- AR, \oro-upb\v\a < Ao Ha
Natia Ny AT N
(+ CKO T ’!\é\‘qd 's) B: q dr\d@-\

< Thee N\ aodk A8 fromm A% v

equok 3. o Ve S
S.A—\r \ost, \ M«l&e& 20 ard A WD-ich
\& 3‘:‘, andh A'\e. CR NV rema.méorA

E \l)C 6. \T\;\a\}\“')' e ontuser 3 a9 2,
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From Mr U's class Xg%
A

i o We havert dme 0of "%mwwuwmdmmw 3
suns fiss ywnwhp/ym wits 10 ho s o the. s,

A USEFUL TOOL FOR STUDYING CHILDREN'S PERCEPTION OF MATHEMATICS

Providing children with a situation in which they .need to describe recently encountered
mathematics achieved the following:

1. It de-emphasised individual children and helped them to focus on someone other than

_themselves. It ‘was. then not obvious to the children that their responses could reveal personal

attitudes and perceptions. (The question did not simply ask 'What mathematics have you been

doing recently?")

2. The task forced several decisions such as: What is mathematics? What mathematics have
we done recently? Can I describe it? How should I describe it? What does my friend need to
know? What can I leave out? In Mandler's (1984) terms, the write-a-letter task is an
interruption which will arouse the individual's nervous system. This response will make itself
apparent as surprise, frustration, enjoyment or the like, and this, in turn, will be reflected in
the type of written response given by the children. '

A brief letter with no detail may imply little enthusiasm for mathematics’ (or poor
understandmg), for example. Several children used the opportunity to boost their self-esteem
by saying that these problems were easy, or, like Mark in the letter to Lonnie, '1 thmk Ican
them good'. Generally, the children controlled their own emotions sufficiently to keep them
implicit in their responses rather than explicit. However, an example is reproduced here in
which the child's emotions were stirred to the point of becoming dominant in the letter.

The letter to Ben is really a cry for help l"“\
| m

| E

from a child who is finding mathematics
very difficult. This task proved to be a

\
Wo\ﬂ:'-b 1 y
powerful way. of tapping his feelings | ! i e ‘dzws

about mathematics, and helps to

establish that this indirect method g;(f pesotinsg l’“"”"c’;jy

provides a valuable way of gaining \
access to the affective domain. 33' - %
(4
£76
O

=S 303 -
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THE ATTITUDES AND PRACTICES OF STUDENT TEACHERS
OF PRIMARY SCHOOL MATHEMATICS

Paul Ernest
University of Exeter School of Education

A group of student primary school teachers were studied with
regard to : Knowledge of mathematics (subject specialism),
Attitude to mathematics, displayed Confidence and Liking of
mathematics teaching (during practice), and Approach to
mathematics teaching (open vs. closed). The Mathematics
specialists " tended to have positive attitudes to
mathematics, and to 1its teaching, but varied in their
approach to teaching mathematics: only 40% adopt a creative,
problem solving approach. The students with low levels o’
knowledge of mathematics are more varied in their responses.
It seems that attitudes to mathematics are less significant
for these students than attitudes to teaching mathematics,
which (latter) correlate with teaching approach.

there is an important relationship between the

attitudes of teachers, especially to mathematics, and effectiveness of

teaching
attitudes influence student attitudes,

on learning.

correlation between teacher attitude and student achievement
mathematics (Begle 1979, Bishop and Nickson 1983, Schofield 1981)

Research -has shown that

(Bishop and Nickson 1983). The argument is that teacher
which have a powerful influence

Indeed & number of researchers have found a significant

in

the picture is more complex than this

simple argument suggests, for two reasons. First of all, although many

researchers have confirmed the existence of a relationship,

the

correlation between mathematical attitude and achievement is weak (Begle
1979 , Bell et al 1983). The second source of complexity is the multi-

dimensional nature of attitude to mathematics.

-distinguishes a number of different components of attitude

mathematics as a whole,

Recent attitude research

to

as ‘well as to specific mathematical topics

(Aiken 1976, Schofield and Start 1978, Kulm 1980, Bell. et &l.1983). In
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addition, there is also the teacher's attitude to the teaching of
mathematics, A priori there is every reason to believe that attitude to
teaching mathematics may be just as important a factor. On the basis
of these considerations a question arises: what 'is the relationship
between attitudes to methematics and attitudes to its teaching? In
addition to interest in the ach}évement outcomes of mathematics
teaching, the Nineteen Eighties has seen an incressed concern with the
approach or style of matheﬁatics teaching. Official bodies such as the
NCTM (1980) in the U.S.A. and the Cockcroft Committee (1982) in the U.K.
have strongly recommended the adoption of & creative, problem-solving
approach to the mathematics teaching. This raises a second question: to
what extent are student teachers' attitudes related to their style of

teaching mathematics?
THE STUDY

This is a report of an investigation of & group of student primary
school teachers, with regard to their attitudes towards mathematics, and
their menifested attitude; and practices in teaching mathematics. In
addressing the above questions, the study focusses on the variables:

1. knowledge of mathematics (on’ the besis of student course specialism)
2. attitude towards methematics (a combination of their 1liking of the
subject and confidence in their mathematical ability)

3. Liiing and enthusiasm for the teaching of mathematics, and

4. Confidence in their ability to teach mathemstics <(as demonstrated
during their first period of practice teaching)

5. Teaching approach in mathematics (creative and exploratory versus
narrow and basic computation skills oriented)

The sample consists of 30 students attending & Bachelor of Education

Degree course, at an English university. In addition to their primery

teaching studies, each student specialises in an academic topic: 10

study Mathematics or Science as their main acéqgmic subject (henceforth,

the M&S students), 20 study French, History or English (the FH&E

students). The sample consists of the 30 students whose supervising

tutors on teaching practice cooperated by completing a mathematics’

teaching observation schedule.

ERIC 308



E

- 290 =

KNOWLEDGE OF MATHEMATICS

The M&S students ell have a pass in Mathematics at GCE 'A' 1level,
indicating successful speciaslist study of mathematics from 16 to 18

years of age, end’  in addition, ‘they study mathematics in their

‘undergraduate course. None of the FH&E students (with one exception)

have & pass in Mathematics at GCE ‘'A' level, nor do they study

mathemetics in their undergraduate course. All 30 of the students have

passed Mathematics at GCE ‘o' level (at age 16) and have taken a Primary

Mathematics Curriculum course as undergraduates.
ATTITUDE TO MATHEMATICS

Attitudes were measured by means of a questionnaire, adapted from Dutton
(1865, madé up of statements concerning liking of and enthusiasm for
mathematics, and confidence in mathematics, The overall sco;e is taken
to give an undifferentiated measure of 'attitude towards mathematics (as
a whole)'. Marks renge from 15 to 75 and a score of 40- 50 is teken as
indicating a neutral attitude to mathematics. Scores of over 50 (60) are
taken as indicating a positive (very positive, respectively) attitude to
mathematics. ' '

The quéstionnaire was administered 4 times during the 18 months of
the course, and the overall pattern of attitudes remained more or less
constant §ver the four testings;. there was no significant shift in
attitudes to methematics. The test-retest reliability of the last two
testings is 0.86. Responses to the questionnaire (fourth testing) are

shown in Table 1, below.

TABLE )] : Student Teachers' Attitudes to Mathematics

STUDERT GROUP SIZE " MEAN SCORE S.D. INTERPRETATION
OVERALL T30 48.2 10.8 NEUTRAL
FHAE 20 T a4l 10.2 NEUTRAL
M&S .10 56.6 6.5 POSITIVE
Q ;
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As the large standard deviations in Table 1. suggest, there is a
considerable spread in the attitude scores, particularly in the FH&E
students. This is shown in Table 2, below.

TABLE 2: e Dis u Atti c

ATTITUDE TO ALL 30) NUMBERS OF . NUMBERS OF

MATHEMATICS STUDENTS M&S STUDENTS FH&E STUDENTS

VERY POSITIVE [ >60 1 3 aow 5 (302) 0 (O%

POSITIVE [ >50 ]_ .12 40%) 6 (60%) 6 (30%)

NEUTRAL [ 40 - 50 1] 7 (23%) 1 (10%) 6 (30%)

NEGATIVE ‘L <40 1] 6 (20%) 0 (0% 6 (30%)
2 (10%)

VERY NEGATIVE [ <30 I- 2 Ow 0 (0%

Table 2 shows that one half of the 30 students have a positive attitude
to ﬁathematics, and that one quarter of the students have a negative
attitude to mathematics. In.terms of subject groupings: almost all of
the M&S students (90%) have a positive aftitude_to mathematics, and none
negative. The picture is quite different for the FH&E students; only 30%
of the students have & positive attitude to mathematics, leaving 70%
without a positive attitude to mathematics (a subject they will be
required to teach to children). Fully 40% qf these studeris have a

negative attitude to mathematics

OBSERVATIONS OF THE STUDENTS' TEACHING
- During the first tééch;ng practice all of the student teachers -taught
mathematics for a significant proportion of their time (a mean of 3.5
hours out. of 15 hours per week: 23% ). Supervising tutors completed a
questionnaire on the students' teaching. of Matﬁematics, focussing on a
number of factors, including the student teachers':
1. Confidence in téaching mathematics

2. Liking and enthusiasm for the teaching of mathematics (this includes
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professed liking, as well as enthusiassm displayed during the teaching of
mathematics)

3. Tesching approach in mathemetics: creative and. exploratory versus
narrow and besic computation skills oriented, as evidenced by the use of
problem solving end investigation tasks, the use and encouragement of
exploratory discussion of ' mathematical 1idess, the degree of
concentration on baesic computationsl skills and the teaching that there
is & single cofrect method for each mathematical task.

A summsry of the observational dats is given in Table 3, below.

TABLE 3: Observstional Data on Students' Teaching of Mathematics

ALL MaS FH&E
STUDENTS STUDENTS STUDENTS
CONFIDENCE IN TEACHING MATHS
Confident in Maths Teaching 20 (67%) 9 (90%) - 11 (55%
Lacking in Confidence 10 (33%) 1 aow 9 (45%)
LIKING OF MATHS TEACHING
Like of Maths Teaching 21 (70%) 8 (80%) 13 65%
Neutral 2 W 0 0% 2 (10%)
Dislike of Maths Teaching 7 23w 2 20%) 5 (25%)
APPROACH IN TEACHING MATHS
Creative & Exploratory 8 Q7% 4 40% 4 Q0%
Intermediate in Approach 16 (53% 3 30% 13 (65%
Nerrow & Computation Oriented 6 <20%) 3 (30%) 3 A%

Teble 3 . shows that two thirds of 8ll of the student teachers sare

confident about their teaching of methemstics, and this includes nearly
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all of the M&S students ("90'/.). but only just over one half of the other
"students (55%). Almost one half of the non Mathematics and Science
speciali.sts (45%) lack confidence in thelr ability to teach maethematics,
an activity which i1s likely to occupy a large part of thelr professional
life. ’

Agein, sbout two thirds of all of the students (70%) like, or
display enthusiasm whilst t'e.aching mathematicé. and this includes most
of the M&S students (80%) sand sbout two thirds of the other students
(65%). About one quarter of all of the students dislike the teack-ming'of
mathematics,b and do not display enthusiasm while teaching it, whatever
their subject specialism (20% of M&S students and 25% of FH&E students).

With regard to their tesaching spproach in mathematics, about one .
quarter (27%) of the students employ a_cr.eative end exploratory
approach, one fifth (20%) employ & narrow, basic computational skills -
oriented approach, and one half ;re intermediate in approach (53%), The
proportions of student teachers employing the approaches varies with
spécialism. Most (65%) of the FH&E students employ an intermediate
spproach, while most of the M&S students employ one of the more” extreme
(that 1s, more strongly cheracterised) approaches to the.teaching of

mathematics, namely 70% (M&S) as opposed to 35% (FH&E).
THE RELATIONSHIPS BETWEEN THE VARIABLES .

Considering the.students with high levels of knowledge of mathematics
(the M&S students): they tend to have positive attitudes to mathematics,
tend to be confident with regard to their ability to teach mathematics,
and tend to 1like oand display enthusissm during the teaching of ’
mafhematics. However, these students.do not tend to .adopt a..creative,
exploratory approach to the teaching of mathematics, only s sizable
minority (40%) of them deo. Another sizable minority (30%) adopt a
nerrow, besic computation skills approach to the teaching of
mathematics. This second grouping does not consist of those M&S students
with less positive attitudes, -lower levels of confidence in, or liking
of teaching mathematics. On the contrary, the students with the most
positive attitude to mathemstics sna the student with the highest level

of confidence in teaching mathematics belong to this group. Thus it
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appears that for some students, the .teaching approach adopted is
unrelated to the other variablgs considered.

A conjectured - explanation for this involves the students’
conceptions of the nature of mathematics. M&5 students are likely to
view mathematics more as a precise, séructuéed body of truths and
methods, or as & more dynamic, creative problem solving activity. Either
way, the students can have positive attitudes and 8 lixing and
confidence in their teaching of methemstics. What is likely to vary is
their .teaching approach; students with the former view may tend to
.approach school mathematics as & rather narrow, computational oriented
activity. The latter view may lead to a creati&g, exploratory approach
to the teaching of mathematics (Lerman 1983, Thompson 1984, Ernest
1987). This conjecture accounts for the varying teaching approaches of
the M&S students. Needless to say, it remains speculation and requires
further empirical ihyestigation (currently in progress).

Concerning students with low levels of knowledge of ‘mathematics
(namely the FH&E students): there are no correlations between any two of
confidence in teaching mathematics, liking of teaching, and attitude to
mathematics. This is perhaps surprising, and is contrary to the
experimenter's expectations. With regard to teaching approach,. there is
a correlation with liking of teaching mathgmptits ( for FH&E students
only): a creative, exploratory approéch to the teaching of mathematics
is- correlated to some extent with the students'. liking and displayed
enthusiasm in the teaching of mathematics. However this correlation is
not statistically significant (Pearson's product - moment coefficient
takes the value 0.32, which is not signiflcant at the 5% level, using
the F-test).

It seems that the FH&E students are able to separate attitude to
mathematics, and attitude to. its teaching, and that other factors than
these have more influence on confidence in teaching mathematics. It can
be conjectured that liking ano enthusiasm for teaching and teaching
approach are bcth influenced by the students' conceptions. of the nature
of mathemétics. A narrow, instrumental view of mathematics as a set of
facts and skills is likely to lead to a basic skills oriented approach
to teaching msthematics, and an attitude to teaching mathematics as an

uninteresting chore. A more creative view of mathematics is more likely
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to lead to a creative, exploratory approach to teaching, and enthusiasm
and liking for the teaching of mathematics. '

What this study suggests is that attitude to mathematics may be
less important than many pre;/vious authors have assumed. Mathematics
specialists do have a positive attitude to mathematics, but their
knowledge of mathematics is likely to lie behind this, and may be the
more important factor. For teachers with lower levels of mathematical
knowledge attitudes to the teaching of mathematics may be the more
importalnt attitudes, sas it is these that are associated with a .more
creative, problem solving approach to mathematics, in the 'pr'esent study.
It haé also been conjectured that the students'__. philosophy of

mathematics mey be an important underlying factor.
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CONTEXTS AND PERFORMANCE IN NUMERICAL ACTIVITY AMONG ADULTS

Jeffrey T. Evans
Middlesex Polytechnic, Enfield, U.K.

This is an ongoing report.from a study of the ways
in which +the performance of adults in numerical

activity may be related to the context. In
scanning the literature to see how the concept of
"context”, and its relationship to performance,

are discussed, I find that a variety of aspects of
context are focussed on, yet the way context is
specified "in empirical work is often somewhat
flimsy. Further, many studies which purport to
view context as important still report results in
a way that sugdests that it is something grafted
on to a "generic" skill, or neatly separable from
an abstractly-conceived task .

This paper 1is about my attempts to apply an
alternative analysis to interviews with adults
about a range of numerical problems.

THEORETICAL FRAMEWORK

A literature review of the idea of “"context"” sugdested the
following aspects were important for mathematical activity:
material resources e.g. computational technology; goals,
beliefs, values; language and “codes”; basis in a social
group, social relations; emotional charge (e.g. Maier, 1980;
d’Ambrosio, 1985; Cobb, 1986; Carraher and Schliemann, in
press).
Yet most research which purports to study different contexts
allows only a fairly “"one-dimensional" variation. Thus, for
example, the U.K. Assessment of Performance Unit (A.P.U.),
initially took different “contexts" in the written tests to
mean different backgrounds for word problems; e.d., whether a .
question on ratio was about scoring in a game, or about
[]zj}::penihg ﬁumbeps of pencils (Foxmqn ét al., 1985, pp.151ff.),
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However, the APU, first in the one-to-one practical tests, and
from 1987 in group practical tests, has extended its work into
other aspects of context mentioned above : language (both
written and spoken answers}); the material  resources
(specifying the calculators, etc. available), and_ social
interaction (in the group practical interviews).
Also, ethnographers have aimed to describe in detail .the
numerate strategies used in work and everyda& life (e.g. Léve
1985; Carraher end Schliemann, in press). These studies
document the distinctive character of “folk maths"
strategies, and their effectiveness, "in context. However,
their use outside their normal contexts is problematical
thus, for example, the Brazilian street vendors who
successfully perform ﬁany relevant calculations daily in their
heads find "similar" calculations, using péncil and paper,
outside the market context, much more difficult, and make many
more errors. }
In relating performance and context, the fundamental problem
is that. of deciding whether completing the two types of sum,
which would appear the same to a mathematics educator, are
"the same task in different contexts”, or "different tasks"”.
Of course, in order po make comparisons between performance
levels in school and ‘“practical” contexts, as several
researchers have done, you must presuppose that the answer to
the above dilemma is “"the same task in different contexts"”.
On the other hand, some researchers have challenged this
position (e.g. Lave et al., 1984; Walkerdine, 1988). They have
insisted that mathematical activity and context cannot be
neatly separated : they are mutually influencing, and both are
shaped and made meaningful by +the lardger activity or
practice(s) .of the subject. The latter are themselves shaped
and made meaningful by language. Most practices have some
numerate aspects and include procedures for making
calculaﬁions, measurements, etc.
Practices  make available certain "positions“ (of power) to
people; thus, for example, formal education makes available
positions as "teacher” and "pupil”. Positions may be different
for different social groups - or cultures; thus "going out for
o '
ERIC

Aruitoxt provided by Eic:

may have a different meaning for men and women.

314



- 298 -

For a person in a given situation, a particular practice (or
occasionally, more than one) is “called up" as relevant for
making sense of it; this conditions their conception of the
“task", what “skills" they deploy, and the "emotions”
experienced,

These ideas led to two research questions for the interviews
discussed below :

Question (1) Which practices are called up by the problems
posed in the interview 9

Question (2) What are the differences in performance between
practical maths and school maths in interview ? ’

In response, my provisional conjectures were :

(1) There are two méin practices with related positions,
available in this situation, viz.

(T) Collede maths, with positions : teacher/student; and

(R) social research with positions : researcher/respondent.
Here, (T) may tend to be called up far more frequently than
(R).

(2) To the extent that (R), rather thaﬁ (T), 1is called up,
students will have more access to "skills" etc. from practices
other than school maths. They will experience fewer negative
"emotions", and will "perform" better.

METHODOLOGY

The setting was a U.K. Polytechnic with a relgtively high
proportion of ’‘mature’ students (over 21 .years of age,
returning to study after some years of work or child-care).
A number (n=25) of interviews were conducted in 1985 and 1986
with Social Science degree students at the end of their 1st
year ( which includes a maths/stats. course). They were
presented with a number of “practical"” problems - 2.g. reading
graphs, deciding how much (if at all) they would tip after a
-meal, deciding which bottle of tomato sauce they would buy -
and were asked three questions for each
(i) which of their current activities it reminded them of;
]: T}:i) how they were -thinking about the question , and their
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(iii) what the problem reminded them of in their early

experiences with numbers.

In order to ascertain which practice was called up, I drew

on various indicators (Walkerdine, 1988, Ch. 3) ’

(A) the explicit discursive features .of the task/situation

% e.g. how the task was introduced, in the interview Iscript”
as "maths", "test", "research"”, “views", etec.

(B) "unscripted" aspects of the researcher’s performence :

* e.d. Qifferent verbal or vocal signs for “correct” and

“incorrect" answers;

(C) responses and comments given by the student during the

inferview :

* the language used in answering the problems;

* especially the response to question (i) above;

(D) reflexive accounts.:

*e.d. the ways in which I had been in the position of "maths

teacher"” to each student.

The indicators of “"performance”, its "level" and quality, were

* what the subject said while thinking about the problem;
* how it was said; anhd
* the apparent “correctness” of the response.

RESULTS

Some findings have already been teporfed, especially about
gender differences in affective response / maths anxiety
(Evans, 1987). Here, several ‘“episodes" from one interview
will be presented, to show how this methodology can be'applied_
to the interview transcripts, and to illustrate the results.
These relate to interview no. 10 - male, middle class (by own
occupation) -/ working class (by - parents’), aged in his
forties. He had worked in the money markets in London’s
financial area before joining the course, to qualify in Social
Work or .Town Planning. .

1. As with-all students, a number of practices with numerate

Q s were called up at different points of the interview;

Eﬂ{Jﬂ:ample:
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- providing for a household, by considering whether to
install a water meter (in response to a pie-chart showing
water use by various sectors of the economy);

- school maths and college maths ;

- several work practices (see below)l
What was rather less typical was his ability to think across
several pfactices in the same episode. For example, in
response to' a graph showing how the price of gold . varied in
one day’s trading in Londoh, students were asked : "Which part
of the graph shows where the price was rising fastest? What
was the lowest price that day?"

JE : Does that remind you of anything that you do these
days, or you’ve done recently? _

S : Er, some of the work we done in Phase Ohéﬁ<the first
two terms of the Collegde coursé},f but if you ask me
straight out of my head, what it reminds me of - I
worked once with a credit company and we had charts on
the wall, trying to galvanise each of us to do better
than the other (JE: uh huh), and these soddin’ things
were always ‘theré and we seemed to be slaves to the
chérts.‘.< 6 lines of transcript)>...That’s what that

‘"reminds of - a bad feelind in a way - I felt that a
human being was being judged- by  that bit of
paper..,.<pp. 8-9 of the transcript> .

Here we notice that the student is reminded both of his course
’ ~) "College haths" -~ and of his earlier practicé of managing a
sales team. ’
2. For many students, negative affect'is part of school maths
or Collége maths. For several subjects, -including this one in
this episode, "bad feeling" is assbciated with "work maths".
3. In the next episode, the student begins by mentioning
college maths, then seems to link work maths with it.

JE : ...Does it remind you of Phase One?
S : ‘Yeah , well, we done some of the questions like
this, and ,er, the RUN over the RISE and that kind of

Q  thing...<5 sec.>...trends, I suppose<if you were: judging
]EIQJ!: a trend ...<2 lines of transcript>...I like the fact I
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can do a chart now (JE : uh huh), but even to do a chart
like that now , I couldn’t sit down and do it straight
away...<3 1lines>...With maths I have to go back to the
basic things all the time....<pp.10-11>

Here he uses the language of College maths, describing the
gradient as "run" over “"rise" . He then seems to call up work
practices at the same time, giveﬁ that the terms ’trend’
(rather than ’gradient’) and ’chart’ (rather than ’graph’)
were not used in the teaching in Phase One.

4. We now need to consider whether this apparent ability to
transfer elements from one practice to another will help in
performance. In this §econd episode, he has described the
gradient as "run" (X2-X1) over "rise" (Y2-Y1) - whereas it is
the inverse! At +this stage it is difficult to know whether
this is due to a memory slip, or to a more basic
misconception. In the next episode, he 1is asked specific

questions about the graph.

JE : Right , okay, may I ask you which part of the gréph
shows where the price was rising fastest?
S : If I was to make an instant decision, I’d say that
one, but obviously want to make it on a count of the
.line; wouldn’t I? <JE : You’d?...> I’d count a line <JE
Uh huh> as it goes up...<25 sec.>... eleven over six
and ten over six, so that one’s right -~ in the first

one. . . R
JE ...< 2 lines>... And , um what was the 1lowest price
that day?

S : This one here ~ five hundred and eighty ...<1 liné>

...went higher at the close, for some reason. ..<p. 12>

Here we note that, when he is asked to compare the gradient of
two lines, he makes a perfectly accurate “"instant decision”,
presumably drawing on his work experience. However, he feels
impelled to “"count a line"”, which I take to mean : calculate
the gradient by counting squares on the graph,.as in college
maths. There he gets the correct answer - confirmed presumably

o . earlier work practice decision - though his
[E l(:tions are approximate, as is his reading of the lowest
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price. At the end of the last episode, he is back in the
“money market" practice, as shown by his speculating about the
graph’s going “higher at the close, for some reason...” Here
it appears that the successful transfer from work practices to
college has supported his performance in the latter.

PROVISIONAL CONCLUSIONS

Analysis of the remaining interview transcripts 'is underway,
aimed at critically assessing these developingd ideas

1. We can make a reasconable juddement about what activity /
practice a respondent has called up, by using the indicators
discussed above. These practices are pervasive in shaping or
“constructing” task and context.

2. What practice has been called up will relate not only to
the “correctness"” of performance, but alsoc to the language and
reasoning used with the problem.

3. More confused , less "correct"” performance may be observed
when school / colledge maths is called up, not only because of
memory failure, "misconceptions” etc., but also because of
differences in familiarity, and the emotional charge that is
part of a‘prdctice. Put another way, familiarity is affective,
as well as cognitive. (cf. Evans, 1987).

4. Other practices , and their numerate gspects,are not always
positively charged affectively. Therefore, the learning of
school maths is not necessarily helped by drawing on practical
maths examples (see also Adda, 1986).

h. Nor is the "transfer"” of "skills" or concepts from school
maths to practical maths - or from non-school practices to
school or college maths - at all straighforward, because of
differences in langduage, resources, social relations ~and
emotional associations between different practices. (For
further specifics, sée Walkerdihe, 1988, Ch. 4).
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PRE-SERVICE TEACHERS CONCEPTIONS OF THE RELATIONSHIPS
BETWEEN FUNCTIONS AND EQUATIONS

Ruhama Even
Michigan State University

ABSTRACT

Knowledge and understanding of the relationships between functions and
equations as perceived by prospective secondary mathematics teachers (N=152) in
the last phase of their professional education was investigated. They were asked
to write a definition of a function, to indicate how functions and equations are
related to each other, and to find the number of solutions to a quadrauc equation,
given a positive value and a negative value of the quadratic expression. The
findings suggest that these students hold a limited view of functions as equations
only, they do not have a way of making sense of the modem definition and lack
the ability to relate solutions of equations (algebraic representation) to values of a
corresponding function (in graphic representation).

Teachers' subject-matter content knowledge and pedagogical content knowledge
influence, of course, their teaching and therefore their students’ learning. Teachers get their
professional education from both subject-matter and education courses. But we do not
know enough about the knowledge they have and how they use it. This study concentrates’
on prospective seéondary mathematics teachers' knowledge and understanding of one of the
most important concepts in mathematics - the concept of FUNCTION.

The relationships between functions and equations are part of the concept of function;
here we will report on this aspect of the prospective teachers’ knowledge

BACKGROUND OF THE STUDY

We will deal with two factors of the relationships between functions and equations
. One has to do with the role of equations in the concept definition and concept image of
functions. The other has to do with the relationships between values of a function and
solutions to an equation.

a) The role of equations in the definition and image of functions.
The definition of functions has changed during the last two centuries. While an 18th
century function was an analytic expression, representing the relation between variables,
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with its graph having no comers (referred to as Euler's definition), in the 20th century
function came to be a subset of the Cartesian product of two sets in which each member of
the domain is paired with exactly one element of the range, or a less formal definition: A
correspondence between two sets that assigns to each element from the first set exactly one
element from the second set (Dirichlet-Bourbaki). 200 years ago functions were equations
that described the relation between two variables using algebraic expressions. Today's
definition of functions is not so limited. Functions do not have to be graphable, to be
representable by equations, and their domain and range may be sets of objécts other than
numbers. Malik (1980) claims that the necessity of teaching the modemn definition of
function at school level is not at all obvious. He says that Euler's definition from the 18th
cenwry covers all the functions used or required in a calculus course, and up to this stage
one never confronts a situation where one has to use the modern definition of function.
Malik concludes that since only a particular form of functions is used, the student
unconsciously accepts this particular form as the definition. Other studies also show that
while students are being taught the modem definition of function, the old one serves as the
concept image for these students (Mamyanskii, 1965; Markovitz et al, 1986; Vinner and
Dreyfus, in press). Secondary teachers are ckpccted to teach functions according to the
modem definition which is used in current texts. What is the concept image of functions for
them? s it the earlier one or is it the modern one? What will they teach their students and
why?

b) Values of functions as solutions to equations.

Conceptual knowledge is knowledge that is rich in relationships (Hiebert and Lefevre,
1986). Sometimes it is easier to solve an equation by looking at the corresponding function
(f it éxists) and relating the solutions to the graphical representation. For example, the
solutions of apx™ + ... +a,x + ag =0 are the x-intercepts of the graph of the function
f(x) = agx™ + ... a, x + a5 Flexibility in moving from one representation to another allows
one to see rich relationships and to develop a better conceptual understanding. So, when
given a familiar algebraic expression in a problem situation it is desirable for students to be
able to make connections between the expression and its corresponding function's graphical
representation. How flexible is the teachers' understanding of function?

METHOD

The subjects of this study are prospective secondary mathematics teachers in the last
phase of their professional education, they are finishing or have already finished their

O
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mathematics methods class. Almost all of them are seniors, a few are juniors or post
baccalaurete students. This group was selected so that the description of their knowledgc
will reflect the knowledge teachers have gained during their college education, but before
they start real teaching in the field. The subjects come from eight mid-western universities
in the U.S.A. who agree to participate in the study.

Data is being gathered in two phases. At the first phase, an open-ended questionnaire
is being administratered to the subjects. Information gathered from a written questionnaire
is sufficient for a general description of some facets of the teachers' knowledge, but is
limited and sometimes hard to interpret. In order to overcome these difficulties the second
phase includes interviews with about 10% of the subjects. By probing, asking subjects to
explain what they did and why, asking for their reactions as teachers to students’
misconceptions and asking questions which are related to the questionnaire but require more
general, longer or more thoughtful responses, a more accurate and detailed picture of the
subjects’ subject-matter content knowledge and pedagogical content knowledge may be

developed.

RESULTS

\

The report here is based on the first phase which has already completed. 152 subjects
have answered the questionnaires.

\ a) The role of equations in the definition and image of functions.
AY

When asked the following question: Give g definltion of a function ,33 subjects (out
of\146 who answered this question) defined function as an equation, an algebraic
cxsressmn or a formula.

— "A function is an equation with a one-to-one com:spondenoe between the variables".
—_ "An\ equation which satisfies the following requirements..."
— "A ﬁ‘u\lction is a numerical expression that ..."

A strict categonzanon was employed to subjects responses. Unless the words
"equation", "algcbrsuc (numerical) expression", or "formula” were mentioned, Tesponses
were not included.

When asked the question: How are functions and equarions related 10 each other? , an
additional 26 subjects said that functions are equauons or that rules for functions are
equations (without any additional remarks that some functions may not be representable by

O
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equations).
"All functions can be written as equations, but not all equations are functions”
"They're the same thing."
" A function is really an equation.”

47% (59 out of the 126 subjects who answered both questions) relate functions only to
equations in at least one of their answers.

Table 1 categorizes the responses to the two questions with regard to the relationship
between functions and equations.

Table 1 - Categorization and distribution of responses to relationship between
functions and equations in the two questions.

Relationship between Defined function as an equation(®

functions and equations® T
No

|
Yes No  answer |TotalN

:
1

Functions are equations 12 26 1 t 39

Equations are functions 8 26 1 : 35

Some functions are equations 1 7 0 | 8

Some equations are functions 3 18 o, 21

Other 9 34 3 | 46

| Noanswer =~ b3 17 1121
Total N 36 128 6 ! 1700

(a) As an equation, an algebraic (numerical) expression or a formula.

(b) Wedidn't distinguish between responses that considered equations to be functions or
only rules of functions, etc.

(c) The total is greater than the number of subjects since some subjects belong to more
than one category, i.c., 6 subjects claimed that functions and equations are the same
thing, and were puit in the first two categories of the question about the relationships
between functions and equations.

35 subjects responded that equations are functions. At the same time about half of
thiem included in their definition of function the requirement of having one and only one
image for each element in the domain. These two contradict each other. Notonly that, but
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as an answer to another question, a significant number of subjects gave "circle” or "elipse”
as examples of graphs of functions.

b) Values of functions as solutions to equations.
When asked the following question: If you substitute I for x in a +bx+c (a,band
" care real numbers), you get a positive number. Substituting 6 gives a negative number.
How many real solutions does the equation ax? + bx + ¢ = 0 have? Explain. 45 subjects
(out of 127 who answered this question) gave the correct numerical answer: 2. But only
18 subjects (14%!) got this answer by referring to the graph of a quadratic function and
using the Intermediate Value Theorem:
— "Two. The graph is a parabola by its very nature. If it is positive and crosses the
x-axis, it must cross it again."
— "2. This is a parabola. the graph will be either U or N depending on if ais + or— If
x =1, then y is above the x-axis. If x =6, y is below the x-axis. It therefore must
cross the x-axis. The parabola is symmetric, so there will be 2 x-axis intercepts.”

4
-l%— X
i
N
About the same number of subjects (19) claimed that the number of real solutions is
two since a polynomial of degree 2 has two real solutions!

— "2 real solutions because it has an order of 2".
"2 because it is of degree 2".

A large group of subjects (20) just "played” with inequalities without reaching any
conclusion.
"a+b+c>0 36a+6b+c<O”

"a+b+c>0 36a+6b+c<0 x=:btVb2-dac

2a
ihe solution is real when VEZ—4ac is real”

"a+b+c>0 36a+6b+c<0 a+b+c>36a+6b+c
0> 35b +5a
-35a>5b
-Ta>b
a<-1/7b"

Another group.considered a, b, ¢ to be variables and reached the conclusion that there
are an infinite number of solutions:
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"Since x = 1 we have the equation a + b + ¢ = 0. There are infinitely many real
numbers which satisfy this equation”.

"a+b+c)>0 (B6a+6b+c)<0 a<0.

(=) many - dependent on changes in b and c".

"a+b+c>0 .36a+6b+c<0. Infinite, because if b=c=1then 3 aninfinite
number values for a that work”.

Table 2 shows the distribution of numerical answers and methods of solution used by
those who answered the question.

Notice that 8 subjects did use the intermediate value theorem but did not consider the
special given function and therefore found only one real solution.
_ " _Pil real solutions - because it will cross the x-axis in one place.”

Table 2 - Distribution of the numerical answers and the methods used to find the number
of real solutions.

Method of solution > # of solutions :
- !
1 2 o other  no answer ; iotal N
Intermediate i
value & graph 8 18 — — 2 ;28
i
inequalities !
or equalities 1 3 4 2 20 30
i
2nd degree 1
polynomial 1 19 — — 4 p 24
'
a, b,care ]
variables — — 8 1 — | 9
|
|
other 2 2 12. 1 6 vo23
no |
explanation 2 3 7 1 — ! 13
total N |14 45 31 5 32 127
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DISCUSSION

In general more than 20% of the prospective secondary math teachers defined functions
as equations. Up to 50% of the subjects showed signs of having equations as the concept
image of functions. Even if, as some might claim, this is not important for the functions
he/she meets while teaching secondary school, the teacher is expected to teach the modemn set
definition of function. This might be problematic if it is meaningless to the teacher. It also
may contribute to the discrepancy between concept definition and concept image of functions
in the next generations of his/her students. )

The meaningless of the modern definition to the subjects is also represented by the
number of prospective teachers who emphasized the requirement of having one and only one
image for each element in the domain but ignémd this idea while dealing with functions
elsewhere. This might be an explanation for the statement "Equations are functions".
Another explanation might be that they ignored some equations when making that staters.ent.
In this case it seems that they lack a rich.and flexible understanding which would allow them
to see a global picture. i

A lack of rich relationships, which characterize conceptual knowledge, seems to prevent
the prospective teachers from relating the given equation: ax2 +bx+c= 0, to a graphical
rej:rése'mau'on of the function f(x) = ax2 + bx + ¢. 80% of the subjects did not make the
connection. Eisenberg and Dreyfus (1986) report similar findings when in a course which
stressed the graphical method of solving inequalities, only 5% of the college students opted
for the graphical solution on the exam. Another interesting finding shows that more than 1/4
of the prospective teachers gave answers which don't make sense at all, such as e and even
3, 4 or 5 as the number of solutions of a quadratic equation. Is it because their knowledge is
constructed in bits and pieces without connections?

The discussion here is based only on partial results from the questionnaire. These
results point to some directions which will be further investigated through interviews. More
complete findings will be reported at the meeting.
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AN EXPERIMENTAL STUDY OF SOLVING PROBLEMS
IN ADDITION AND SUBTRACTION BY FIRST-GRADERS

CAO FEITU AND CAI SHANGHE

CURRICULUM AND TEACHING MATERIALS
RESEARCH INSTITUTE, CHINA

ABSTRACT: The experiment held in 3 classes of 2 primary
schools stressed the study of the range of the problems in
addition and subtraction that should be solved by first-graders,
the structure of the relevant teaching materials and the
methods of teaching for the development of children's
‘problem-solving and thinking abilities. The results of the
experiment indicated ‘that first-graders are able to-learn to
solve general problems in addition and subtraction if the
teaching materials are well-organized according to the inner
link of the problems and the teaching stages are appropriately
divided according to the characteristics of children's cognition,
and the selection of appropriate teaching methods, especially
the emphasis on manipulation, the guidance for the children
in analysing the information given in the problems an their
relations and training them to express their thinking in
language greatly promote the development of their
problem-solving and thinking abilities.

I. Background and Purpose

There are certain difficulties in teaching low-graders to solve problems
in addition and subtraction both at home and abroad. Many children don't
get good results in their studies. There are quite a few causes, among which
are the problems both in the teaching materials and methods. Studies and
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experiments on how to teach low-graders to solve problems in addition and
subtracton have been carried out both in China and in other countries for
the past few years. And there exist different views. For instance concerning
the range and the types of problems in addition and subtraction , some
people in China consider it is enough to divide the problems into 2 groups:
problems concerning the relation between the sum total and the partial
number and problems comparing the difference between 2 numbers. M.
Moro of the U.SSR. thinks the following three types necessary : problems,
showing the meaning of addition and subtraction , problems comparing the
difference between 2 numbers and problems telling the relation between
the known number and the resuit in addition or subtraction. M. Riley and
others of the U.S. hold that problems in addition and subtraction should be
divided into the following categories: changing, equalizing , combining and
comparing. As to their arrangements, some favour the separate teaching in
the first two grades, while others (including i Moro) maintain the teaching
~ in separate groups in the first grade. As to the teaching methods, some

researchers in our country prefer to teach the children the types of
problems and their names as well as the formula showing the numerical
relation for each type of problems. But there are quite a few who don't
agree to such kind of teaching.

For this purpose, the present experiment lay more stress on the study of
the follwing questions:

(1) How shouid the range of the problems in addition and subtraction be
decided? Generally speaking, can the first-graders learn to solve these
problems?

(2) How can the problems in addition and subtraction be arrranged
according to the psychological characteristics of the first-graders so that
they will be easy to learn ?

(3) How shouid children be taught to solve the problems in addition and
subtraction and helped to develop their thinking ability?

11. Process of the Experiment and Improvements

The following improvements in the teaching of problems in addition and
subtraction have been worked out in our experiment:
" 1. The problems appeared in the experiment are identical to those
appeared in the math teaching materials for low graders with the increase
of problems for finding out the subtrahend. And one-step problems in
addition and subtraction should be finished learning in Grade 1.
2. The problems are arranged in the following stages:
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(1) Solving problems shown in pictures at the beginning of Grade 1.
Gradually one of the informations given in a problem is shown in tigure
instead of clearly drawn out. ‘

(2) Solving problems with both pictures and characters.

(3) Solving word problems; which are divided into three groups,
proceeding from the easy to the difficult. -

{4) Doing exercises in problems for supplying missing questions or
missing data and making-up problems after the learning of each type of
problems.

3. The methods for teaching problems in addition and subtraction are
improved:

(1) The manipulation with objects by children themselves and
demonstration by teachers are strengthened.

(2)The structure of the problems and analysis of numerical relations are
stressed.

(3)The ways of solving the problems are closely linked with the meaning
of addition and subtraction.

(4)Pay more attention to the guidance and inspiration for children to
think.

(5)Give more exercises in comparison and variation.

Our experiment was first held in 3 classes of 2 urban primary schools.
The teaching materials were compiled by ourselves. And we prepared the
lessons with the teachers taking part in the experiment before each class .
We listened to most of the lessons, took notes and looked over the exercises
done by the pupils. There was a quiz for each stage. All the notss and the -
results of each quiz were studied and anatysed.

I11. Results and Anatyses

1. During the 1st term of Grade 1 the transition from problems in
pictures to word problems is successfully reaiized.

2. Our experiment proves that the arrangement of the problems in the
teaching materials is conformed to the law for children's cognition--
“action, perception--image--concept™. When children are taught to solve
problems at the beginning, manipulation with objects by themselves should
be strengthened, because, compared with mere demonstrations by
teachers, it will deepen the children’s understanding of the meaning of
addition and subtraction and enable them to gain vivid impression on-the
structure of the problems, make clear their numerical relations and choose
the correct way for solution.
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CORRECTION RATE FOR 6 PROBLEMS IN 1ST TERM, GRADE!

{Final Exam)
Problem |Problems | Problems Problems Average
tvpe for the sum| for remainder | for 1 addend | correction rate
Number of 92.7% 918 928 91.8%
pupils with
correct
answers(%)

2. Pupils in the 2nd term of Grade 1 can learn to solve some rather
difficult problems in addition and subtraction.

CORRECTION RATE FOR THE PROBLEMS LEARNT IN 2ND TERM, GRADE 1

(Quiz after Learning the problems)
Problem {Pro. for |Pro. for Pro.for | Pro.for | Pro.for | Average
type |minuend|subtrahend|difference ja number|a number{correction
between |large smaller | rate
2 numbers{ than than
. another | another
Number
of pupiﬂsr 908 807 % 94% 97.6%8 96.4% |93.8%
with
correct 93.0%* | 94.9%*
answers
(%)

* Problems with data described in the opposite way -

The experiment shows that while teaching the problems for finding out
the minuend or the subtrahend, if we link them with the problems for
finding out the remainder, help the children to make clear the relation
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between the known and the unknown through diagrams, they can be
understood to be the varjations of the problems for finding out the
remainder and can be solved by the children applying the meaning ot
addition and subtraction that they have learned to the new circumstances.

Our experiment also shows that in teaching problems for comparing the
difference between 2 numbers, the key point is to let the children know
the way to solve the problems for finding out the actual difference
between two numbers. They are guided to decide correctly which number
is 1arger (or smaller) through manipulating with objects and using ’
diagrams(as seen below).

000000 I 000
AAAAAA 9-6=3

Then they are supposed to find out that the larger number (nineQs)
consists of 2 parts: (1) the part similar to the smaller number(six/A\s)
which is 6 and (2) the part larger than the smaller number, which is 3.
And if we subtract the part similar to the smaller number from the larger
number, we will get the part which is larger than the smaller number.

As to the solving of the problems for finding out the number that is
larger or smaller than the known number, we can consider them to be the
variations of the problems for finding out the difference between 2
numbers. Children are taught through maniputations to decide which
number is larger, analyse the relation between the known and the
unknown and find out the way to their solutions.

The above-mentioned problems with data described in the opposite way
are taught in the same way. From the results of the experiment, though
this kind of problems are more difficult, there is no obvious reduction in
the rate of correction in the solution by children.

3. Children’s thinking ability is being developed in the process of solving
problems in addition and subtraction.

In the solving of problems shown in pictures childrén are first trained to
dxsungmsh between “What does the problem tell?"and “What does the
problem ask you to find out?” and then select the correct operation for
solving it according to the relation between the above 2 questions. Later
exercises for supplying missing questions or missing data are given to the
children. Thus their analysing and synthesizing abilities are developed
preliminarily. Meanwhile, their reasoning power are cuitivated, and their
trouble in guessing the solution at random eliminated.

The same train of thought is applied to the solving of problems with the
same types of numerical relations, such as the problems for comparing the
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difference between 2 numbers, and the meaning of addition and
subtraction is also referred to. Since children are able to use addition as
well as subtraction to solve different types of problems , their transferring
ability is also fostered. The flexibility in their thinking is developed
through doing exercises of the variations of the problems and the bad
habits of memorizing the different types and copying the formulas
mechanically are avoided. Moreover, children’s ability-of reverse thinking
is developed through the solution of problems for finding out the minuend
or the subtrahend and problems with data described in the opposite way,
which are also helpful to the development of the flexibility of their
thinking.

1V. Conclusion and Discussion

1 The experiment shows that if the teaching materials are well organized
according to the inner link of the problems to be learnt and the principle
of proceeding from the easy to the difficult and the concrete to the
abstract, and supported by appropriate teaching metheds, first-graders can
learn to solve general problems in addition and subtraction.

2. The study of the experiment indicates that excellent structure for
teaching materials in organizing problems in addition and subtraction will
play an important role in helping children to understand and grasp
numerical relations and find the ways of solving problems. It is suitable to
divide the problems in adddition and subtrraction into the following 3
groups according to their numerical relations: -

Full Tt Provided by ERIC.

1st group| Find out the sum| Sum & one of addends| Sum & one of addends
of 2 numbers known , find out the | known, find out the -
other addend other addend
2nd group(Find out the Find out the Find out the
minuend remainder subtrahend
3rd group| For a number For difference For a number
larger that the | between 2 numbers | smaller than the
known number known number
(including data (including data
described in described in
opposite way) opposite way)
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The underlined one in each group is the prototype, and the other two in
the same group are its variants. The teaching by groups will give
prominence to the numerical relations among the problems and their
mutual connections and be convenient to form cognitive systems with
structure in children’s minds. When they see any problem in addition or
subtraction , they will recognize its characteristics more easily, analyse its
numerical relations clearly and choose the way of operation correctly.

3.The study of the experiment also shows that while arranging the
teaching materials for the problems in addition and subtraction, we should
select teaching methods suited to the psychological characteristics of
children. Appropriate teaching methods will promote the successful
mastery of the ways to the solution of different problems and the
development of children's thinking ability. Owing to the strengthening of
Pupils’ manipulation by using objects and teachers' demonstration, pupils
are given more concrete experiences in analysing the numerical relations in
different problems and thus enabled to internalize external material
activities into intellectual activities, that is, to use their abstract thought for
analysing and reasoning. In the process of teaching children to solve
problems in addition and subtraction, attention should be pRid to the
significance of language in the development of their thinking. Asking
children questions in order together with manipulation and demonstration
will help them to distinguish the information given in the problems from
what they ask for, understand the relations between these two and know
how to choose the way of operation. All this will urge children to transform
their sound language into silent language, namely, to correct thinking There
exists great divergence among children in their understanding of the
content and facts of the problems, their analyses of the numerical relations
and their choice of the ways of operation. Since the teachers participating
in the experiment paid attention to the coaching of backward pupils
according to their special needs, especially helping them to learn to think
and improve their ability to analyse the problems, better results were
achieved. In the quiz given after the teaching of the problems in addition
and subtraction, only 2.5 % of the pupils did not pass. And in the final exam
there was no failure, This shows that the thinking ability and abitities for
solving problems of the backward pupils can be raised so long as the
teaching methods adopted are appropriate:




- 35[9 -
REFERENCE
Ginsburg, H. P.: The Development of Mathematical Thinking. New York,
1983

More, M. E. : Methods of Teaching Elementary School Mathematics.
Moscow, 1978

Eiedesel, C. A.: Teaching Elementary School Mathematics, New Jersey,
1960

336




[E

- 320 =~

BEYOND RATIO FORMULA
Fou-Lai Lin

Department of Mathematics

Taiwan Normal University

This paper analyses the concept of ratio beyond reasoning
on non-integral ratios. Some items for testing the
understanding of ratio beyond ratio formula were analysed.
Results of the interviews suggested that the level of
understanding ratio might be deeper than in previous
studies (e.g. Hart, 1981). Errors of a particular
geometric task suggested some ideas for developing items
for further study.

INTRODUCTION AND METHODOLOGY

In the previous proceedings of PME 1-XI, there are about n (n > 35)
research reports on ratio and proportion. All those reports dealt with
the concept of ratio to the depth of the so—called 'understanding of
level four' (Hart, 1981), which means that one must recognize that ratio
is needed for the questions, and questions are complex either because
they deal with non-integer ratios, such as 5:7, or because of their
setting. One who can use the ratio formula (a:b = c:d) correctly can
always deal successfully with the tasks used by those researchers.

However, beyond the ratio formula, do there still exist
developmental hierarchies of understanding ratio? This ongoing research
aims to study this problem. Instead of working on searching for the
roots of eleméntary proportional strategies (e.g. Streefland 1984, 1985,
and Tourniaier, 1986) this work considered the prob]em from the other
end. .

Observing students working in their classrooms, we found that even

very able senior high school students, age 16+, were using a familiar
relation: sin®*A + cos?A = 1 to solve the question:

O
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"In ARABC, given sinA:sinB:sinC = 2:3:4, find cosA:cosB:cosC = 2¥

- As follows: sin®A:sin®B:sin®C = 4:9:16, '
* 1-sin®A:1-sin®B: l-sin’C (1-4):(1-9):(1—16) = 3:8:15
cosA:cosB:cosC = J3: [B: [T5.

. Referred to the above misconceptualised phase *, we developed an
interview task:

Given a:b = 3:4, finda -1 :b -1=

With this task, we had interviewed nine students, age 15+, of
understanding level four from one sample school in the previous ratio
study (Lin et al, 1985), and found that only one out of nine could cope
successfully with this task. This suggested that this task was harder
than the items in the previous study (Lin et al, 1985).

‘Thus, this task, denoted by task A, and a physical task, were used
for interviewing at this beginning stage of our study. Five students of
understanding level four in a senior high school, aged approximately 17,
were identified and interviewed. A1l of them could cope with task A.
However, their responses were at different levels. These two interview
tasks and students' responses in the interviews will be analysed in this
paper. .

Moreover, in order to investigate some errors students might make
beyond ratio formula, we will analyse the incorrect responses of a
geometric item, which was developed in terms of the task A, in the
national entrance test (1986) for further study in senior high school in
Taiwan. Out of about 145,000 examinees, age 15+~16+, we randomly
sampled 200 copies of the written test papers for this study.

ANALYSIS OF TASKS AND STUDENTS' RESPONSES

1. Task A
Given a:b = 3:4, finda-1:b~-1=

At the syntactic surface structure level (Skemp, 1982) of the
symbol system a:b = 3:4, we have two letters spatially related to two
numbers. At the deep structure level . it represents:

(1) two variables a and b
(2) an equivalence class defined by an-equivalence relation (~) 1n the
set of ordered pairs of numbers, formally indicated by
“(x, y) ~ (3, 4) iffx:y = 3:4
(3) (a, b)~ (3, 4) but it may not necessarily be true that
(a, b) = (3, 4)
(4) (a, b) depends not only on (3, 4) but also an implicit parameter.

Bearing this deep structure in mind, to respond successfully to the
given questiona -1 : b - 1= 2, one needs to realize that
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the answer could not be numerical )
a parameter has to be included in the answer
the paramgter depends completely on a or b.

o~~~
~Nohyaon
—

During the interviews, the question "what does the parameter mean?"
was asked. Therefore the five interviewees had to go deeper than just
providing a parameter. They were generalizing from their experiences to
the meaning of the parameter. With respect to the answer
a-1:b<1=3k-1:4k-1, three different Tevels of responses to
the question "what is k?" were found.

(1) Two, Lin and Yang, out of five viewed k as the integral greatest
common divisor of a and b, and interpreted a and b as two °
unknowns. Thus k is unique. .

(1) Two, Son and Chou, out of five said k was any non-zero real
number, and interpreted a and b as two variables.

(i11) One, Tsai, out of five felt no need to give a closed decision and
said "k is a variable; the number system which k belongs to will
be determined by variables a and b".

Tsai also said that "If we are only given a:b, we couldn't find
a-1:b~1. Wehave to know a:b:1, i.e. a and b needed to be
decided". It was surprising in that Tsai mentioned the numerical unit
1, which does not depend on any arbitrariness. With the unit 1, a:b
then depends on only one parameter. Thus with the given condition
a:b = 3:4, a and b can be completely determined.

2. The Physical Task

"A thermometer showing 40°C was put into a swimming pool full of
water at a temperature of 20°C, after 3 minutes-the thermometer was
32°C. Try to predict the temperature of this thermometer after
4 minutes and after 9 minutes.”

The surface structure of this item is similar to the model of
ratio, given three numbers to find the missing value. However, an
implicit hypothetical model based on common sense was required to
recognize that the model of ratio was not appropriate for this item.
The reason for a given time being 9 minutes in the item is to examine
how students will reflect while they faced a conflict by a lower
temperature of the thermometer than the water if model of ratio was
applied. :

The model of common sense was very attractive to Tsai, who
recognized that ratio was not appropriate for this item without any
algorithm.

Tsai: "How can you solve this.... Can't solve it with proportion,
because proportion means temperature will be decreased with constant
speed. Absolute nonsense. When the difference of temperature is
small, the decreasing speed will slow down."

Tsai himself expressed his understanding of dynamic notion of ratio,
;) moving proportionally means moving with constant speed.

ERIC .
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Chou showed his recognition ability after he did his proportional
algorithm on 9 minutes. The other three, Lin, Yang and Son, all felt
happy about their conclusion that the temperature of the thermometer
would reach the same as the water by the time it had decreased to 20°C.

In terms of their recognition ability and interpretations of letters
a, band k in a:b = 3:4, a = 3k and b = 4k, it seems that the responses
of (Lin, Yang) and (Chou, Tsai) could be grouped at two levels.

Lin and Yang have not shown any recognition abiiity on the physical
task. They interpreted a and b as generalized numbers and k as the
greatest common divisor of a and b.

Chou and Tsai have strong recognition ability. They interpreted
a and b as variables and k as a variable within a number system to which
a and b belongs. In addition, Tsai's responses provided an index to
12dicate how deeply a senior high school student could grasp the notion
of ratio.

3. The geometric task
Given that the perimeter of AABC is 21 and <BAD = <CAD.

(1) find AB:AC = ?

(2) find AE:AF = ?

(3) find AAEg:AAFG =2
E
1]

B ? 5« C

In (1) the necessary information BD:CD was given and an implicit
theorem to relate AB:AC and BD:CD was required for a satisfactory
solution. In (2), the data about AB:AC and AB + AC must be carefully
inter-related to produce a satisfactory solution. Two segments BE and
CF of length 1 were designed to match the form of task A. Item (2) was
our main concern, and the results are as follows:

Out of 200 written test papers sampled for this study, 53 were
correct, 76 showed no response, and 71 gave incorrect responses. The
percentage of correct responses, 26.5%, of those 200 papers was close to
the percentages of correct responses in the population of entrance test
data, which was 21%~26% in different areas of Taiwan.

Out of 71 incorrect responses, 7 were non-numerical answers and the
rest provided 20 different numerical answers, e.g. 3:4 (17), 2:3 (9),
1:2 (9), 1:1 (4) ... etc. The number in each bracket denotes the
frequency. Analysing those incorrect responses, we found that

a. all responses omitted a necessary piece of information, either the
perimeter of A ABC or the ratio for sharing with a given sum of two
segments.

b. the relation between the incorrect strategies and the numerical
answers was not in one-to-one correspondence.

We have classified five different error patterns which would
' _most of the incorrect responses. 340
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Segments EF and BC do look parallel, so many students applied
explicitly or implicitly the incorrect relation, EF parallel to BC,
for their solutions. This strategy could provide different
numerical answers depending on which implications of parallelism
were used, e.g. "AE:AF = BE:FC = 1:1" and

“AE:AF = EG:FG = BD:CD = 3:4",

The algorithm “AB:AC = AE + 1 : AF + 1 * AE:AF = 3:4" indicated
that the student was applying an incorrect pattern
"¢ +1 :d+ 1 =c:d. Students' responses might be based on their

experience with " a _ ¢ a = & "
P T & b“ ruldl

and they may have applied a corollary of the hidden 'theorem':
"everything is OK as long as you do the same thing to both sides of
an equation" (Lesh et al. 1987).

The algorithm "AB:AC = 3:4, 3 - 1=2, 4 -1 =3, AE:AF = 2:3"
indicated that the student was applying an incorrect pattern

"a:b = 3:4 —> a =3, b = 4", Students were attracted by the
surface structure of the symbol system a:b = 3:4. Their attention
was drawn away from its deep structure.

Students might derive an equation with two variables from

AE + 1 : AF + 1 = 3:4. To solve the equation without using the
information AE + AF = 12, they were struggling in performing
certain operations to the equation for their answers, e.g.
identified two variables into one, tried to eliminate the constant
term, etc. The following particular algorithm
"AE + 1 : AF + 1 =3:4, 3AF - gAE =1, & » AE:AF = 2:3"
reminded us that ratio reasoning is 1nte@5Yéﬁated to finding
integral solutions of a linear equation.

Students might exhibit their competence for finding the sum of two
segments, AB + AC = 14 or AE + AF = 12, and then degenerate to a
Tower level of operation. They intuitively added on some more for
a bigger one and subtracted some for a smaller one; e.g.

“21 - (3 +4 +2) =12, AE = 4, AF = 8, AE:AF = 1:2" or
"21-7=14,14+2=7,7+1=8(AC),7-1=6 (AB) ..."

Data on the incidence of the above five error patterns have been

collected and are being analysed.

REMARKS

The tentative results of the investigation at this stage suggested

that these might be hierarchical levels of understanding.ratio and
proportion beyond level four in the previous studies (Hart, 1981; Lin et
al, 1985). This hypothesis requires further investigation.

Referring to error analysis on the geometric task, some ideas for

developing items for further study have emerged. We require:

ERIC
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(1) items to show the inter-relation of ratio reasoning and finding
‘integral solutions of linear equation.

(2) items to test students' images or 'sense of' or 'stories' that
interpret the operation within a proportion, e.g. changing the
middle terms in a proportion.

(3) more recognition dtems of different understanding levels.
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EYE FIXATIONS DURING THE READING AND SOLUTION OF
WORD PROBLEMS CONTAINING EXTRANEOUS INFORMATION:
RELATION TO SPATIAL VISUALIZATION ABILITY

Carol J. Fry
The Ohio State University

Abstract. The present study utilized eye movement
monitoring equipment to investigate the relationship
between problem solving behavior and spatial
visualization ability in a college sample. Results indicate
that spatial visualization ability is positively related to
the percentage of time spent viewing information
essential to a problem's solution and negatively related
to the time spent viewing nonessential material.

INTRODUCTION

Eye movement research has great potential for examining aspects of
mathematical problem solving which are not obtainable by traditional
means such as verbal protocols and error analysis. Schoenfeld (1985)"
has urged the use of a variety of methodologies to examine problem
solving behavior: "Generally speaking. any methodology...may highlight
some aspects of behavior and may obscure or distort others. It is thus
prudent to examine particular aspects of problem-solving behavior
from as many perspectives as possible, to help separate what resides in
the interaction between behavior and methodology” (p. 316). The
present study used eye movement monitoring equipment to explore
the relationship between spatial visualization ability and the

- percentage of time spent viewing extraneous and essential information
in two-step word problems.

BACKGROUND

Eve Movement Research. The monitoring of eye movements has
been widely used in reading research for nearly a century (for reviews,
see Just & Carpenter. 1980: Rayner, 1978: Tinker, 1958). Relatively
few investigators., however, have employed this technique to study
students' approaches to mathematical material.such as equations,
graphs. word problems. and textbook prose (De Corte & Verschaffel,
1986. 1988:; Fry, 1987: Suppes. Cohen, Laddaga. Anliker. & Floyd. 1983:

\‘\{onder Embse. 1987).
ERIC 343
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Eye movement monitoring instruments produce a record of the
location and duration of a subject’s eye fixations. For relatively
uncomplicated mathematical tasks, eye movement registration
provides an unobtrusive way to physiologically monitor information
processing strategies. Verbal reporting of solution methods is not
necessary in this research, although such reports can provide
corroborating data on the manner of information processing evidenced
by the eye movement record.

Driscoll (1983) and
Suydam (1980) have provided summaries of characteristics that
distinguish successful from less-successful problem solvers. Both
reviewers report that successful problem solvers are better able to
generalize across problems. identify relevant information. ignore
extraneous information, perceive the underlying structure of a
problem, and readily ldentify and implement an orderly plan of attack.
Many researchers believe that these characteristics are behavioral
manifestations of underlying cognitive styles and abilities. The
literature on problem solving is replete with studies correlating
problem solving performance (outcomes and strategies) with numerous
variables, particularly spatial visualization ability. However. the exact
nature of the positive relationship often found between this particular
ability and problem solving performance is not clear. This study was
designed to test the hypothesis that spatial visualization ability is
positively related to the percentage of time spent focusing on.essential
information in word problems containing nonessential numerical
information..

METHODOLOGY

Sample. College undergraduates enrolled in the second of two
developmental mathematics courses offered at The Ohio State
University served as subjects. The final sample consisted of 26 males
and 11 females; the median age of the sample was 20.4. and the mean
age was 23.1.

- Test of Spatial Visvalization Ability. The Mental Rotations Test
(Vandenberg, 1971, cited in Vandenberg & Kuse, 1978) was selected as
the measure of spatial visualization ability. Subjects were given three
minutes to complete each of the two 10-item sections. For each test
item, subjects decided which 2 of 4 three-dimensional objects differed
from an original in angular orientation only: each choice was denoted
with an "X.” Figure 1 depicts an item from Part I of this test. .
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Figure 1. Sample [tem from Vandenberg's Mental Rotations Test
(MRT)

Eve Movements. Eye movement data were collected using the
Micromeasurements System 1200: An IBM PC-XT containing an [BM
Data Acquisition and Control Board was responsible for presenting the
word problems to the subject and for collecting and formatting the eye
position data received from the System 1200 computer. Data on the
subject's eye position (horizontal and vertical components) were
updated sixty times a second. A fixation was defined as three or more
consecutive 1/60-second pupil position readings indicating the same
horizontal and vertical positions.

Yord Problems. Each subject viewed three 2-step word problems
containing extraneous numerical information (see Figures 2-4).
Subjects were given 30 seconds to view and try to mentally solve each
problem,

ANALYSIS

A rectangular grid was superimposed on the text so that the
percent of total fixation time for specific regions within each word
problem could be.analyzed. Horizontal dimensions varied slightly from
problem to problem due to the varying locations of features of
interest. Grid specifications isolated the following types of information:
the essential numerical (ESSENUM). the extraneous numerical
(EXTNUM). the essential verbal (which together with ESSENUM formed
ESSTOT). the relatively nonessential verbal (VEHICLE), and the
question. Figures 2, 3, and 4 show the grid systems and the labels
assigned to each block of information for the three word problems.
The percent of total fixation time within each block was calculated by
dividing the total fixation time within that block by the total fixation
time for that problem (30 seconds minus the total saccade time).
Scores on the Mental Rotations Test were correlated with each of the
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five fixation variables described above. as well as with the ratios of
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EXTNUM to ESSENUM and EXTNUM to ESSTOT.

Figure 2. Analysis Blocks for Problem 1 and Their Designations

O

B fully loade

(12) (VEHICLE)

d freight train ha

(13) (VEHICLE)

bing 10 cars and

(14) (ESSENUN)

an engine wei

a7 (ESSTOT)

ghs 1600 tons and

(18) (ESSENUM)

s 400 feet long,

(19) {EXTNUM)

The engine if

(22) (ESSTOT)

(23) (ESSENUM)

self weighs 200 tops. What is the

(24) (QUESTICN)

average weigl

(27) (QUESTION)

t of each car?

(28) (QUESTICH)

Last week, Gene worked 6 hours

(14)

(veuIcLe) | (15)

a day de

( ESSENUM) (16)

(Essror)

livering a total of

(17) {VEHICLE)

360 telephone

(20)

books.

{ EXTNUM) (21)

ceived 51
(22)

If he n4

{VEHICLE)

(ESSENUM)

20 for; 5 days’ work,

(23)  (EssEvum)

how much did He earn per hour]

(26)

(quesTIN) | (27)

(QUESTION)

2 3. Analysis Blocks for Problem 2 and Their Designatinng
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- Chuck, A1, and Elizabeth receiveda total of $120

(12) (VEHICLS) (13) (VEHICLE) | (14) (EXTNUM)

for 4 hours of washing windows in & dormitory having

(17) (essenum) | (18) (VEHICLE) [ (19) (VEHICLE)

J floors, There were 20 windows on each floor. On

(22) (ESSENUM) (23) (ESSENUM) (24) (ESSTOT)

the average, how many windows were|washed per hou?
(27) (QUESTION) | (28) (QUESTION) | (29) (QUESTION)

Flgure 4. Analysis Blocks for Problem 3 and Their Designations

RESULTS AND DISCUSSION

Results of the correlational analyses appear in Figure 5. Spatial
visualization ability was positively related to the percent of total
fixation time on the essential numerical and verbal {nformation in
Problem 3 ( £ = .37 for MRT and ESSENUM: [ = .36 for MRT and
ESSTOT). Spatial ability was negatively related to the percent of total
fixation time on the extraneous numerical information (£ =-.56) and to
the two ratios described in the Analysis section above ( r = -.53 for
both.) Subjects with high spatial visualization ability spent a greater
-percentage of time fixating the essential information and less time
fixating the extraneous numerical information than did subjects with
low spatial ability. Although the correlation coefficients failed to reach
significance in Problems 1 and 2, a similar fixation pattern was noted.

Perhaps the placement of the extraneous information in Problem 3
contributed to the robustness of the findings in this particular problem.
The extraneous numerical information was placed in the first [ine of
Problem 3 but in the second and third lines of Problems 1 and 2.
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Further. in Problem 3, it was the first number mentioned.
In Problem 1, it was the third number mentioned, and in Problem 2, it
was the second. Subjects with poorly-developed spatial skills may
attend to extraneous numerical information for a longer period of time
if this information occurs before the essential numbers are mentioned
or before the structure of the problem is apparent.
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CONCLUSION N

The findings of this study suggest that students with well- .
developed spatial skills may perform better than students with poorer
spatial skills on mathematical problem solving tasks because the
former can more readily identify and attend to the essential
information in word problems. To help elucidate any information
processing differences that may exist between subjects scoring low on
the MRT and those scoring high on this test. an eye scan-path analysis
is planned.

The potential of eye tracking research to advance theories of human
information processing and to inform mathematics educators of
individuval differences in problem solving behavior appears
considerable. Investigations utilizing eye tracking technology are
continuing at Ohio State and are in the planning stages at the
University of Illinois (A. Baroody. Personal communication. January 15,
1988). At Ohio State, researchers are examining how undergraduates
solve problems in algebra and geometry and what effect question
placement may have on eye movement patterns.
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THE MEANING OF ‘X’ IN LINEAR EQUATION AND INEQUALITY
¢ PRELIMINARY SURVEY USING COGNITIVE CONFLICT PROBLEMS

Toshiakira FUJII
Institute of Education
University of Tsukuba, JAPAN

ABSTRACT

In solving linear equations and inequalities in which the solution set
is empty or contains all numbers, the disappearance of x could provoke
cognitive conflict in students. By analyzing the students’ way of
resolving this conflict, this paper aims to clarify the meaning of
literal symbol x to jurmior high school students of Japan. The findings
are as follows: (1) The disappearance of x makes some students try to
incorporate x in the final expression or conclude that there is “no
answer”. These students presuppose the existence of x and regard X as an
unknown quantity. (2 ) Some students pay more attention to the
operation itself and the structure of expressions tham to finding a
concrete number for x. These students try to examine the truth or
falsehood of the intermediate expressions. They may regard x in
equations and inequalities as a variable (= a place holder). (3) Some
students accept the final expression with no x as an answer on the
basis of their belief that to solve equations and inequalities means to
get the final result of transforming the expressions. These students
consider x to be no more tham an object of tramsforming the expression.

I. INTRODUCTION

To students, the meaning of x refers mainly to the form such as x=A or x<A
obtained by solving equations or inequalities. Some, however, understand that x
stands for an unknown quantity and presupposes its existence. When confronted
with an equation or inequality in which solution set is empty or contains all
numbers, cognitive conflict is provoked since x disappears in the final step.
By analyzing the students’ way of resolving this conflict, this paper aims to
examine the meaning of x to the students.

The Japanese students are generaily good at solving linear equations and
linear inequalities. However, students may only know what to do without knowing
why, or as in R.R. Skemp’s terminology, “instrumental understanding” (Skemp, R.R.
1976). This study provides an insight into this observation because the meaning
of “x” lies behind the students’ procedural efficiency in solving equations and
inequalities. It should be noted that the confusion of literal symbols with
letters of the alphabet does not occur in Japan because literal symbols in
algebra differ from the Japanese written language. Thus, the difficulties
experienced differ from those found in English speaking nations( Wagner,S. 1983

O

RIC -

Aruitoxt provided by Eic:

R
fd



- 335 -

y. Instead, it is the abstract nature of, and the -unfamiliarity of Japanese
with the literal symbols which is -a problem for Japanese. Though the Japanese
seem to be good at manipulating them, this may be superficial. How they grasp
the meaning of the literal symbol x is therefore worth investigating.

A thorough diagnostic interview and teaching experiment is deemed necessary
for complete understanding but this research is limited to the use of cognitive
conflict problems.

. EDUCATIONAL BACKGROUND OF THE SUBJECTS

Owing to the difficuity mentioned above, literal symbols are carefully
introduced into the Course of Study, which is prepared by the Ministry of
Education. Although details concerning contents and teaching methods are left
to the teachers’ discretion, the Course of Study is very 1nf1uent1a1 Textbooks
are likewise approved by the Ministry.

(1) Literal symbols in prescribed textbooks

Algebra does not exist as an independent subject in school mathematics in
Japan, but algebra is systematically included in various parts of the
mathematics curriculum, In 3rd grade of elementary school, the frame word ((J)
is introduced, and in 4th grade, an additional frame word is 1ntroduced The .
following is an example taken from a textbook (4th grade): X

A grid of nails spaced lcm away from each other is enclosed by an
18cm string. State lengths of the breadth and width of the varlous
rectangles formed. If Ocm represents the breadth and Acm
represents the width, what is the relationship between O andA ?

In 5th grade, literal symbols such as “x" and “a” are 1ntroduced to stand
for quantities formerly represented by the frame words.

(2) Linear equation and inequality topics in prescribed textbooks

In 1st year of junior high school, translations of concrete situations
expressed in ordinary language to mathematical sentences using letters and vice
versa, are emphasized. Calculatlons of algebraic expressions required for
solving linear equations are studied. Students, then, learn to solve llnear
equations using the attributes of equality.

In 2nd year, students are required to further develop their abilities to
find quantitative relationships, and to express such relationships in a formula
by using letters. Computations of a simple formula using letters, and the four
fundamental operations are emphasized. By using properties of inequélity,
students learn to solve linear inequalities. (Miwa,T. 1987)

The students surveyed were eighth graders (N=42) at a national junior high
school in Tokyo who had just learned to solve linear inequalities according to
the prescribed textbook. It should be noted that they had no prior experience:
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with cognitive conflict problems.
II. THE PROBLEMS GIVEN

The following linear equations and linear inequalities problems were given
to students to provoke cognitive conflict.
I. Wr. A solved the equation 3(X+1)-4=3X as follows:
3(H+1)-4=3X
3X+3-4-3X
3X-3X=-3+4
0=1 o
Here Mr.A got into difficulty.
1. Write down your opinion about Mr. A°s solution.
2. Write down your way of solving this equation 3(x+1)-4=3X and your reasons.
II. Solve the following inequalities, Please show how you worked out the problem
and give reasons for using this method.
@ 1-2%<2(6-X)
@ 2(X-1)+3>2x+1

Problem I is an example of a problem with an empty solution set. To show
the “disappearance of x” clearly, the part with which “Mr. A got into
difficulty” is expressed as "0=1.” 1f it were written as “0X=1,” students
would focus on the meaning of dividing by 0 rather than meaning of x.

The inequalities in problem II are examples of a solution set with all
numbers and an empty solution set. In @ the number on the right side was
increased, because in the pilot study it was found that if the final expression
was given as 0<I, the students would regard the problem to have “no answer” on
the basis that no integer exists between 0 and 1. In @ students got the final

expression 0>0. This problem was given to determine how the concept of x is
influenced by 0.

IV. RESULTS

(1) Overview Findings

The number of students who made the correct answers are given as follows:
Problem I Problem 11 Problem II @
38 11 29

Students’ explanations are as follows:
' Prob.I  Prob.II @ Prob. I1®

Final expression is false(true) 16 4] 1
Intermediate expression is false(true)#* 11 9 5
X is disappeared 5 0 0
O ther 6 0 4
ne redyon 0 0 9

38 an 29

O
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[Note] * Students do not aim at the most simple equations and inequalities
since x disappears in the process of transformation. Therefore, in.this paper,
the expressions which students finally got will be called the “final
expressions” and the previous ones. the “intermediate expressions.” As for the
intermediate expression being false, the explanation as follows : “In the
equation 3X-1=3X, 3X-1 cannot be equal to 3X because we are subtracting 1 from
the left-hand 3X. If we substitute 2 for X, the number on the left side is 1
smaller than that on the right side, as in 5=6.”

In problems I and II @, where the solution set is empty, students tried to
account for the disappearance of x by the falsehood of the final and
intermediate expressions, but they did not explain of the disappearance of x.
However, in problem II @, where the solution set consists of all numbers, the
focus was on “what x was” in this inequality, the solution of equations and
inequalities, and “what answers were” since the final expression is still true
even if x disappeared. Students were then forced to clarify the meaning of x
and of solving -equations and inequalities. In the following section the
students’ explanations to problem I1Q® will be considered.

(2) Answers to Problem 11 @

The students’ answers to this problem can roughly be divided into the
following : X<0 or X<11, there is no answer, O<ll, and all numbers. The point
which students got into trouble with, as in problems I and.II®, was that x
disappeared in solving the inequality. Cognitive conflict provokes between
previous experience, which states that the answer to an inequality never fails
to obtain an expression containing “x”, and the present situation, where x
disappears. Moreover, the logic in concluding “ no answer” based on the
falsehood of the final and intermediate expressions in problem I and II @ may
also cast another difficulty on the students. In this case, students may have a
cognitive conflict between the situation where the disappearance of x means the
falsehood of the final and intermediate expressions, and the situation where
the final and intermediate expressions are still true in spite of the
disappearance of x. The students’ reasoning reflects two ways of resolving the
cognitive conflict produced by the disappearance of x. One is to persistently
regard the answer as an expression containing x, and the other is to accept the
answer -not containing x. The siudents’ answers to this inequality will be
classified as follows:

(i) By giving the correct answer (11 persons)

(ii) By giving an answer to containing x (17 persons)
(iii) By giving an answer not containing x (3 persons)
(iv) By giving no answer (4 persons)

(V) Other (7 persons)

(i) By giving the correct answer
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11 students gave the correct answer, and 10 of these students also gave
the correct answers to the other two problems. As for the stqdentsi reasons, 2
students, focusing on 0X<11, considered that “0 is always 0 regardless of what
number it is multiplied by.” The other 9 students focused on the intermediate
expression. For instance, student A, citing the expression -2X<-2X+11, gave the
explanation that *-2X and -2X are equal no matter what number is substituted
for x, so that -2X plus 11 is necessarily bigger than -2X.” He subsequently
explained that "since I don't know how to deal with the form 0<(J, I will give
the intelligible form -2%<-2X+11 which is easy to understand .” From the
student’s substitution for x, it can be inferred that he regards x as a variable.

(ii) By giving an answer to containing x
These students regard x as the answer to equations and inequalities

finally obtained as a result of the transformation. For them, to solve
equations and inequalities is to find the value of x, thus they try to
incorporate x in the final expressxon At superficial level, the answers can be
classified into two types:

Tit X<l or X<11 (7 persons)

Tzt “no answer” (10 persons)

Students of T, type can be further divided into two: those who answered X<0
or X<11 on the basis of the final expression 0<ll (student B), and those who
made use of X<11+X (student C),

Student B: 1-2X<12-2X
-2X+2X<12-1
11
Answer: X<11 or no answer
Student B stated in problem I that “it is approprlate to assume QX=X since
0 is not 1, or no answer” giving the .above transformation for the same redson,
Student C:  -2X+2X<12-1
-X+2X<114X
X<11+X

Student C noted that "I think I have to keep %.” In problem I he also
notes that ® since x must be kept in the final expression, | managed to leave x
by multiplying and adding 5X-3X-1.”

In T, type, there was a student(student D) who tried to leave x by making
an intentional mistake in the calculation as follows:

Student D: 1-2X<2(6-X)
-2X<2(6-X) -1
-2X/6-X<2-1
-2X/6+2%/X<1
-X/3<-1
X
Reason: “Because I realized that in this way | could keep:x.

Student D found the value of x in problem I to be -4/3 in a sxmnlar way,

noting that "to solve an equation is to find the value of x, so that 3X-3X=0 is

O
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nonsense.” From this we may guess that it was nol difficult for him to
calculate 3X-3X. This is because he persistently tried to incorporate x in the
final expression, disclosing a "belief” which lies behind the solution of
equations and inequalities.

On the other hand, type T. students finally concluded that there was no
answer. Some students concluded this based on the disappearance of x in both
the. equation and the inequality (student E), and other students came to this
conclusion based on the falsehood of the final expression of the equation and on
the disappearance of x in the inequality (student F).

Student E: [-2X<12-2X

-2X+2X<12-1
0<11 ~---- > no answer
Reason: “X disappears in -2X+2X.” (To problem ! he noted that
“this problem has no answer because x disappears.”)

Student F: “The value of x cannot be found because x disappears in
~2X+2X=0. Hence no answer.” (In the problem I he noted that
it cannot be that 0 equals 1. 0 is always 0. Hence no answer.”)

Thus the students of T. type concluded that there was “no answer” since the
result of the calculation did not contain x. They are similar to T, type in
that they believe that the answer to inequalities shoud contain x. That is,
both types of students thought that the solution to equations and inequalities
is to get a final expression containing x. For them x is the answer to equations
and inequalities, neccessarily obtained in the form such as X=a or X<b.

(i) By giving an answer not containing x
There were 3 studenls of this type. Student G considered that solving
equations and inequalities is to calculate on the basis of the properties of
equations and inequalities, and that the answer (even if it does not contain x)
is the final expression.
Student G: 1-2X<12-2X
0«11
Reason:“I found the answer by calculating the value in the parenthesis.”
Student H noted in problem 11@ that an ordinary calculation would give the

) result on the left part of this paper, but there seems to be no answer because

IE

"0>0"is obviously false. On the other hand, he gave (<Il as the answer to the

problem II . In the case where the final expression was true, he considered

it to be the answer, but if it were false, he concluded that there was “no
answer”.

(iv) By giving no answer

This type refers to students who gave no explanation or, if any, gave the
impression of being at a loss as to what to do. Most of the students of this
type concluded that there was “no answer” W1thout giving any reason.

(V) Other

Q .53 ES'Q;
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Students of this type.gave explanations which focused on the division by 0
or concluded that there was “no answer” from X=0 because ihe left side of the
final expression contains 0.

V. THE MEANING OF X IN LINEAR EQUATION AND INEQUALITY

In this section the problem of how students grasp the meaning of x in
equations and inequalities, based on the above results, will be discussed.

(1) The Unknown Quantity and the Variable

That students regard the x in equations and inequalities as an unknown
quantity can be assumed, based on their previous history of learning. In fact it
was in the process of solving a problem containing an unkncwn quantity that the
equation first appeared. That is, Lo solve an equation meant to find the
unknown, the existence of which was assumed. Therefore students believe thai the
relationship between quantities is the issue in expressing the quantified
relation in terms of x, and the existence of x is not questioned. For students
who presuppose the exisience of x, it is predicted that they are likely to get
into difficulty with the interpretation of a final expression which does not
contain x. Thus the incompatibility with their experiences would produce
cognitive conflict. As a result, some students, incorrectly incorporate x into
the final expression (T, type), and other students conclude that there is “no
answer” based on the disappearance of x (Tz type).

On the other hand, students who seem to regard x as a variable can come up
with the correct answer -on the basis of the inlermediate expressions by
interpreting x to take various values, as in the case of student I {(i)-
type) :

Student T: 1-2X<12-2X
replacing -2X with
1+ Tki2+3
Reason:"Because the sign of the inequality remains the same even if we
add the same number to. or subtract it, from holl sides of
the expression. Any number will do for3, hence the same applies for x.”

Student I may iake x as a place holder by replacing -2¥ with —. Xote that
he focused on the calculation of adding -2X to both sides wiihout paying
attention to finding a concrete number for :2X or X. When he considered the
intermediate expressions, he paid more altention to the operation iiself and the
structure of the expressions than to the objects of calculation such as 29X,
+2X, 1, 12. This is why most (i)-type students were ahle to evaluate the
intermediate expressions. This indicates that there were some students who
understood x as a variable (= a place holder). On the other hand, (ii)-type
students, who regarded x as an unknown quanlity, tried to find a concrete
number for x so they gave answers such as X<l or ¥<I11.

(2) The Yeaning of X as the Answer to Linear Equations and Tnequalitiies
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To solve equations and inequalities means to find the set of values of x
that guarantees the truth of the equation and inequality. As shown in section II,
however, (II)-type students, who thought that the solution to equations and
inequalities can be reduced to mechanical processes, had the tendency to
perfunctorily give an answer not containing x, or to conclude there is “no
answer” if the final expression was false. For these students, the goal of
solving equations and inequalities is not to find the value of x, but to get the
final cxpression by transforming the original equation and inequality.
Therefore the character x in equations and inequalities is regarded as a mere
element involved in the process of transforming expressions, and in this sense a
final expression with no x can serve as the answer,

V. CONCLLSION

{1} Where the solution set is emply or contains all numbers in equations and
inequalitics, the disappearance of x makes some students try to incorporate x in
the final expression or conclude that there is "no answer™. These students
presuppose the existence of x and regard x s an unknown quantity.

{27 Some studsnts pay more attention to the operation itself and the
structurs of expressions than to finding a concrete number for x. These students
try to examine the truth or falsehood of the intermediate expressions. They may
regard X in equations and inequalities as a variable (= a place holder).

{3} Some students accept the final expression with no x as an answer on the
basis of their belief that to solve equations and inequalities means to get the
final result of transforming the expressions. These students consider x to he
no more than an object of transforming the expression.
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